
Lecture 21. Hypothesis Testing II

December 7, 2011

In the previous lecture, we de�ned a few key concepts of hypothesis testing and intro-

duced the framework for parametric hypothesis testing. In the parametric hypothesis testing

framework, we assume that the pdf/pmf of a random variable/vector of interest, X, is known

up to a �nite dimensional parameter. Denote the pdf/pmf by fX(x, θ) where θ is the param-

eter and θ is assumed to live in the parameter space Θ ⊆ Rdx . The hypotheses restrict the

parameter to subsets of Θ:

H0 : θ ∈ Θ0 vs. H1 : θ ∈ Θ1 := Θ/Θ1. (1)

Assume that we have a random n-sample, X = {X1, ..., Xn}. A test is a rejection region,

CR, which typically take the form:

CR = {X : T (X) > c}, (2)

where T (X) is a test statistic and c is a critical value. We de�ned the power function of the

test to be:

γ(θ) := Pr θ(T (X) > c) θ ∈ Θ. (3)

The size of the test is the maximum null rejection probability:

Sz = max
θ∈Θ0

γ(θ).

A test is said to be of signi�cance level α i� Sz ≤ α.

Two tests of the same signi�cance level may be compared by their power. Fix a sig-

ni�cance level α ∈ (0, 1). Consider two tests for the hypotheses in (1), each with power

function γ1(θ) and γ2(θ). Both tests are of signi�cance level α, i.e., maxθ∈Θ0 γ1(θ) ≤ α and
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maxθ∈Θ0 γ2(θ) ≤ α. The �rst test is uniformly more powerful than the second test i�

γ1(θ) ≥ γ2(θ) for all θ ∈ Θ1 and

γ1(θ) > γ2(θ) for some θ ∈ Θ1. (4)

Note that the �uniform� means uniform over θ ∈ Θ1.

Claim 1. If a test of signi�cance level α has size Sz1 < α, there must be another test of

signi�cance level α that is uniformly more powerful.

Proof. We show this claim by construction. Suppose the �rst test rejects i� T1(X) > c for

some test statistic T1(X) and critical value c. Introduce an auxiliary random variable ε.

Conditional on T1(X) > c, ε = 1; and conditional on T1(X) ≤ c, ε ∈ Bern(p) with p =

(1−α)/(1−Sz1). Let the test statistic of the new test be: T2(X, ε) = εT1(X)+(1−ε)(c+1).

Let the new test's critical value be also c. Then the new test is of level α because:

Sz2 = max
θ∈Θ0

Pr θ(T2(X, ε) > c)

= max
θ∈Θ0

[Pr θ(T2(X, ε) > c, ε = 1) + Pr θ(T2(X, ε) > c, ε = 0)]

= max
θ∈Θ0

[Pr θ(T1(X) > c, ε = 1) + Pr θ(c+ 1 > c, ε = 0)]

= max
θ∈Θ0

[Pr θ(T1(X) > c) + α− Sz1]

= max
θ∈Θ0

Pr θ(T1(X) > c) + α− Sz1

= Sz1 + α− Sz1

= α. (5)

The new test is uniformly more powerful than the �rst test because for any θ ∈ Θ1 (in fact,

in this example, for any θ ∈ Θ),

γ2(θ) : = Pr θ(T2(X, ε) > c)

= Pr θ(T1(X) > c) + α− Sz1

> Pr θ(T1(X) > c)

=: γ1(θ). (6)

Thus, the claim is proved.

Remark. (1) If a test of signi�cance level α has size strictly less than α, we say this test is

conservative. A conservative test can be easily improved upon if we know how much smaller
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Sz is than our desired signi�cance level. The proof above gives us a way to do so, through

a �randomized test�. The new test in the proof above is called a �randomized test� because

it uses some extra random variable that we generate (not from the data).

(2) The claim above does NOT imply that a conservative test is necessarily less pow-

erful than a non-conservative test (i.e. one with Sz = α). For example, the competely

randomized test (that rejects H0 i� a Bernoulli(1− α) independent of the data returns 1) is

non-conservative, but its power is α, often much smaller than any test that uses the sample

information in any reasonable way. In di�cult testing situations, potentially conservative

tests are used because it is di�cult to �gure out what Sz is exactly but it is easier to make

(prove) Sz ≤ α.

A test of signi�cance level α is said to be uniformly most powerful (UMP) if it is

uniformly more powerful than any other test of signi�cance level α.

A corollary of the claim above is that: a conservative test cannot be UMP.

UMP tests do not always exist. We will discuss several situations in which they do

exist.

