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Abstract

In this paper, we propose a two-step semi-nonparametric estimator for the widely
used random coeflicients logit demand model. The approach applies to the same setup
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has the advantage of not requiring computing demand inversion. In particular, the
first step of our approach estimates the fixed coefficients via a computationally very
easy linear sieve generalized method of moments (GMM). The second step uncovers the
distribution of the random coefficient via a sieve minimum distance or GMM procedure.
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market environment. Monte Carlo simulations and empirical illustrations support the
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1 Introduction

Demand estimation for differentiated products plays a central role in modern empirical
industrial organization. The groundbreaking works of Berry (1994) and Berry et al. (1995)
(henceforth, BLP) provide an important framework for analyzing aggregate demand by
jointly modeling consumer preference heterogeneity and addressing price endogeneity. In
this framework, consumer preference heterogeneity is represented by random coefficients,
and price endogeneity is explicitly modeled by the dependence of price on a market/product
level demand shock. By inverting the demand system and imposing a mean independence
assumption on the demand shock with instrumental variables, a nested fixed point generalized
method of moment (GMM) estimator can be employed to estimate the model. The framework
has been used extensively to estimate demand in various markets/industries, which in turn
provides bases for analyzing market outcomes and policy issues, see Berry and Haile (2014)
for a synthesis of the empirical literature applying the BLP framework.

Nevertheless, estimating a flexible model within the BLP framework is still a challenging
task for many empirical applications. First, the standard estimation procedure, nested
fixed point GMM, is computationally intensive and can be numerically unstable (see the
discussions in Knittel and Metaxoglou (2014)). Although there has been important progress
on this issue, e.g., Dubé et al. (2012), Lee and Seo (2015), and Conlon and Gortmaker
(2020), among others, computational complexity is a hurdle for many applied researchers.
Furthermore, largely because of this difficulty, researchers have to impose strong parametric
assumptions on the distribution of random coefficients, e.g., normal distribution (almost
exclusively used in practice) to reduce the number of parameters and thus to simplify the
estimation problem.

The main contribution of this paper is a two-step semi-nonparametric estimator for
the random coefficients logit model that is computationally easy to implement, and as a
result, makes more flexible parametric and even nonparametric specifications of random

coefficients feasible. The approach applies to BLP-type models with many products but has



the advantage of not requiring costly numerical demand inversion.

In the first step, we transform the original demand system into a partial linear model,
where the linear part captures the utility contribution of the product/market characteristics
with fixed (non-random) coefficients, and the nonparametric part captures that of those
with random coefficients. Approximating the nonparametric part with a linear sieve, one
can easily estimate the partial linear model with 2SLS or linear GMM. This step formalizes an
approach for researchers to quickly estimate the fixed (non-random) coefficients on product /market
characteristics without even specifying the distribution of the random coefficients. In fact, it
is a common practice among empirical researchers to add polynomial terms of the product
characteristics in a logit regression. Our theory confirms that this is a useful way to control
the effects of the random coefficients.! 2

In the second step, we substitute the estimated mean utility from the first step back into
the original demand system and estimate the distribution of random coefficients by minimum
distance (MD) or GMM. The random coefficient distribution can be parametric or non-
parametric. When it is non-parametric, we propose suitable sieve approximations designed
for distribution functions. Since our approach avoids costly numerical demand inversion,
allowing a flexible sieve approximation for the random coefficient distribution is much more
computationally tractable than in the standard approach. We believe this is valuable in
many applications. For example, the shape of the random coefficient distribution itself may
be of central interest when we want to understand the distributional impacts of product
characteristics on demand or to analyze the welfare implications of certain event or policy.
Moreover, the shape of the random coefficients distribution may have important implications
on the substitution patterns among products such as cross-product price elasticities. In some

cases, normal random coefficients may have undesirable implications for the substitution

'Bordley (2013) provides a justification for adding quadratic terms under the assumptions that both the
random coeflicients and the product characteristics with random coefficients are normally distributed and
that the inclusive value converges to a deterministic limit. We do not impose either assumption.

2Recently, Salanié and Wolak (2019) propose a fully linear model to approximate the BLP model; their
estimator can be interpreted as a second-order truncation of ours.



pattern in large markets. A more flexible random coefficient distribution may then be
necessary to generate realistic substitution patterns.?

The key for our approach to work is the logit preference shock and the large number of
products (J) framework. The logit shock is needed to write the demand model as a partial
linear equation in the first step. It rules out interesting models like probit, ordered logit,
or pure characteristic models. But since the mixed multinomial logit model is a workhorse
model in empirical 1O, our specification does cover a large class of models used in empirical
work.* The large .J framework is necessary to treat the non-linear part of the partial linear
equation as a functional parameter. The large J asymptotic theory is less straightforward
than the large 7' (number of markets) one, simply because products in the same markets
interact with each other and as a result, it is difficult to characterize the dependence among
them. We adopt the triangular array framework of Berry et al. (2004), which relies on
the conditional independence of the unobservable product characteristics for deriving the
asymptotic properties of the estimator.® Simulations show that our estimator works well for
J’s as small as 5. In demand estimation data sets, it is common to have .J bigger than 5.°

Our estimator draws on the nonparametric instrumental variable literature (e.g. Ai and
Chen (2003), Chen and Pouzo (2015), Newey and Powell (2003), Hall and Horowitz (2005),
and Chen and Christensen (2018)). We modify the standard asymptotic theory to handle two
special features of our setting. The first is that products in oligopoly markets are dependent
by design and the dependence may not resemble time series or standard spatial dependence.

As mentioned above, we deal with this using the triangular array framework of Berry et al.

3For example, in Supplemental Appendix S3, we show that all the cross-product elasticities go to zero at
the rate 1/J as the number of products J goes to infinity if random coefficients are normally distributed, but
that needs not to be the case with a thicker-tailed distribution for the random coefficients. A model with
all cross-product elasticities drifting to zero at the same rate provides a poor approximation to many of the
large markets studied in industrial organization; see Ackerberg and Rysman (2005) for related discussions.

4Indeed, multinomial probit models can get computationally prohibitive fast as .J increases, which
partially explains the popularity of logit-based models. In supplemental Appendix S4.4, we investigate
the performance of our estimator when the logit shock is misspecified.

5Tt may be possible to generalize this to allow appropriate weak dependence between the unobserved
product quality £;;’s, possibly using techniques in Chiang et al. (2021). We leave this for future work.

6For other papers on the asymptotic theory for BLP models, see Freyberger (2015), Armstrong (2016)
and Moon et al. (2018).



(2004). The second special feature is that the true value of the functional parameter in the
partial linear equation, although constant across products, is random. As unconventional as
a random true value may seem, we show that it can be handled by similar arguments as those
in the seminal works of Ai and Chen (2003) and Chen and Pouzo (2015) after strengthening
the identification condition to a uniform one (over a deterministic functional space). We
verify the uniform identification condition using the spectrum decomposition approach of
Hall and Horowitz (2005) in Supplemental Appendix S2.1.

In the growing J environment, the identification of the random coefficients logit model
has not been studied in the literature. We provide a simple argument for the nonparametric
point identification of the distribution of random coefficients. The argument is inspired by
that in Fox et al. (2011, 2012) and Fox et al. (2016). However, our approach is very different
from Fox et al. (2011, 2012) and Fox et al. (2016): While they require an appropriate supply-
side model in order to handle price endogeneity, we address the endogeneity problem in the
first step using instrumental variables obviating the need to specify a supply-side model.
Our identification result also contributes to the growing literature on semi/non-parametric
identification of the aggregate demand model including Berry and Haile (2014), Dunker et al.
(2017), Compiani (2018), Reynaert and Verboven (2014), Gandhi and Houde (2016). None of
these papers study the large J setting that we do. More generally, the result also contributes
to the literature on non-parametric identification of discrete choice models including Fox and
Gandhi (2016) and Lewbel (2000).

We conduct Monte Carlo simulations to examine the finite sample performance of our
estimator and to compare it with the standard parametric BLP estimator. We find that
our semi-nonparametric estimator achieves similar performance to the parametric version
when the parametric assumption on the distribution of random coefficients is correct, which
suggests that giving up the parametric assumption does not result in much efficiency loss.
More importantly, the semi-nonparametric estimator outperforms the parametric version

when the parametric assumption is incorrect, and thus has the virtue of being robust to



misspecification. The findings are robust across different choices of sieve spaces and criterion
functions. Finally, we apply our approach to estimating demand using data from Berry et al.
(1995)’s application as well as the Chinese new car market and obtain meaningful results.
The rest of the paper is organized as follows. Section 2 lays out the basic setup. Section
3 describes our semi-nonparametric estimator. Section 4 develops the asymptotic theory.
Sections 5 and 6 report the results of Monte Carlo experiments and the first empirical
application. And Section 7 concludes. Additional identification results, technical proofs,

and the second empirical application are in the Supplemental Appendix.

2 Random Coefficients Logit Demand Model

2.1 Setup

We consider the standard BLP framework for aggregate demand. Each market ¢t = 1,...;7T
consists of a cross-section of differentiated products, labeled by 7 = 0,1, ..., J;, and a population
of ex-ante identical consumers. The product labeled by 0 is the outside option; each
inside product j > 1 in market ¢ is characterized by a K-dimensional vector of observable
characteristics Xj; (typically including price) and an unobserved characteristic £;; € R. To
simplify notation, we suppress the subscript ¢ in J; in the following discussions but our
method applies to the case with varying J; without a problem.

Consumer preference is represented by a standard linear random utility model as in Berry

(1994), i.e., the utility that consumer i derives from choosing product j in market ¢ is
iz = 00 + X5 5,0i + €t (1)
where the mean utility takes the form of a linear index

dje = X1 ;8" + &je- (2)



Here, we have partitioned Xj; into (Xi ji, Xoj) € X1 X Xo C R¥1 x R¥2 d, +d,, = K,

to distinguish product characteristics without and with random coefficients; the vector 3°

represents the fixed coefficients, the vector v; comprises random coefficients that jointly follow

an unknown distribution (CDF) F° (-) (with PDF f°(-)) and &;;, is a Type I extreme value

distributed preference shock.” As a convention, we normalize the location of the model by

setting both the mean utility dp; and characteristics of the outside option X to zeroes,

that is to make w;or = €;0;.

