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Problem Set #5 Solutions

TA: SeoJeong (Jay) Lee (slee279@Qwisc.edu)

1.

Detailed solution omitted. KS statistic is expected to decrease as the sample size increases. Need
to clearly demonstrate the value of the KS statistic for different sample sizes and for different
distributions.

2.

We prove the following lemma:

Lemma 1. Suppose {Y;,1}°°, and {Y, 2}, are two sequences of random vectors such that 'Y, 1 €
R”* and Yoo € R! and as n — n, Yn1 —q Y1 and Yy, 2 —, 7 for a random vector Y7 € R and a

constant vector r € R'. Then,
Yn,l Yi
()= ()

Take a constant vector ¢ = (¢}, cy) € R¥ x R!. Since a linear combination is a continuous function,
we have Y, 1 —4 Y1 and &Y, 2 —4 chr by CMT. Note that ¢|Y,,1 € R and ¢,Y,, 2 € R, ie.,
they are random variables. This implies that we can use the scalar version of the Lemma 1:

C/ Y, 1 C/ Y1
( /1Yn, —d 1/ .
CQ n’2 C2T
By CMT, ¢ Yy1 + c4Y 0 —4 Y1 + chr. We can rewrite it as

c ( Y1 > =AYl + Yo =g Y1 +hr=¢ ( " > )
Yn72 ’ ’ r

Since the vector c is arbitrary, by Cramer-Wold device, we conclude
Yn,l }/1
(va )= ()

Without loss of generality, assume EX1; = EX9; = 0 throughout the question.
(a) I propose the following estimator for p:

5 nt YT (X — X)) (Xoi — Xop)

(n! iy (X = X1n)?) 2 (0 S0 (X = Xon)?)
nt Y0 X1 Xo — X1nXon

(n! S X = (X)) (! 0 X - (Xea))

3.



mailto:slee279@wisc.edu

where X in = n~! 22:1 Xj; for j =1,2. Since Xj;’s are iid and have finite variance, we can apply
the WLLN to have X, = n1 Z?:l Xji —p EX; =0 for j = 1,2. Assume Xj;’s have finite fourth
moment.! Then we can apply the WLLN to have

n

nTh Y (X = Xjn)? = B(Xji - EXj)® = 0},
=1
n

nNY (X1 — Xin)(Xoi — Xon) —p E(X1i — EX1)(Xa; — EXy) = Cov(X1s, Xo5) = poi0a,

i=1
for j =1,2.
Consider a function g : R® — R such that g(a,b,c,e,d) = c—ab Then

- (c—a2)1/2(d—b2)1/2 :

n n n
p=9g (le Xop,n ™! Z Xi,n~! Z X3,n~! Z XliX2i> :
i=1 i=1 i=1
Since g(a, b, c, d, ) is continuous where ¢ —a? > 0 and d — b> > 0, by CMT, we have

n n n
p=g (Xm,szn_l ZX%pn_l ZXQQM“L_l ZXquz) —p 9(EX1i, EXoi, EX{;, EX3;, EX1iXai) = p

i=1 =1 i=1

Thus, p is consistent for p.

(b) By multivariate CLT,

)gln 0
Xon 0
\/ﬁ n_l Z?:l X12'L - 0-% —d N(O> Z)?
n~t Yy X3 3
n~tS L XX pPoO102

where 0 is 5 x 1 vector of zeros and X is 5 X 5 covariance matrix. Let

_ 9dg(a,b,d,c,e 9dg(a,b,d,c.e 9dg(a,b,d,c.e dg(a,b,d,c,e 9dg(a,b,d,c,e
G(a,b,c,d,e)f( slabdes) Ogladdee) Oglabdee) Oglebdee) dafabdes) )

You should check whether G(0,0, 01, 02, po102) exists and is non-zero to apply the delta method.
Write G(0,0, 01,09, po1o2) = G. By the delta method,

Xin 0
X2n 0
Vn(p—p)=vn|g Tt Y, X -9 o7 —a N(0,GEG").
Tty X3 3
n~tY L X1 X pO102

Note that GXG’ is a scalar and is the asymptotic variance of v/n(p — p).

!This is not a necessary condition for the WLLN, though.



4.

If Y, ~ b(n,p) then Y, = > | X; with X; ~ Bern(p) for i = 1,...,n. Since EX; = p, by the
WLLN,

Y, 1
fn:EZXi—h)EXi:p

n ;
=1

Let g(x) = (1 — ). Then g(x) is continuous. By CMT (or Slutsky’s theorem),

% (1 - 1;7) =g C/:) —p 9(p) = p(1 —p).

5.

Since X;’s are random sample from x%(50), EX; = 50 and Var(X;) = 100. CLT implies that
Vn(X — EX;) /_ 10 is asymptotically standard normal. We use this fact to approximate the proba-
bility P(49 < X < 51):

P49< X <51) = P
P

1<X-50<1)
V100 x —1 < V100(X — 50) < V100 x 1)

(=
(
(=
(=

= P(-1<v100(X —50)/10 < 1)
P(—-1<Z<1)=2&(1) — 1 = 0.6826.

6.
Let X;’s be random sample. Then

P(X; <3) /dx—

Each observation is either larger than (or equal to) 3 with probability 1/3 or less than 3 with
probability 2/3. Let Y; be a random varlable such that ¥; = 1{X; < 3}. Then Y; is a Bernoulli
random variable with p = 2/ 3 and Z i—1 Y; is a binomial random variable such that Z Y, ~

b(72,2/3). Let Y, = S./2,Y;. The distribution of ¥, can be approximated by Z, such that
Zn ~ N(48,16): P(Y, > 50) P(Z,, > 50.5) with continuity correction. Now

P(Y, >50) ~ P(Z,>505)

Z, —48 _ 50.5 — 48

= P
>

— P(Z > 0.625) = 0.266,

where Z is standard normal random variable.



7.

First, we show Y7 —, a. Take any € > 0.

P(lY1—al<e) = Pla—e<Yi<a+e)
= Pla<Yi<a+e)
= Pla<minX; <a+e¢)
= 1—PminX; >a+e¢)
= 1-PX;,>a+ei=1,2,...,n)
= 1-(P(X;>a+¢e)"

b—a—e\"
= 1 - — 1

as n — oo. Similarly, we can show Y5 —, b. In class, we learned that if Yi,, =4 Y7 and Yo, —4 7,
where 7 is a constant, then (Yi,,Y2,)" —4 (Y1,7)’. This is Lemma 1. Convergence in probability
to a constant is the same as convergence in distribution to a constant. This implies that we have
(Y1,Y2)" —, (a,b)’ by Lemma 1.

8.

By Lemma 1, we have

()= (%)

By CMT, X, — (X, = Y,) =Y, 54 X —0= X.