Case 1. Both H0 and H1 are simple hypotheses:

H0 : θ = θ0 vs. H1θ = θ1. (7)

Lemma (Neyman-Pearson). Consider a random n-sample X from a distribution with

density fX(x, θ). For the H0 vs. H1 above, consider a test with rejection region CR

satisfy

(1) any X such that fX(X, θ0)/fX(X, θ1) < k belongs to CR,

(2) any X such that fX(X, θ0)/fX(X, θ1) > k does not belong to CR, and

(3) Prθ0(X ∈ CR) = α.

Then the test is a UMP test of signi�cance level α.

Proof. (in the book)

Special case: If Prθ0(fX(X, θ0)/fX(X, θ1) = k) = 0 at k = k(α) � the α quantile

of :fX(X, θ0)/fX(X, θ1), then the UMP rejection region is of the form: CR = {X :

fX(X, θ0)/fX(X, θ1) < k(α)}. Otherwise, one may need the UMP test to be a randomized

test.
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Example 1. X ∼ N(θ, 1) and θ1 > θ0. Then

fX(x1, ..., xn, θ) = ×ni=1

1√
2π
e−(xi−θ)2/2.

The likelihood ratio is

fX(X, θ0)

fX(X, θ1)
= ×ni=1e

−(Xi−θ0)2/2+(Xi−θ1)2/2

= ×ni=1e
(−2(θ1−θ0)Xi+θ

2
1−θ2

0)/2

= e
∑n
i=1(−(θ1−θ0)Xi+(θ2

1−θ2
0)/2)

= e(n/2)(θ2
1−θ2

0)−n(θ1−θ0)X̄n . (8)

Under H0, it is a continuous and strictly monotone function of a continuous random

variable (X̄n ∼ N(θ0, 1/n)). Thus, it satis�es the special case: for any k > 0,

Pr θ0(fX(X, θ0)/fX(X, θ1) = k) = Pr θ0((n/2)(θ2
1 − θ2

0)− n(θ1 − θ0)X̄n = ln(k))

= Pr θ0(X̄n = 0.5(θ1 + θ0)− ln(k)/(n(θ1 − θ0)))

= 0. (9)

Thus, we just need to �nd k(α) in order to get the UMP test. k(α) should satisfy:

Pr θ0(fX(X, θ0)/fX(X, θ1) < k(α)) = α.

Thus, k(α) solves the following equation,

α = Pr θ0((n/2)(θ2
1 − θ2

0)− n(θ1 − θ0)X̄n < ln(k(α)))

= Pr θ0(X̄n > 0.5(θ1 + θ0)− ln(k(α))/(n(θ1 − θ0)))

= Pr θ0(
√
n(X̄n − θ0) > 0.5(θ1 − θ0)

√
n− ln(k(α))/(

√
n(θ1 − θ0)))

= 1− Φ(0.5(θ1 − θ0)
√
n− ln(k(α))/(

√
n(θ1 − θ0))),

We could solve the equaltion and get a closed form for k(α), but it is more useful to

realize that, for k(α) that satisfy the above equation,

fX(X, θ0)/fX(X, θ1) < k(α)

is equivalent to
√
n(X̄n − θ0) > zα, where zα is the 1− α quantile of N(0, 1). This tells
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us that the UMP rejection region is of the form:

CR = {X : tn :=
√
n(X̄n − θ0) > zα}. (10)

The tn is called the t-statistic and the test is the t-test.

Notice that the UMP test in this example only depends on the null value θ0, not on the

alternative value θ1. This suggests, CR is also the UMP test for the following simple

null against composite alternative hypotheses:

H0 : θ = θ0 vs. H1 : θ > θ0. (11)

Case 2. the null is simple and the alternative is composite.

H0 : θ = θ0 vs. H1 : θ ∈ Θ/{θ0}. (12)

Lemma. Consider a random n-sample X from a distribution with density fX(x, θ). As-

sume that for any θ ∈ Θ, the likelihood ratio fX(X, θ0)/fX(X, θ1) is an increasing function

of a statistic T (X). Then, for the H0 vs. H1 above, consider a test with rejection region

CR satisfy

(1) any X such that T (X) < k belongs to CR,

(2) any X such that T (X) > k does not belong to CR, and

(3) Prθ0(X ∈ CR) = α.

Then the test is a UMP test of signi�cance level α.

The additional assumption in the above Lemma relative to the Neyman-Pearson lemma

is the �monotone likelihood ratio� assumption. The normal example above satisfy this

assumption: the likelihood ratio is an increasing function of −
√
n(X̄n − θ0).

(Think: what if we'd like to test H0 : θ = θ0 vs. H1 : θ < θ0. in the normal example)?