Each consumer ¢ chooses a product in market ¢ that maximizes her/his

utility. The

aggregation of individual choices yields the aggregate choice probability (i.e., market share)

for each product 7 =0,1,.... J, i.e.,

exXp (5]'16 + Xé,jtv)
14 Z,‘fil exp (5kt + Xé,ktv)

fo(v)dv,

0 (01, X5 f°) :/

where 0, := (01, ..., 00) and Xo, := (X3, . .. ,Xé’Jt)/ is a J x d, matrix.
The primary empirical objective is to estimate the parameters of interest °

based on the demand system

Sjt = 035 (6t7X2,t; fo) ) j - ]-7 e J7 Vta

where s; := (814, ..., $7¢) (With sy =1 — Z‘]

2.2 The Standard BLP Estimator

The standard BLP estimator is constructed based on two building blocks:

= (8% 1°())

j=1 8jt > 0) are observed market shares.

1. Assume that f°(-) has a parametric form f(:|\%) known up to X\°. For any §° = (3%, \°)

and market ¢, invert the demand system (based on the invertibility results in Berry

"We could extend the model to allow for market-specific distributions of random coefficients, i.e., F (-),
with more cumbersome notation. The identification of Fy (-) would then require sufficient variation of Xz j;

within each market ¢.



(1994) and Berry et al. (2013))
Sjt = 0y (5t;X2,t§ f(‘|/\0)) s J=1.J

to obtain

6jt = 0-;1 (St7X2,t; f(|>\0)) ) j = 17 A ']7
where O'j_l (-, Xa4; f(-]AY)) is the inverse demand function.

2. Find a set of instrumental variables Zj; such that

E[& Zy) =0, j=1,...,J, Vi. (5)

Condition (5), together with (2), in turn, implies the following moment condition
E |:0-]'_1 (StyXZ,t; f(|)\0>) - X{,jtﬁo{ th} = 07 j = 17 ceey J7 Vt (6)

Thus the standard BLP GMM estimator with a parametrically specified f(-|\) can be

defined as

A,S\ = arg min
(B, A) = argmin

1
7T Z {[o;" (st Xow: f (-|1N) = X1 ;8] Zju }

w
where ||g||%, = ¢Wg with a weight matrix W.

In practice, the main hurdle of implementing the BLP estimator comes from the fact that
the inversion {Jj_l ( Xoes f(-IN) :g=1,.., J}, which can only be solved numerically (via
e.g. the BLP contraction mapping) for each trial of the parameter ), is nested in the nonlinear
optimization problem. Getting a stable solution to the nonlinear optimization problem
requires the inversion to be solved repeatedly with high precision which is computationally

expensive; see Knittel and Metaxoglou (2014) for more detailed discussion. In the next



section, we introduce our semi-nonparametric estimator which offers a new way to address

these challenges.

3 Our Semi-Nonparametric Estimator

3.1 A Transformation to A Partially Linear Model

A key observation that leads to our estimation strategy is the following separability property

of the random coefficients logit model,

_ / exp (5jt + Xé’jtv)
1+ ZZZI exp (5kt + Xé,ktv)

exp (Xé jtv) 0
— exp (0p) / ’ o (w)dv. ®)
* 1+ ZZ:l exp (51625 + Xé,kt“)

O (v)dv

Next, we divide both sides of (8) by the outside share and take logarithm to obtain

exp(X; ;;v) fo(
Ik : v)dv

S.t 1+ZJ: exp(zskt—}-X” ”U)
log (f) = N tlog | =2 g e (9)

0t 1+Zk 1eXp(5kt+X2 ktv)

exp(Xé,jtv) 0
T ox T o f (U)dv

Now observe that log T e S piskt+x2”“t ) LIOrE varies across j only via Xj ;. It depends

1+Ei:1 exp((;kt+X2’kt’u)

on the other products’ characteristics dx; and Xy j; only through the so-called inclusive value
(see McFadden (1974))): Sy = Sj.(v) := log (1 + 37 exp(d + Xiktv)) which does not

vary across j.® Define

exp(zh ;,v)
f exp( gjtt) fo(v)

V(@250 S4) = log
2,5t Jt f exp(sjﬂt)f()(’l])d'l)

8This feature resembles that of the market-specific “price function” proposed by Bajari and Benkard
(2005), in which a product’s price could be written as a function of its own characteristics. The price
function also depends on all the primitives, such as consumer preferences and product characteristics, in a
given market, through terms that do not vary across products.



Then we have,

log(sje/s0t) = X1 ji8° + ¢ (Xa e Sae) + & (10)

We treat ¢°(-,S;;) as a functional parameter, and estimate it along with 5% using partially
linear instrumental variable (PLIV) methods as we detail in later sections. Before going into
the estimation, we would like to remark on the random parameter ¢°(-, S;;), which arguably
is an unconventional feature of the partially linear model (10).

First, treating /°(-, S;,) as a functional parameter is the key to the simple linear structure
of the first step of the estimation procedure that we describe in the next subsection. The
linearity is not preserved if we instead treat Sy.(-), or 0 : k = 1,...,J as the parameter(s).
Also importantly, ¥°(-, S;;) subsumes all the unknown dy; : £ = 1,...,J which would be
incidental parameters and would cause estimation to break down if we insisted on estimating
them individually. Although it is unconventional for a parameter to have a random true
value (at least in the frequentist framework that we adopt), we show in Section 4 below that
9

standard sieve estimation theory still goes through with some modifications.

Second, the identification of ¢°(-, S;;) is based on the integral equation

//(«Tﬁﬁo + (225 S54)) [0 0 X o120 (21, T2] Zjo ) dvy diy
_ / / (248 + (@2 Su)) s oo 2, (21, 22| Zy0)drr v,

where the left-hand side is identified from the sample joint distribution of log(s;;/so;) and
Zj. This differs from the integral equation that standard PLIV models solves in that the left-
hand side is not Eflog(s;:/sot)|Z;]. In fact, in the large J environment, E[log(s;/sot)|Zjt]
may not be identified from the sample distribution of log(s;;/so:) and Zj; because log(s;i/sot)
may be strongly dependent across j.

The inclusive value Sj; is useful to conceptualize our random functional parameter

9To illustrate the usefulness of the idea of a random parameter in the simplest setting possible, we include
an example of a mean estimation in Supplemental Appendix S7.

10



Y°(-,S;¢), but will serve no purpose beyond that. Thus, to simplify notation, we will from

now on write

¢8,t(') = ¢0('> SJ,t)

and treat ¢G,(-) as a function-valued market fixed effect to be estimated.

3.2 A Two-Step Estimator

After writing out the partially linear form, we estimate the structural parameter of interest
(8%, f%) in two steps. In the first step, we estimate 3°, as well as the “reduced form” functions
¢9¢(')’S§ and in the second step, we estimate f°. If the mean and standard deviation of the
random coefficients are of primary interest, their estimators can be easily deduced from the
estimators of f°.

To begin, we define some notation. First, we approximate the space of the realizations of
w97t(-), denoted as ¥ (¥ will be rigorously defined in Section 4) by a sieve space ¥y, ;, where
k; is the dimension of the sieve space. In particular, we use the linear sieve vy, (X5 ;1) =
Zifil Vo40e(Xo i), where (Y14, ..., U, ) are unknown sieve coefficients to be estimated, and
(¢1(+), ..., ¢k, (-)) are user-specified basis functions. The commonly used basis functions
include the polynomial series, the Fourier series, splines and so on. Let 3 € B C R%1, 6, ; =
(B, Yk, +(+)) and O, = (B, %k, 1, - Uk, 1) € O, where O, := B x Wy, 1 x--- x ¥y, 7 is the
sieve space for the parameter space © := B x W', Also, note that the sieve approximation
should satisfy the restriction that 1, (0) = 0 because 9j,(0) = 0 by definition.

Second, with the conditional mean restriction in (5), we have the freedom to choose the

basis functions of Z;; as instruments. Suppose that we use a vector of functions I/ (Z;;) =

(I(Zj)',...,1,(Z;)"). Then we can define the sample moments as
10
Ge(Or,0) = Wi Zgjt(ekJ,t>a (11)
j=1

9jt(Or, 1) = {log (sj¢/s0t) — X1 ;i — Vit (Xage) } - I (Zj0).

11



Note that the function vy, () and its associated sieve coefficients (V14,...,0%, ), are free

to vary across markets (t).

Step 1

In the first step, we obtain the estimator of 65 := (8°,49,(:), ..., ¥/51(-)) as the minimizer of

the following GMM criterion function in the space Oy, :

J = (BJMZ@,M---J%,T) = arg min ﬁ(elw) (12)

GkJEGkJ

where

ek‘J ekJ, Qt 9Jt> t (ekj,t) )

IIMH

o~ - NV . -
(05 = %ZLI 9it(054)g (9J7t) , t=1,...,7, and 6; = (Bs,¢k,+) is a preliminary

GMM estimator with positive definite weighting matrices W7, ..., Wy, that is,

0y = (5&%, : 1/1kJ, ) = arg mln th Oy.0) Wige(Oryt)- (13)

Or; €Ok, 47

A particularly convenient weight matrix to use when obtaining the preliminary GMM estimator
is W2sls = [J_l Z}]=1 (I (Z;) I (Z;1)) ~ because this leads to the two-stage least square
estimator of regressing log(s;./sot) on X ji, and (¢1(Xajt), ..., ¥x, (X2 j¢)) using the interactions
of I¢/(Zj;) and the market dummies as instrumental variables. Again, note that this first
step estimation effectively deals with a linear model and thus can be easily implemented in
programs like STATA.

Note that after the first stage estimation, we can obtain the demand shock estimates
fﬂ = log <5Jt> X/thBJ—'l/;kJ’t(Xghjt) and hence the mean utility estimates Sjt = X/thBJ"’éjt,
which will be used in the second stage estimation. Finally, we define 6, 5t = (B, by, ) for

later use.

12



Step 2

In the second step, we estimate f°(-) nonparametrically. We first approximate f (-) by a

sieve fu, (+) in a sieve space Fyy,, and hence use the following approximation:

exp(X) ,v) exp(X} ,v)
/ - 27t ——f(v)dv ~ / = 2.7t — fur, (v)dv
143 oy exp(Ore + X5 4,0) L+ 3 o exp(Ore + X5 5,0)

Then we can define a MD estimator as

2

exp(X5 -.v)
T J Ik i A far, (v)dv
o . A 1+3°7_, exp(dpe+X), L) J
Jup = argf Hg;l ZZ ¢th(X23t) log f — i ok o, (0) , (14)
Ma=rMr =t j=1 137, exp(Gret X pyo) 4 MY

where 5jt is obtained from Step 1. Alternatively, we could estimate f° by minimizing a GMM

criterion. The GMM criterion has two variants in our case:

fGMM1 (= arg min th ﬁJnyJ) Qt<9Jt> 1§t(BJ7fMJ), (15)

Taty €Fny 4

f = arg min min , Q 0 19,08, ) 16
Jenn ngJefMJ th B, far,)"Su( Jt) 9B, fm,) (16)
where
1 POt o ()
- St 14> g exp(Ope+ X7, v) 7
ACNINEEDY 1og(s) Xiuf —log | = | oI (2,
=1 ot L4350y exp(Bpe+ X5 4 0) ) Mo

The only difference between the two GMM estimators of f¥ is that (15) takes the first step
estimate B ; as given while (16) treats § as a nuisance parameter. GMM2 is somewhat more
difficult to compute, but we find in Monte Carlos that it yields better performing estimates
for the mean and standard deviation of the random coefficient distribution.

We would also like to point out that the second step estimation of f°(+) can be parametric

as well: we just need to replace the sieve approximation fy, (-) with a certain parametrization

13



f(-]N\) (as in (7)) when implementing our estimator (14). In the Monte Carlo section, we
examine this estimation strategy and find that it achieves a very similar performance as the

standard BLP parametric estimator when f (- |\) is correctly specified.

3.3 Remarks on the Large J Asymptotic Framework

Before we move on to the formal asymptotic justification for our model in the next section,
a few remarks regarding the asymptotic framework are in order.

As in Berry et al. (2004), we study the limiting behavior of our estimator as the number
of products J — oo, while keeping T fixed. In our case, the reasons for considering the
large J environment are twofold. From the applied perspective, large markets are common
for many empirical scenarios, e.g., national auto market (Berry et al. (1995)), PC market
(Goeree (2008), Bajari and Benkard (2005)), housing market (Bayer et al. (2007)), online
marketplace (Quan and Williams (2018)), and scanner data with products defined at UPC
level. From the theoretical perspective, the key to the linear structure of the first step of
our estimation procedure is to use the variation within each market for identification as we
treat ¢ ,(-) as a parameter.

Despite being empirically relevant, the large J asymptotic framework is controversial in
the literature. The main fear is that as J — oo, the model could approach a limiting model
which has no meaningful cross-product substitution and hence fails to capture the oligopoly
competition that is central to industrial organization questions.! However, our asymptotic
framework does not require the model to converge to a limiting model. In particular, the
inclusive value does not need to converge to a deterministic limit. Moreover, even when
there is a limiting model, cross-product substitutions need not vanish as we demonstrate in
an example in Appendix S3. Lastly, even if a limiting model exists in which cross-product
substitutions vanish, this limiting feature is not used in our identification arguments. The

asymptotic framework is only used as a mathematical tool to justify finite J approximations

10 Aymstrong (2016) quantifies one aspect of this concern by showing that the markup approaches a constant
as J — oo under a specific set of assumptions.

14



to certain sample statistics. Our Monte Carlo results suggest that even a small J like 5 or
10 is large enough for the estimator to perform well, while J > 5 is very common in practice

and is far from large enough to make cross-product substitution disappear.

4 Asymptotic Theory

In this section, we prove the consistency and asymptotic normality of B s and the consistency

of the random coefficients distribution estimator. To begin, we introduce some notation as

follows.

For column vector a, let ||a|| be the Euclidean norm. For matrix A, let ||A|| = (tr(A’A))Y2.
For X C R%  for any vector a = (ay, ..., aq)’ of d integers the differential operator is defined
as

. o
- ai ag )’
Oz ... 0z,

V

where a. = Z?:l a;. For a constant dy € R and an integer mg, define the weighted Sobolev

Ly norm on C™°(X), the space of my-times differentiable functions mapping X into R, as

1/2
”gHmo,Qﬁo = ( Z |Va‘g(x)|2 (1 + l’/l’)éodm) )
and let the corresponding weighted Sobolev space of 1;(+) associated with these norms be
Winoso(A2) 1= {h € C™(Xy) s.t. [|9]lmo,2.80 < 00} (17)

for X, C R%2. Let

U= {1 € Wino.so () = [¥llmo 200 < B} (18)

for a finite constant B > 0. Let the square of the “strong norm” on the space of the

15



parameter 0 := (8,11,...,¢r) € B x UT be

o1z = T||5||2+Z||¢t —T||5||2+Z wt 22)*(1 + wywn) " da. (19)

4.1 First-Step Estimation: Consistency and Asymptotic Normality

In this subsection, we prove the consistency and asymptotic normality of the estimator
defined in (12) as J — oo and T stays fixed. We treat {(Xj¢, Zji,&0)}7_; as a triangular
array as the number of products J increases to infinity, which is natural because the marginal
distribution of (Xj;, Zj, ;) may change and the dependence across j may also change as
J increases due to equilibrium firm response to changing market structure as the number of

products increases. We introduce the following assumption on the triangular array.

Assumption 1. (i) The unobserved product characteristics &, are conditionally independent
across j giwen {Zy}]_, and satisfy E[;|{Z;}]_1] =0 a.s. for each j and t;

(ii) the random variables {X;i, Zj, §jt}‘j]:1 are independent across t.

Remark. Part (i) is identical to the assumptions imposed on the unobserved characteristic
¢ as in Berry et al. (2004). Part (ii) assumes independence across market ¢ but does not
require Xj; and Z;; to be independent across products. The independence across ¢ is not
essential but allows us to write down a relatively simple formula for the asymptotic variance
of B 7 below.

We also impose the following assumption that regulates the parameter space for the first-
stage estimation of /3, as well as the moments of relevant variables. Let Zj; be the support

of Zj;. Let Z; be the support of {Z;}7_,

Assumption 2. (i)For all t and J, ¥5,(-) € ¥ almost surely;

(ii) B is compact with B° € int(B);

(iii) for mg in (18): (a) Xy has the uniform cone property defined in Section 4.4 of Adams
(1975); and (b) for Xy bounded, 69 = 0 and my > d, /2, while for Xy unbounded, my > d, /2

16



and 6y < —1/2;

(iv) For some constants C,c > 0, sup;, E [€},] < C, sup;, sup,cz, B[ Zu}]_, = 2] <
C, and inf;, inf,ez, B[ {Z;}]_, = 2] > ¢;

(¥) Suby 5D, B [1X150lP) Zy = 2] < 007 and

(Vi) SUD; ; SUD,en, x50 (12)/ (1 + 2h2)*| < o0,

Remark. Part (i) is a standard assumption in semi/non-parametric estimation, except that we
need the modifier “almost surely” because our functional parameter is random. Part (ii) and
(iii) are needed to show that the parameter space © = B x U7 is || - || ,-compact. When X, is
bounded, Theorem 1 in Freyberger and Masten (2017) implies that #,, s,(X2) is compactly
embedded in the space #,(Xs), and thus U is relatively || - ||o.2,5, —compact. Moreover,
Theorem 2 of Freyberger and Masten (2017) implies that #,,,s,(X2) is || - [/0.2,6, —closed.
Thus, ¥ is || - |lo,2,6, —compact and consequently, © is compact under || - ||s because B is
compact. When X, is unbounded, Theorem 3 of Freyberger and Masten (2017) implies
that #,,,.,(X2) is compactly embedded in the space #s,(X2). Moreover, by Lemma 3
of Freyberger and Masten (2017), which reflects Lemma A.1 in Santos (2012), #,,, ., is
| - [Jo.2.6,—closed, and therefore also compact under the norm | - [[p24,, S0 © is compact
under || - ||s. The bound on dy in the unbounded case makes sure that the constant function
belongs to W. Part (iv) is a standard finite moment condition on the error term. Part (v)
imposes mild restrictions on the moments of the covariates. This part together with parts
(i), (ii), and (iv) implies that log(s;/so) has a bounded second moment.!'! And Part (vi)
gives a relationship between the density of x5 and the weight (1 + xbx5)%. This is a weak
assumption and allows rather general tail behavior for X,.

By allowing the instrumental function vector I°/(Zj;) to grow in dimension as J — oo, we

are adopting the approach of Donald et al. (2003) to use a growing number of unconditional

"Note that this implies that the inside shares and the outside shares go to zero at the same rate as J
increases, which Berry et al. (2004) impose directly as an assumption. Our Monte Carlo design satisfies this
assumption, as illustrated in the histograms in Figure 3 in Section S6 in the Supplemental Appendix. In
the empirical application reported in Section 6, |log(s;¢/so¢)| has a maximum value of 14 with a standard
deviation of 1.38, and in the empirical application reported in Supplemental Appendix S5, it has a maximum
value of 17.5 with a standard deviation of 3.19.
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moments to approximate the conditional moments. The following assumption regulates how
fast the dimension of the sieve space may grow. Let eigy, and eigy.x denote the minimum

and the maximum eigenvalues respectively.

Assumption 3. (i) For each ¢y (implicitly dependent ont), there is a constant ¢, and matriz
S. such that for IV (z) = S,I9(z), SUp.cz,, 1157 (2)|| < ¢ for all j,t, €igma(I7 (2)I7(2)") <
X, and eigumin (17 (2)I1 (2)") > 0 for some constant \;

(i) for some ¢ > 0, (79 floge, /T = o(1), ¢, < VSr; and 55/ T — 0,

Remark. Assumption 3 contains mild restrictions on the basis functions, which is commonly
imposed for series estimators. Under Assumption 3, it is without loss of generality to assume

that £ [17(Z;,)1°7 (Z;1)'] is a ¢y X<y identity matrix, which we do for the rest of the discussion.