Case 3. both the null and the alternative are composite. We only consider the one-dimensional

example:

H0 : θ < θ0 vs. H1 : θ ≥ θ0. (13)

Claim. If a test, CR, of signi�cance level α is UMP for H0 : θ = θ0 vs. H1 : θ ≥ θ0 and

infθ<θ0 Pr θ(X ∈ CR) ≤ α, then the test CR is also a UMP test for H0 : θ < θ0 vs. H1 :

θ ≥ θ0 of signi�cance level α.
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Proof. (exercise)

The Neyman-Pearson Lemma and its extensions motivates the use of the likelihood ratio

test: to test H0 : θ ∈ Θ0 against H1 : θ ∈ Θ1, one can simply let the rejection region be the

set of X that satis�es:
maxθ∈Θ0 fX(X, θ)
maxθ∈Θ fX(X, θ)

< k(α),

where k(α) is the 1−α quantile of
maxθ∈Θ0

fX(X,θ)
maxθ∈Θ fX(X,θ) . (Verify) In the three cases above, assuming

maxθ∈Θ0
fX(X,θ)

maxθ∈Θ fX(X,θ) 's cdf is continuous at its 1− α quantile, the likelihood ratio test is UMP.

The likelihood ratio test is often used in problems where the UMP test does not exist.

It is relatively simple and has reasonably good power (though not necessarily UMP).

Typically, one uses the logarithm of the likelihood ratio (log-likelihood ratio) instead of

the likelihood ratio itself to de�ne the rejection region:

LRn := max
θ∈Θ0

ln(fX(X, θ))−max
θ∈Θ

ln(fX(X, θ)) < c(α),

where c(α) is the 1− α quantile of LRn.

In most non-normal settings, the exact distribution of maxθ∈Θ0 ln(fX(X, θ))−maxθ∈Θ ln(fX(X, θ))
is too complicated and the quantile of it is too hard to �nd. But under fairly general con-

ditions (for Θ0 of certain shape), one can show −2LRn converges in distribution to a χ2

random variable of a known degree of freedom under any θ ∈ Θ0. This leads to the asymp-

totic version of the likelihood ratio test, where the χ2 quantiles are used as critical values.

The size of the asymptotic version of the test is only asymptotically controlled:

lim
n→∞

max
θ∈Θ0

Pr θ(−2LRn > χ2
1−α,df ) = α, (14)

where df is the appropriate degree of freedom.

Some more words about the Neyman-Pearson framework for hypothesis testing.

The type-I error and the type-II error are treated asymmetrically. We control the type-I

error to on or below the signi�cance level α (which typically is a small number). And given

that the type-I error is under control, we try to make the type-II bigger. But the type-II

error can still be very big (close to 1−α) even for the UMP test. This is why a �rejection� is

a stronger conclusion than an �acceptance� of H0. If the test (of signi�cance level α) rejects

H0, the probability that it is making an error is at most α. If the test accepts H0, the

maximum probability that it is making an error supθ∈Θ1
(1− γ(θ)), which could be big. For

this reason, it is argued that one should use the hypothesis that one wants to reject as the

null hypothesis and the opposite of it as the alternative hypothesis.
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However because the type-I error and the type-II error are treated asymmetrically, H0

and H1 cannot be speci�ed in any way we want. For example, Suppose one wants to argue

that θ = 0 (i.e. to reject the hypothesis that θ 6= 0) and tries to speci�es H0 : θ 6= 0

vs. H1 : θ = 0. If fX(x, θ) is continuous in θ, then any test of signi�cance level α cannot

have power greater than α. This is because the power function γ(θ) is continuous in θ and

Sz := supθ 6=0 γ(θ) ≤ α implies that γ(0) ≤ α.As a result, the test rejects at most 100α% of

the time even when H1 is true.

As you may noticed, the signi�cance level α is important in the N-P framework. However,

the choice of α is somewhat arbitrary. Conventionally, people use α = 0.01, α = 0.05 or

α = 0.1. There is not much reason why these three values should be used, except that they

look small and they look simple. Because di�erent α implies di�erent choices of the critical

value (di�erent rejection regions), two researchers using the same test statistic for the same

hypotheses may reach di�erent conclusion depending on this α. This inconvenience prompts

people to use the �empirical signi�cance level�, or the �p-value� (probability value). The

p-value is the smallest signi�cance level at which the test rejects H0. A smaller p-value is

stronger evidence against H0. In practice, the p-value is computed by:

p− value = max
θ∈Θ0

Pr θ(T (X) > T (x1, ..., xn)),

where (x1, ..., xn) is the observed value of X.
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