We define the following notation to facilitate our discussion:

pit(0:107) = e + X1 ;1 (8" = B) + (U (Xa3t) — ¥1(Xajr)) (20)

for any 6;, 07 € ©, := B x U. Let §% = (Bo,v,b&l, . @/JJT) and let 0?” (Y, ¢Jt)

The standard consistency proof requires the uniform convergence of the criterion function
L£;(0) defined in (12), which is cumbersome to verify due to the estimated weight matrix
Qt(éj}t). Instead, to show the consistency of /H\J = argming, ce,, ﬁJ(HkJ), we use a similar
argument as Lemma A1l of Newey and Powell (2003), which only requires us to verify the

uniform convergence of a simpler criterion function
T
L(0) =" 6:(0.)W"g,(6,), (21)
t=1

to its population counterpart £;(6]09), where for any (deterministic) pair 6, 6* € O,

L0167

==Y > E[(Epu(0.16)1Z;)*] - (22)

t=1 j=1

%IH

18



We then impose the following conditions which we verify in Supplemental Appendix S2.

Assumption 4. (i) For the sieve approzimation of 997,5, Qg’kht 1= arg Milgeo,  ,=Bxv;, |0 —
eg,tHs; we have ‘|gt(697kJ,t)|| = 0p(1);
(i) for some generic positive constant C', 1/C < eigmjn<Qt(§J,t)) < eigmaX(Qt(éJ’t)) <C

and 1/C < eigmin (WESIS) < €1Gmax (Wf‘*ls) < C w.p.a.l. foreacht=1,...,T.

Remark. Part (i) defines the sieve approximation 09’ k0 OF Q?M and posits that the approximation
error vanishes as J — 0o so that the sample moment evaluated at 69, , converges to zero,
as if it is evaluated at #5,. Part (ii) requires the eigenvalues of the estimated variance-
covariance matrix Qt(é st) with preliminary estimator 0 st and W2l to be bounded. Both

parts are verified in Supplemental Appendix S2.2.
Assumption 5. (i) For any € > 0, we have inf j_; _ infg g coro—o|,>c Ls(0]6%) > 0;

(11) Supnge@kJ |£~J<0kJ) — EJ(HkJ|Q9)| £> 0as J — oo.

Remark. Part (i) is a global identification condition. In this assumption lies our first
key modification to the standard sieve estimation theory to accommodate the random
parameter ©9,(+): instead of focusing on the identification at one deterministic point in
the parameter space ©, we require the identification to hold uniformly over the entire
©. This accommodates the different values that 19,(-) may take in different states of the
world. Part (i) is verified in Section S2.1 in the Supplemental Appendix. Part (ii) is a
uniform convergence condition on the sieve space. Note that the “population” criterion
function £;(-]69) is a random function due to the randomness in 69, which is our second key
modification to accommodate the random parameter ¢9,(-). Part (ii) is verified in Section

S2.2 in the Supplemental Appendix.

Theorem 1 (Consistency). Suppose that Assumptions 1-5 hold and that the preliminary

estimator 05, satisfies ||Q(0,,) — i Z}I=1 219(Zj) I (Zy) || = 0p(1) for allt. Then for the

gt

estimator 0 defined in (12) , we have
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165 = 05115 = 0,(1)-

A well-known fact in the semi-parametric literature is that consistency of the non-
parametric part alone is not enough to establish the asymptotic normality of B 7, which
typically needs that ) 7 converges to 69 at a rate faster than J~/% under a weaker norm. To
obtain the convergence rate of é\J and derive the limiting distribution of B;, we introduce
the following notation and some high-level conditions:

Let W be the closure of the linear span of ¥. Note that by Assumption 2(i) and 0 € W,
the closure of the linear span of W — 5, := {¢) — ¢, : ¢p € ¥} is equal to W almost surely.

Let
_ 2 J
EJ,J70 - E[ thth}j:ﬂv (23)

[ | 1 1 ;
and wj, = <wlt’1, Wi W g, ) De the solution to

J
1
min 7 Z E [E [(Xiejo — wree (Xoji) |th]2 /Ej,J,o}
j=1

UJJ,tYZGW
for € =1,...,dy,. Let D; :(Z;) = E [lejt - w}yt(X27jt)|Zﬁ},

J
1

Vie =7 > ED;1i(Zit)Ds.0u(Zit) [S).10) (24)

j=1

Vig = (31 Vi)™ and Iy, be a dy, X d, identity matrix. Let &, = (@), ,,..., &5, 4 )

be an estimator of w}t such that

= X, . — X0 NI (7,
WJ,tG\I’kJ J 1 ( Lt wat( 27Jt)) ( ]t)))

J

7=1

J ! J
. . 1 N A |
W},t = min ( (Xt — wre(Xaje)) ]W(th)) Qre(050)7" (j
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and Vi3 = (31, \A/J}l)*1 with
J

Vi = <% i (Xl,jt - @{Tf,t(Xz,jt)) I(Zj )) Q14(0,) (1 > (Xl gt~ th(XQJt)) I(Zj)

j=1 j=1

where Q(0;) = L S27 | g;u(0)g54(0,) for t =1,...,T.

Assumption 6. (i) For any sequence \; € R%1 such that sup; || \s|| < oo,we have

K

T J
\/_)\/ <5J - > = _AfIVJ,,BZ { < . ZDJ 1:(Zjt E] Jo§Jt> } + Op(l);
t=1 j=1

(i) Vig — Vi 2 0.

Remark. Part (i) assumes a local linearization of the estimator for 3° and Part (ii) assumes
that ‘/\/J,IB is a consistent estimator of V5. We verify Assumption 6 in Supplemental Appendix

S2.2.

Theorem 2. Suppose that Assumptions 1-6 hold. Suppose that for each t, we have both
€igmin(5 Y71 E[D;14(Zi0)Dj10(Z))) ™" = O(1) and sup, ;,sup.cz, [|1Dj(2)]| = O(1).
Then

VIV (B = 8°) 5 N (0, 1a,,)

where Iq, s a dy, X dg, identity matriz.

Remark. Theorem 2 provides the asymptotic distribution of B 7 when the number of products
J goes to infinity. One can use the above result to construct a 1007% valid confidence region
for 3° by {Bi; i/ ‘A/J7ﬁ/¢]:| , where ¢_, is the 1007% critical value from a standard normal

distribution.

4.2 Second-Stage Estimation: Consistency

In this section, we show that the MD estimator and the GMM2 estimator proposed in (14)

are consistent estimators of f°. The GMMI1 estimator proposed therein is similar and thus
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omitted. We make heavy use of the norm introduced in Section 4.1. We first introduce the
definition of the density space as follows. Let the parameter space F of fY be the space of

probability density functions such that ||f||ay2,., < Bo for some integer oy > d,,/2, some

»HO
bound By, and some py € R, and let ;3 C --- C Fp,--- € F be a sequence of sieve
approximations of F. Define a sup-norm on F as || f|lcc = maXp<q.<a SUP,ey |V f(0)| (1 +
V)2, for a < .

Let ©%,(v) = & (1 + 2‘]-]:1 exp (0j; + Xévjtv)) and let gj,(xq,v) = %’%. Similarly, let

(v) =+ (1 + ijl exp <(§jt + Xijtv)) and gy (wg,v) = e’fo(%j;). Let

Gri(xe; f) = /gJ’t(mg,v)f(v)dv and aj7t(x2;f) = /gJ7t(x2,U)f(U)dU. (25)

Define the following population criterion function:

J T

Qi(f) = T D0 Bx [{05u(Xaie) — log (Goe(Xagis 1)/ Gual0: Y], (26)

j=1 t=1

where Exh;(Xy ;) = [ hy(x2)dFx,, (z2) for any possibly random function h;. We make

the following assumption to ensure the point identification of f°.

Assumption 7. (i) The support of Xs i, denoted Xy, contains a bounded open R%2 -pall

for some t; denote this open ball by By.

(i) sup,,ep, [ exp(ahv) f2(v)dv < oc.

Remark. Part (i) rules out discrete variables in X5 ;. This is expected because it is not
possible to nonparametrically identify the distribution of a continuous random coefficient
based on discrete variation of the covariate. Part (ii) of the assumption requires that the
random coefficient distribution has an exponential or subexponential tail. This is satisfied

by Gaussian distributions, for example.

Lemma 1. Suppose that Assumptions 1 and 7 hold. Then
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(a) for any distribution f € F such that f # f°, we have that for some x5y € Xo, for the

t’s such that Xa, contains an open R%=2-ball,

log/exlowﬂf(v)dv—log/

f)dv # 95, (z2) almost surely, and
90J,t<v) ’

o
ng,t(v)
(b) Qs(f) > Qs(f°) for all f € F such that f # f°.

Remark. Lemma 1 provides a simple argument for the nonparametric point identification of

the random coeflicients distribution in the growing J environment.

Define the intermediate and the sample criterion functions respectively as:

T J

% Z Z {1/)3t Xo jt) — log (GJ,t(X2,jt; f)/GJ,t((); f))}2 , and
t=1 j=1

1 E— ~ ~ 2

=3 Z Z {%Jt (Xo,jt) —10g(G yi(Xoji; )/ G4 (0; f))} - (27)
t=1 j=1

We introduce the following condition that is required for the consistency of the second-step

nonparametric estimator.

Assumption 8. (i) For any € > 0, there exists §. > 0 such that with probability approaching
one, inf ez o) 5e {Qu(f) — Qus(f°)} > dc;
(ii) %Z?:l Z}]:l [@Z’kat(XZJt) - ¢9,t(X2,jt)]2 50 and SUPfery, QJ(f) - Q;(f) 5 0;
(iii) SUPfer,, Qy(f) =0,(1);
(iv) for the sieve approzimation of f°: fy,, = argminger,, |f — f%llo, we have that

173, = Olls = 0 and |Q,(f3,) — Qs (f°)] 20 as My — oo with J — .

Remark. Part (i) is a uniform identification condition, a weaker version of which is verified
in Lemma 1. We need this uniform version because we are in a triangular array asymptotic
framework. In this framework, the population criterion function drifts with J. Part (ii) can
be verified using Theorem 1 combined with a uniform law of large number under suitable

dependence assumption on {X5 j; } across j in each market ¢. This part is verified in Section
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S2.3 in the Supplemental Appendix under the independence assumption, which can be a
reasonable assumption when the firms determine their X, ;; based on independent private
information. Common shocks can be accommodated if the expectations with respect to Xo j;
are understood as conditional expectations given the common shocks. Part (iii) requires the
population criterion function to be uniformly bounded on the sieve space; this is a weak
assumption given that the space of f¥ is already assumed to be compact. Finally, Part (iv)

assumes the convergence of sieve approximation fl(\)h to the true parameter f°.

Theorem 3. Suppose that Assumptions in Theorem 1 and Assumption 8 hold. Then for
fJ = fMD defined in (14) and fJ = fGMMg defined in (16), we have

£ = flloe 0. (28)

Remark. Theorem 3 shows the consistency of the nonparametric estimators f v p and fG MM?2-
Compared to Fox et al. (2016), we account for the estimation effect of £;; from the first stage.
We provide the proof of Theorem 3 in Appendix S1.4. The consistency of fGM a1 defined in
(15) can be derived similarly to that of fG MM2-

After obtaining an estimator for the distribution of the random coefficients, other parameters
of interest may also be recovered such as the CDF function, the substitution pattern among
products such as cross-product elasticities, and many others. It is worth mentioning that
the GMM estimator in Berry et al. (2004) could achieve semi-parametric efficiency when the
model is correctly specified and the optimal weighting matrix is used in a limited information
sense'?. In contrast, our two-step estimator provides a computationally attractive alternative
that could sacrifice efficiency. We will investigate the extent of the efficiency loss in the Monte

Carlo simulations.

12See the discussion on pp. 633 of Berry et al. (2004).
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5 Monte Carlo Simulations

In this section, we perform a series of Monte Carlo simulations to examine the performance
of our semi-nonparametric estimator and compare it with several alternative estimation
strategies. We first focus on the case of a single random coefficient in Section 5.1-5.3 and
then extend to the setting with multiple random coefficients in Section 5.5. In all simulation

exercises, the number of Monte Carlo repetitions is 1000.

5.1 Data Generating Process

We simulate T" markets, each of which has J products. A product j € {0,1,..., J} in market
t € {1,...,T} is associated with an exogenous characteristic X;; ~ N (0,1), an unobserved
characteristic ; ~ N (0,.3%) and an endogenous price.'® For simplicity, we assume that

price equals marginal cost:

Pj = mcj = 0.5X 5, + Wi + e + G,

where mc;; is the marginal cost of product j in market ¢ that is a linear function of Xj;, &;q,
an exogenous observable cost shifter W;; ~ N (0,1) and cost shock ¢;; ~ N (0,.1%). Note
that price is endogenous in the sense that it depends on the demand shock &;;. Also, we
have introduced Wj; to make it available as an IV for price in the demand estimation, which
provides a convenient way to handle the price endogeneity issue.

The demand specification follows Section 2 closely with a random coefficient on price, so

the market share of product j in market ¢ is

7y (0 P ) = [ 5 Ot olu) o)
T 1+ Z,{Zl exp (Oxe + U Py) ’

13Unreported Monte Carlo simulation shows that increasing the variance of &t (and (j; below) causes
both the BLP and the SN estimators to have larger variances, but the comparison between estimators is
qualitatively unchanged.
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where 6, = o + °X;; + & and P, = (Py, ..., Py;). Given this formula, the market share

data are simulated as

exp ( djt + ’Ungt)
St = R Z
1 + Zk 1 exXp (5kt + Uzpkt)

where R = 10,000 is the number of random draws v;’s from F° (-). We consider two designs
with distinct F'9’s, one is the commonly used normal distribution (symmetric and uni-modal),
i.e., N (—2,.5%) and the other one is an asymmetric, bi-modal mixed normal distribution,
e, .5x N(—1,.22)+ .5 x N (=2,.52).
Thus, a simulated data set can be written as {(s;i, Xji, Py, W) :j =1,..., J;t =1,...,T},

on which we implement our proposed estimator as well as alternative estimation strategies.

5.2 Implementation Details

The implementation of our semi-nonparametric estimator follows closely the description in
Section 3.2. In the first step, we estimate 6; = (o, 5, %k, 1 (), .., ¥x, v (-)) using the two-
step GMM procedure defined by (12) with the 2SLS estimator used as the initial estimator.
Here, the market-specific sieve approximation ¢y, (Pj) (for any market t) is specified as
kj-order power series, and I¢7(W};) is defined as a cubic spline (with ¢; knots).'* We also
tried alternative combinations, say power series for both vy, +(P;;) and I/ (W};), and they
yield virtually identical results (not shown here).

In the second step, we implement the MD and GMM estimators defined by (14), (15),

and (16), coupled with three alternative sieve approximations to f° (or FV):

1. The first sieve approximates the inverse CDF and directly generates random draws
from Fy; : As suggested by Fosgerau and Mabit (2013), we draw u ~ U[0, 1] and use a
power series (with a set of coefficients to be estimated) to transform u to a new random

variable vy, , i.e.,

14\We imposed the restriction Y1,.+(0) = 0 by setting the constant term in the power series to zero.

26



Note that vy, is a draw from an approximate distribution F](\]/[J because the above

polynomial can be regarded as a sieve approximation to the inverse of F°.

. The second sieve approximates F° by a discrete distribution that is characterized by a
set of grid points G; and probability weight on each point v,, € G; modeled by a logit

formula
exp [ZkMle bkv,’;}

v .
Zwég.] eXp |:Zkzjl bkvlki|

This approximation is proposed in Train (2016) and is computationally attractive

thanks to the smoothness of the logit formula.

. The third sieve approximation adopts Fosgerau and Bierlaire (2007)’s approach. First

of all, we can rewrite F° as

F(v) = Q(® (vip, ),

where (@ is an unknown CDF function from [0, 1] to [0, 1] and the normal CDF @ (-; u, o)
is chosen as a base distribution. Then we can differentiate the above expression to

obtain

W) =q(®(vip,0)) ¢ (vip,0),

where f° () and ¢ (+) are density functions. Next, following Bierens (2008), the unknown

density function ¢ (-) is approximated by

& 2

:L' - )
Qk( ) 1_}_2?:11)12

where L;’s are transformed Legendre polynomials and b;’s are the sieve coefficients.

Finally, with a few manipulations, the market share of product j in market ¢ can be
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written as

exp (0;0 + @71 (231, 0) Pyy)
I+ Zizl exp (Ope + @71 (23 1, 0) Pry)

1
5, (6 P Far,) = / av, () dz.
0

And this integral is approximated by simulation with z ~ U [0, 1].

For comparison purposes, we also implement a parametric version of our second step estimation
as well as the standard BLP estimator (7), and both assume that F° is normal. For the
BLP estimator, we use the same choice of instrumental variables as our semi-nonparametric
estimator (12); the demand inversion is computed using the standard BLP contraction

mapping in the estimation procedure.

5.3 Baseline Results

We shall present the simulation results with a series of tables. In these tables, we label
our semi-nonparametric estimator as “SN” and the standard parametric BLP estimator as
“BLP”. Also, the three alternative sieve approximations to F° described in the previous
subsection are labeled as “I”, “II”, and “III”, respectively; the parametric version of our
second step estimation is labeled as “Para”. Also, we consider the minimum distance (MD)
estimator defined in (14) and two alternative GMM implementations for the second step:
“GMM1” refers to the estimator defined in (15); “GMM2” refers to the estimator defined
in (16). Hence, a particular specification, say our semi-nonparametric estimator with sieve
approximation “I” and criterion “GMM1”, is denoted by “SN-I-GMM1”. Also, to save
space, we only show second-step results from our preferred specification “SN-III-GMM2” in
the main text and delegate the full set of results to Appendix S4.

To examine the performance of our estimator with varying sample sizes, we consider
different J’s and T’s. In the case of the BLP estimator and the SN-Para estimator, we

approximate the integral by simulating from the (assumed) normal random coefficient distribution.
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The number of simulation draws R is related to J and T in the way described in Table 1'?

— the table that also describes our choices of the number of sieve terms in both steps. In
the case of SN-I and SN-III estimators, we simulate the integral according to the description
in Section 5.2 also using R in Table 1. In the case of SN-II, we approximate the integral

according to the description in Section 5.2 using 100 grid points.

Table 1: Tuning Parameter Choices Across Specifications

T =10 20 40
J 25 50 100 | 25 50 100 | 25 20 100
R= ‘Z—OT 156 625 2,500 | 313 1250 5,000 | 625 2,500 10,000
kyandg¢; 3 4 ) 3 4 ) 3 4 5
M, 3 4 5 4 5 6 5 6 7

5.3.1 Design I: [ is Normal

In the first set of experiments, we let the true distribution of random coefficient F° be normal
(i.e., N (—2,.5)), which is the most commonly used distribution in the empirical application.

Table 2 shows the Monte Carlo results for the estimation of the fixed coefficients in the
model, i.e, the coefficient on the exogenous characteristic X and the constant term. The
BLP estimator shown in this table is for the benchmark case with a correctly specified F©,
i.e., a normal distribution with mean and variance as parameters to be estimated.

From the table, we can see that the RtMSE of our semi-nonparametric estimator is rather
close to (though slightly larger than) the benchmark BLP estimator, which means that we do
not lose much efficiency (in terms of estimating the fixed coefficients) by relaxing parametric
assumptions on F. And we would like to emphasize again that the SN estimators of o and
[ are obtained from estimating a linear model, which is very easy to compute.

In Table 3, we report the average (across repetitions) GMM standard errors (labeled
“Ave. S.E.”) of our SN estimator and compare them with the actual standard deviations

(labeled “True S.D.”). Overall we can see that the Ave. S.E. is smaller than its corresponding

15This choice of R follows the theoretical results of Berry et al. (2004).
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Table 2: Monte Carlo Results: Fixed Coefficients
T=10 20 40
Parameter Estimator J 25 50 100 25 50 100 25 50 100
SN RtMSE  .0249 0169 0116 0176 0119 .0080 | .0125  .0085  .0059
Bias  -.0026 4.08E-4  .0013 | -.0020 5.34E-4 .0018 | -.0014  .0012  .0014
B prp  RIMSE 0218 0153 0104 0174 0116 .0076 | .0144  .0090  .0061
Bias  -.0106  -.0062  -.0037 | -.0105  -.0064 -.0034 | -.0107 -0061  -.0036
N RtMSE 0318 10285 0234 10222 0215 0166 | 0164 0155  .0120
N Bias  -0.55E-4 -9.70E-5 -2.27E-4 | 3.956-4 -7.23E-4 -.0011 | 3.99E-5 -6.96E-4 2.05E-5
pLp  RIMSE 0228 0172 0131 0165 0118 .0090 | 0117  .0088  .0061
Bias  -.0024  -.0014  -.0048 |-7.67E-4 -.0018 -.0026 | -.0022  -0017  -.0018

Note: 1. True parameter values in DGP: o = —10, 3 =1, F® is N (=2, .5).
2. The distribution of random coefficient for the BLP estimator is correctly specified.

Table 3: Monte Carlo Results: Inference on Fixed Coeflicients

T =10 20 40
Parameter J 25 50 100 25 50 100 25 50 100
True S.D. .0248 .0169 .0115 | .0175 .0119 .0078 | .0125 .0084 .0057
b Ave. S.E. .0191 .0152 .0116 | .0140 .0111 .0084 | .0100 .0080 .0061
N True S.D. .0318 .0285 .0234 | .0222 .0215 .0166 | .0164 .0155 .0120

Ave. SE. 0254 .0267 .0222 | .0181 .0192 .0158 | .0128 .0136 .0113
Note: 1. True parameter values in DGP: aw = —10, 3 =1, FU is N (—=2,.5).
2. The distribution of random coefficient for the BLP estimator is correctly specified.

True S.D., but the discrepancy gets smaller as the sample size gets large. This pattern in
effect resembles the findings in the sieve literature (Chen et al. (2014)). Hence, empirical
researchers should be cautious about the potential downward bias of the GMM standard
errors when the sample size is not large enough.

Next, we summarize the estimation results of random coefficients in Tables 4 and 5.
The first thing to note is that the performance of the BLP estimator and the SN-Para
estimator are quite close, which is encouraging since both estimators use the same functional
form assumption for the random coefficients distribution. The SN estimators with sieve
approximations of F' have somewhat larger RtMSEs than BLP and the SN estimator with
(correctly specified) parametric F'. This is also expected since the sieve estimators do not use
the parametric assumption. Finally, from the comparisons of different SN estimators (with
nonparametric F') in Table 15 in Appendix S4 we find that the combination “SN-ITI-GMM?2”

have an overall better performance (in terms of RtMSEs and biases) than others.'®

16Tn Appendix S4.5, we document the average computational time (across repetitions) of BLP and SN
estimators in Table 22, which illustrates the computational advantage of avoiding demand inversion.
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Table 4: Monte Carlo Results: Mean of Random Coefficient
T =10 20 40

Estimator J 25 50 00 | 25 50 100 25 50 100
SNAILGMy  ROMSE 03790240 0186 | 0255 L0189 0153 | 0204 0144 0143
Bias  -.0035 -.0033 -.0069 | .0015 -.0061 -.0087 |-.0039 -.0067 -0103

_ RtMSE .0318 .0177 .0105 | .0263 .0127  .0075 | .0214 .0098 0054
SN-Para-GMM2 - “pe ™ 0267 0126 .0036 | 0234 0068 2.35E.5 | 0187 0068 -1.73E-4
BLP RtMSE 0330  .0192 0118 | .0277 .0150  .0092 | .0249 .0136 L0080

Bias  .0280 .0147  .0072 | .0249 0118  .0068 | .0232 .0122 .0066

Note: 1. True parameter values in DGP: a = —10, f =1, FV is N (=2, .5).
2. The distribution of the random coefficient for the BLP estimator and SN-Para estimators is correctly specified.

Table 5: Monte Carlo Results: Standard Deviation of Random Coefficient
T =10 20 40
Estimator J 25 50 100 25 50 100 25 50 100
RtMSE .0379 .0240 0186 | .0255 .0189 .0153 .0204 .0144 .0143
SN-III-GMM2 Bias -.0035 -.0033 -.0069 | .0015 -.0061 -.0087 | -.0039 -.0067 -.0103
RtMSE .0318 0177 0105 | .0263 .0127 .0075 0214  .0098 .0054
SN-Para-GMM2 Bias .0267 .0126 .0036 | .0234 .0068 2.35E-5 | .0187 .0068 -1.73E-4
BLP RtMSE .0330 .0192 0118 | .0277 .0150 .0092 0249  .0136 .0080
Bias .0280 .0147 0072 | .0249 .0118 .0068 0232 .0122 .0066

Note: 1. True parameter values in DGP: a = —10, 8 =1, F is N (=2, .5).
2. The distribution of random coefficient for the BLP estimator and SN-Para estimators is correctly specified.

5.3.2 Design II: ¥ is Mixed Normal

To further investigate the performance of our estimator, we deviate from the normal case
and let the true distribution of random coefficient F° be an asymmetric mixed normal
HXN (—1,.22)+.5x N (—2,.5%) . Note that the BLP and SN-Para estimators, which impose
normality, are misspecified in this case.

The results for the fixed coefficients, shown in Tables 13 and 14 in Appendix S4 to conserve
space, are very similar to those in Tables 2 and 3. This suggests that the BLP estimator
of fixed coefficients is not sensitive to the type of misspecification considered here. Our SN
estimators work very similarly to the BLP estimator. Moreover, the first step standard errors
of the SN estimator for the fixed coefficients seem to be fairly accurate, as shown in Table
14.

Next, we present the estimation results for the random coefficient in Tables 6 and 7.
For both mean and standard deviation, we can see that the SN works better than the BLP

estimator and SN-Para. In addition, since F° is asymmetric, it is useful to examine the
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skewness of the estimated random coefficient, the results of which are reported in Table 17
in Appendix S4. From the table, it is clear that the biases of our SN estimators decrease
quickly as the sample size gets large, while the parametric estimators have a fixed bias
because of the incorrect normality (symmetric) assumption. Finally, “SN-TITI-GMM2” again

has an overall better performance than alternative implementations, so we shall use it for

the empirical application.

Table 6: Monte Carlo Results: Mean of Random Coefficient

T =10 20 40
Estimator J 25 50 100 25 50 100 25 50 100
RtMSE  .0416  .0305 .0245 | .0301 .0246 .0200 | .0231 .0202 .0176
SNAIEGMM2 e 0004 0117 0113 | 0133 0135 -.0119 | -.0100 -.0138 -.0125
RtMSE  .0448 0579 0632 | .0494 .0618 .0636 | .0500 .0609 .0641
SN-Para-GMM2 =50 ™ 0403 0562 -.0623 | -0474 -.0610 -.0632 | -.0490 -.0605 -.0639
BLP RtMSE  .0419  .0547 0597 | .0466 .0585 .0597 | .0473 .0574 .0602
Bias  -.0383 -.0533 -.0590 | -.0450 -.0578 -.0594 | -.0465 -.0571 -.0601

Note: 1. True parameter values in DGP: a = —10, 8 =1, F%is .5 x N (=1,.2%) +.5 x N (=2,.5%).
2. The distribution of random coefficient for the BLP and SN-Para estimators is mis-specified.

Table 7: Monte Carlo Results: S.D. of Random Coeflicient
T =10

20 40
Estimator T % 50 100 25 50 100 | 25 50 100
SNILCANo RIMSE 0527 0437 0275 | 0446 0304 0192 | 0316 0219 0156
Bias  -.0195 -.0200 -.0075|-.0165 -.0123 -.0029 | -.0126 -.0088 -8.88F-4
RtMSE .0400  .0381 .0377 | .0426 .0374 .0356 | .0372 .0337  .0367
SN-Para-GMM2 "5 7 0301 0321 -.0342 | -.0389 -.0343 -.0337 | -0350 0319  -.0358
BLP RtMSE  .0385  .0430 .0439 | .0466 .0451 .0435 | .0408 .0419  .0449
Bias  -.0324 -.0399 -.0422 | -.0440 -.0436 -.0425 | -.0394 -.0410 -.0445

Note: 1. True parameter values in DGP: a = —10, 3 =1, F"is .5 x N (—1,.2?) + .5 x N (=2, .5%).
2. The distribution of random coefficient for the BLP and SN-Para estimators is mis-specified.

Besides the mean and standard deviation of the RC, we also examine the whole estimated
distribution. In particular, we report the mean and median integrated squared errors (ISEs)
of the estimated distribution in Table 8. We can see that, in most cases for the mean and in
all cases for the median, the SN-III estimator of the RC distribution has smaller ISEs than
the SN-Para and the BLP estimators which mis-specify the random coefficient distribution.

In addition, we plot the estimated PDFs of BLP and SN-III-GMM2 for the case with

T =40 and J = 100. The PDF's are shown in Figure 1; the solid ones are point-wise averages

32



Table 8: Monte Carlo Results: Mean- and Median-Integrated Sequared Errors

T =10 20 40

Estimator J 25 50 100 25 50 100 25 50 100
SN-ITI-GMM2 Mean-ISE ~ .0986 .1150 .1215 | .1065 .1198 .0983 | .1304 .0964 .0934
Median-ISE .0969 .0807 .0785 | .0811 .0769 .0655 | .0817 .0646 .0623

SN-Para-GMM2  Mean-ISE 1136 .1181 .1199 | .1164 .1197 .1203 | .1161 .1193 .1204
Median-ISE .1133 .1180 .1197 | .1163 .1195 .1202 | .1159 .1192 .1202

BLP Mean-ISE 1137 .1183 .1200 | .1165 .1199 .1203 | .1162 .1194 .1203
Median-ISE 1134 .1182 .1198 | .1164 .1197 .1202 | .1160 .1194 .1202

Note: 1. True parameter values in DGP: a = —10, =1, F'is .5 x N (—1,.2%) + .5 x N (—2,.5%).

2. The distribution of random coefficient for the BLP and SN-Para estimators is mis-specified.

. 2
0 0 : :
: J Wi
3. The ISEs are calculated as [ [f (v)—f (v)} 1Y (v) dv (weighted by the true density) for each

repetition. The reported numbers are the means and medians of the ISEs across 1000 repetitions.

across repetitions and the two dashed ones are the 5th and 95th point-wise percentiles of

the SN estimator. Looking at the mean, we see that SN estimator can approximate the true

bimodal distribution better than the BLP estimator with normal RC. Although the variance

of the SN estimator seems rather large, the 5th and 95th confidence band can still rule out

the misspecified BLP estimator for some regions in the support of the distribution.!

Figure 1: Estimated PDFs of Random Coefficient
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"The 5% and 95% percentile band of the BLP estimator is very narrow around the mean so is omitted

to avoid clutter.
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5.4 Results with Small J

Previous results show that our approach works well with a moderate J, e.g., 25; so a natural
question is whether it can handle small J’s, say less than 10. In Table 9, we show some
simulation results for J = 5,10,'® using the same design as that in 5.3.1. We can see that
overall our estimator still performs very well in these cases, though the asymptotic theory
requires “large” J. Compared to BLP estimator, the only notable difference is that SN
estimator has larger RtMSE and bias for the SD of random coefficient, which is expected

and similar to the previous moderate and large J cases.

Table 9: Monte Carlo Results: Small J
T =10 20 40

Parameter Estimator J 5 10 ) 10 ) 10
SN RtMSE  .0701 .0532 .0565 .0381 .0508 .0274
Bias -.0400  -.0199 | -.0400 -.0180 -.0426  -.0143
B BLP RtMSE  .0960 .0416 .0584 .0358 .0551 .0302
Bias -.0393  -.0259 | -.0377  -.0270 -.0414  -.0256
RtMSE  .0635 .0585 .0424 0418 .0310 .0301
Bias  3.45E-4 .0024 | 5.45E-4  .0010 |-1.46E-4 .0010
RtMSE  .1052 .0368 0724 .0269 .0498 .0193
Bias -.0021 6.11E-4 | .0030 -3.70E-5 | .0050  -.0011
RtMSE  .1069 .0609 .0954 .0515 .0925 .0422
Bias .0849 .0382 .0839 .0379 .0855 .0337
RtMSE  .0915 .0581 .0849 .0562 .0855 .0525
Bias .0830 .0519 .0807 .0526 .0828 .0507
RtMSE  .0921 .0583 .0846 .0569 .0854 .0530
Bias .0812 .0521 .0799 .0533 .0824 .0513
RtMSE  .0751 .0585 .0529 .0528 .0490 .0403
Bias -.0219  -.0153 | -.0093 -.0185 -.0121  -.0124
RtMSE  .0488 .0353 .0328 .0247 .0233 .0172
Bias -.0014 .0025 | 7.69E-4  .0026 .0010 .0043
RtMSE  .0738 .0356 .0360 .0253 .0259 .0168
Bias -.0117 8.19E-4 | -.0018 7.20E-4 | -4.45E-4 .0024
Note: 1. The design and specification in this set of simulations are the same as those in “Design I:
FY is Normal” in the Monte Carlo section.
2. For J =10, we set k; and ¢; to be 3. For J =5, we let k; and ¢; be 2 so that there are
sufficient number of observations to estimate unknown parameters.
3. We set M; to be 3, 4, 5 for T = 10, 20, 40, respectively.
4. For J =5, the first stage estimates of SN estimator are obtained via 2SLS instead of 2-step
GMM because the former is numerically more stable in the small J cases.

SN

BLP

SN-III-GMM?2

Mean of RC SN-Para-GMM?2

BLP

SN-III-GMM?2

SD of RC  SN-Para-GMM?2

BLP

80Our approach cannot work with too small J’s, say J = 3, because we need a sufficient number of
observations to estimate the market-specific sieve coefficients (usually 3 or more of these).
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5.5 Extension to Multiple Random Coefficients

In this subsection, we extend the above simulation exercise to the cases with multiple random
coefficients. Here we consider a design with three independent random coefficients. A case
with two correlated random coefficients is presented in Supplemental Appendix S4.3

We add two exogenous characteristics, Xy j; and X3 j;, each of which is associated with
new random coefficients, to the data generating process in Section 5.1. And we assume the
three random coefficients are independent!® both in the data generating process and in the
estimation.

Given that the random coefficients are independent, the market share equation becomes

exp (0;¢ + Zill veXojt)
1 + Z}i:l exp (5kt + Z?zl UgX&kt)

0j (5t; P, X2,t7X3,t; F) = / dFlo (Ul) F20 (U2) Fg? (U3) )

where X, ;; = Pj; is generated as in Section 5.1, X ;; and X3 are both drawn from a
standard normal distribution, and F? (v;) (i = 1,2, 3) is normal with means y; and standard

deviations ;. Thus the market share is simulated as

o 1 ZR: exp (5jt + 22:1 UK,iXZ,jt)
t e — )

where {v;, : ¥ =1,..., R} is drawn from F? (v;) for i = 1,2, 3.

The implementation of our SN estimator is adjusted to accommodate the three independent
random coefficients. For the first stage estimation defined by (12), we use power series
to approximate the three dimensional functions {ty,+(Pji, Xo i, Xsj1) :t=1,...,T} and
I (Wi, X ji, X3.4¢).2° For the second stage estimation, we focus on the preferred specification

“SN-TTI-GMM?2” and apply the third sieve approximation described in Section 5.2 to each

9This is a commonly imposed assumption in empirical applications, see among others, Berry et al. (1995);
Nevo (2001); Petrin (2002).
20We use third order polynomials to approximate these functions.
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F? (v;) for i = 1,2,3. So the market share of product j in market ¢ can be written as

5t7Pt)FM])

/ / / exp ]t+ZZ’ 1 1 (245 fie, 50) XZ]t
HQlMJ Zz Z,
0 1+Zk 1 €Xp (5kt+24 L P71 (25 fe, G) kat

=1

where ¢; ar, (2:)’s (i = 1,2,3) have the same functional form but different sieve coefficients,
and each z; follows U [0, 1]. For comparison, we also include the “SN-Para-GMM?2” with a
parametric F¥ in the second stage estimation.

The results for the fixed coefficients are very similar to the previous cases so we defer
them to the Appendix (see Table 18) to save space. Here in Table 10, we show the estimation
results for the mean and standard deviations of the three random coefficients. Although we
have only tried a small subset of the extensive list of specifications examined in the previous
cases (with a single random coefficient), the results are still informative to give us a sense of
how our SN estimator works in the case of multiple random coefficients.

From the results, we can see that the RtMSEs and biases of our SN estimator for random
coefficients are larger than those of the correctly specified parametric estimators, including
BLP and SN-Para. And the difference is larger than the previous cases with a single random
coefficient. This is not surprising given that there are three functions approximated by
sieves and the sample sizes are relatively small. Also, the SN estimator performs better for
the standard deviations (o;’s) than the means (p;’s) of the random coefficients in terms of
both RtMSE and bias, which suggests potential rooms for improvement on the estimation
of the means. Finally, the SN-Para estimator performs well and is rather similar to the BLP
estimator, which reminds us that our estimation strategy with a parametric F' in the second

step is a valuable complement to the full-blown SN estimator with a nonparametric F°.
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Table 10: Monte Carlo Results: Independent Random Coefficients

T =10 20 T =10 20
Parameter Estimator J =50 100 50 100 | Parameter Estimator J =50 100 50 100
BLP RtMSE  .0345 0183 .0335 .0167 BLP RtMSE  .0183 .0162 .0128 .0120
Bias 0323 .0154 .0323 .0154 Bias  .0014 .0032 .0024 .0038
) . REMSE  .0349 .0167 .0357 .0146 . ] . RtMSE  .0414 0174 .0435 .0144
t SN-Para-GMM2“pe 7 0201 0115 0309 0119 o SN-Para-GMM2 “p ™ 0098 L0055 -0170 0052
RtMSE  .1919 1522 .1787 .1205 . RtMSE  .0496 0331 .0444 .0233
SN-MI-GMM?2 Bias 1293 .0937 1188  .0708 SN-ITI-GMM2 Bias  -.0081 .0030 -.0162 -.0034
BLP RtMSE 0127 .0094 .0091 .0064 BLP RtMSE  .0208 .0163 .0143 0111
Bias  -.0008 .0002 .0001 .0002 Bias  -.0001 .0017 .0009 .0023
i~ RtMSE  .0155 .0100 .0127 .0070 . e REMSE 0330 0169 .0321 .0125
= SN-Para-GMM2 "0 ™ 0011 0014 0014 0011 72 SN-Para-GMM2 "0 ™ 0082 0028 -0122 0028
RtMSE  .0916 0764 .0846 .0602 e RIMSE 0457 0281 .0404 .0218
SN-ITI-GMM2 Bias  -.0607 -.0491 -.0554 -.0383 SN-II-GMM?2 Bias  -.0211 -.0071 -.0223 -.0062
BLP RtMSE 0128 .0091 .0089 .0064 BLP RIMSE 0203 0161 0145 0114
Bias  .0003 -.0001 -.0002 .0003 Bias  -.0001 .0008 .0001 .0023
: RtMSE  .0156  .0097 .0126 .0072 RtMSE .0323 0166 .0325 .0126
Hs SN-Para-GMM2— “pi ™ 0024 0011 .0008 0014 s SN-Para-GMM2 "0 ™ 0080 0019 -.0128 0027
RtMSE  .0877  .0748 .0821 .0582 RtMSE  .0402 0272 .0366 .0221
SN-II-GMM2 Bias  -.0553 -.0469 -.0517 -.0350 SN-II-GMM2 Bias  -.0084 -.0022 -.0133 .0007
Note: 1. True parameter values in DGP: o« = =10, =1, g = =2, o = p3 = 1, 0y = 09 = 03 = .5.

2. The distribution of random coefficients for the BLP and SN-Para estimators is correctly specified.
. L3 L3
6 Empirical Illustrations

To further illustrate our approach, we consider two empirical applications. The first one
revisits the original BLP’s application to the US auto market, and the second one applies
the proposed estimator to the Chinese auto market. In the first application, we find that
the random coefficient on price has a bimodal distribution and that the BLP estimates,
which assumes a normal random coefficient distribution, bias toward zero. In the second
application, we find that the BLP and the SN give nearly identical results. The first
application is presented next, while the second in Appendix S5 to conserve space.

The BLP data records the price, quantity, as well as product characteristics of car models
on the US market for each year from 1971 to 1990. As in BLP, a market is naturally defined
by a year: there are 20 markets and on average, a market has about 110 models (see the last
two rows in Table 11).%!

We consider a specification with one random coefficient on price and fixed coefficients on
other product characteristics. The first two columns in Table 11, labeled “BLP”, show results
obtained using the standard BLP estimators with simple logit and random coefficient logit

specifications, respectively. Also, we implement our SN estimator using the SN-III-GMM?2

21See Berry et al. (1995) for detailed descriptions of the data.
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implementation, which is the preferred choice from the simulation results in the Monte Carlo
section. In addition, we use the standard BLP IVs to handle the price endogeneity problem
for all the estimators; the F-statistic for these IVs from a price regression, reported in the
table, suggests that these IVs are not weak.

From the results, we can see that our SN estimator yields a larger mean (in absolute value)
and standard deviation of price coefficient than the BLP estimator, which translates into
an overall more elastic demand. Also, we plot the density functions of the price coefficient
based on BLP and SN estimates in Figure 2. Besides the obvious difference in the location
of the two distributions, the SN estimator exhibits a bimodal shape (with some very elastic

consumers) that indicates a deviation from normality.

Table 11: BLP Auto Data Revisited

BLP SN
Fixed Coeflicient Logit RC-Logit
HP /Weight (1 . .76 1.37
/Weight (log) (Z?) (.12) (.25)
Size (log) 3.31 3.53 3.82
(21) (21) (:52)
Dollar per Miles (log) —.22 —.33 —.42
(.11) (11) (.36)
A/C .69 .62 1.01
(.12) (.08) (:27)
Power Steering .19 22 .55
(.08) (:07) (12)
Automatic .33 .30 A1
(.07) (.07) (.10)
FWD .19 21 18
(.06) (.06) (.10)
Constant —3.56 —2.43 —8.39
(.25) (.46) (7.57)
RC on Price (log)
Mean —-2.60 —3.36 -4.76
(.17) (.29)
Std. Dev. - .65 .81
(12)
Ave. No. of Prod. per Mkt. 110.85
No. of Mkt. 20
F-statistic for BLP IV 62.96

We further examine the implications of the estimation results on price elasticities, which
is a key output of demand estimation. To compute the price elasticities, we need not only

the parameter estimates 6 but also the residuals f ’s. We obtain f ’s by inverting the demand
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Figure 2: Estimated PDF of Random Coefficient
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system (4) evaluated at @ via the standard BLP contraction mapping algorithm.?2

Table 12 reports a sample of price elasticities. Regarding to the own-price elasticities,
the SN estimator implies a much more elastic demand than the BLP estimator. Moreover,
the pattern of cross-price elasticities is different: compared to the BLP estimator, the SN
estimator implies that cars are more substitutable to others, especially for economy cars like
Accord. Hence, the rather different patterns of elasticities implied by BLP and SN estimators
highlight the importance of the shape of the random coefficients distribution in determining

the substitution patterns among products.

22The é’s obtained in this way are less noisy than the residuals from the first stage estimation because
the former approach takes the full structure of the demand model into account while the latter treats the
function wg’t () as a reduced-form, nuisance function. Note that calculating the price elasticity requires
solving the contraction mapping only once, and thus it is feasible to obtain a highly precise solution.
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Table 12: Price Elasticities for Selected Models in 1990 Market
7351  Century Seville Escort Taurus Accord LS400 323 Maxima Sentra

BMW BLP -2.1163 .0109 .0057 .0183 .0294 .0381 .0076 .0013 .0120 .0031
7351 SN -3.9038  .0122 .0056 .0245 .0334 .0438 .0075 .0019 .0125 .0042
Buick BLP .0010 -2.6209  .0029 .0157 .0208 .0273 .0037 .0012 .0075 .0027
Century SN .0011  -4.1714  .0033 .0209 .0259 .0341 .0042 .0016 .0089 .0036
Cadillac BLP  .0018 .0099  -2.2843 .0177 .0269 .0349 .0062 .0013 .0105 .0030
Seville SN .0018 .00113  -4.0174  .0236 .0310 .0408 .0060 .0018 0112 .0040
Ford  BLP .0007 .0061 .0020 -2.8271  .0169 .0223 .0026 .0011 .0057 .0024
Escort SN .0009 .0081 0027 -4.2623  .0225 .0298 .0034 .0015 .0076 .0033
Ford  BLP .0010 .0075 .0028 0155  -2.6256  .0269 .0036 .0012 .0073 .0027
Taurus SN .0011 .0093 .0033 0208 -4.1632  .0338 .0042 .0016 .0088 .0036
Honda BLP  .0010 .0074 .0028 0154 0202 -2.6344  .0035 .0012 .0072 .0026
Accord SN .0011 .0092 .0032 .0206 0254 -4.1621 .0041 .0016 .0087 .0035
Lexus BLP  .0019 .0102 .0050 .0179 .0276 0359 -2.2337  .0013 .0109 .0031
LS400 SN .0019 .0116 .0048 .0239 .0318 0417 -3.9879  .0018 .0116 .0041
Mazda BLP  .0006 .0058 .0019 .0134 .0161 0213 .0024  -2.8807  .0054 .0023
323 SN .0008 .0079 .0026 .0186 .0219 .0290 .0033 -4.3006  .0073 .0032
Nissan BLP  .0013 .0084 .0035 .0165 .0229 .0300 .0045 0012 -2.5059  .0028
Maxima SN .0013 .0100 .0037 .0219 .0276 .0364 .0047 0017 -4.1199  .0037
Nissan BLP  .0007 .0061 .0020 .0138 .0169 .0223 .0026 .0011 .0057  -2.8387
Sentra SN .0009 .0081 .0027 .0190 .0225 .0298 .0034 .0015 0076 -4.2781

7 Concluding Remarks

In this paper, we propose a semi-nonparametric approach to estimating the widely used BLP
model. The approach is easy to implement and allows for the nonparametric specification of
random coefficients. We establish the asymptotic theory of the proposed estimator and show
the semi-nonparametric identification of the random coefficients logit demand (BLP) model
under the large J framework. Results from simulation studies and empirical applications

demonstrate the usefulness of our estimator.
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Online Supplemental Appendix for the “Semi-Nonparametric
Estimation of Random Coefficients Logit Model for Aggregate

Demand”

Zhentong Lu, Xiaoxia Shi, and Jing Tao

In this supplemental appendix, we include additional proofs and results for “Semi-
Nonparametric Estimation of Random Coefficients Logit Model for Aggregate Demand”
by Zhentong Lu, Xiaoxia Shi, and Jing Tao (LST for short).

Section S1 proves the theorems and lemmas in LST.

Section S2 gives sufficient conditions for and verifies Assumptions 4-6 and Assumption 8 (ii) in

LST.

Section S3 reports some theoretical results on cross-product elasticity in a random coefficients

logit model when the number of products grows to infinity.
Section S4 reports additional Monte Carlo simulation results.
Section SH contains the second empirical application.

Section S6 plots the distribution of log(s;/so:) at various J values under the Monte Carlo design

of Section 5.

Section S7 presents a simple location estimation example to illustrate the idea of a random true

parameter value.



S1 Proof of Theorems and Lemmas in LST

In this section, we prove the theorems and lemmas in LST. The proofs are arranged in the

order that the corresponding results appear in LST.

S1.1 Proof of Theorem 1

The proof of this theorem uses Lemma S1 below. The lemma is proved at the end of this

subsection.

Lemma S1. Let (O, - ||) be a compact metric space and Oy, be a sieve space of © such
that O, C O, C.C O. Let é\J = arg mingee, 7/?\,](0) for a sample criterion function
ﬁj : O — R. Suppose that

(a) there is an auziliary criterion function R;(0) such that SUpy, co, |§J(9kj)—72j(9kj)| S
0 for a population criterion function R ;(0) which may still be random;

(b) there exists a sequence of random variables 05 € © such that R;(09) =0 for all J.

(c) for any e > 0 there exists 5. > 0 such that infco.jo-00)>c(R(0) — R;(0%)) > 6. with
probability approaching one, and

() |Fs()

Then we have |6, — 0 20 as J — oo.

0.

Proof of Theorem 1. We prove the theorem by verifying the conditions in Lemma S1. Mapping
the notation of this theorem to that of Lemma S1, we note that the population criterion
function is R;(0) = £;(0]69) and the auxiliary criterion function is R, (0) = £,(6). Condition
(a) in Lemma S1 is guaranteed by Assumption 5(ii). Condition (b) holds because £(#9|6%) =
0 by definition. Condition (c) is guaranteed by Assumption 5(i). It is only left to verify
Condition (d) of Lemma S1.

Note that for the two-stage GMM estimator ) 7, for some generic positive constants C”,

C"”, and C", we have



T

T T
~ ~ ~ ~ ~ ~ -1 ~
£(02) = 0@y W50 < € 3B < €3 a0y (050) 900 ()

t=1 = =

< C”th ng t) Qt(QJt) gt<9Jk it ) < C’"ZHgt engt)|‘2 —Op( ), (S1)

t=1

where the first two inequalities follow by Assumption 4(ii), the third inequality follows by the
definition of . J , the last inequality follows by Assumption 4(ii) again, and the last equality

follows by Assumption 4(i). This verifies Condition (d) of Lemma S1. O

Next we prove the asymptotic normality result for the parametric estimator B J-

S1.2 Proof of Theorem 2

Proof of Theorem 2. First recall that

1 J

MH

E JJt ]Jt( jt)//zj,J,o] )

Jﬂ = ZVJtl

t=1 ]:1

and that T is fixed as we take J — oo. By Assumption 2 (iv) and the conditions in the

theorem, we have

5 “1
. ) . 1
inf eigmin(Vie) = <1ﬂf inf W Zie}i = ]) (S}Ilp €10max (7 Y E [Dj,J,t(th)Dj,J,t(th)/]))
: t =
> 0. (S2)
Thus,
il:lff €igmin(Vyg) > T l?f €lGmin(Vye) >0 (S3)



which implies that for any A\; € R%1with sup || \s| < oo,
-1
sup XIVJ_ﬁl)\J <sup TN\, (inf eigmin(Vu)) < 00.
J ' J Jit
Then Assumption 6 (i) applies and gives us

VINVi2 (B - 8)
T

J
! 1 IN—
= — )‘JVJl’gQ { (—J Z DjJJ(th) 2j7}7o€jt> } + OP(]‘)' (84)
j=1

t=1

For each market t let C; j;, be the o-field generated by {{@-xt};,zl, {Z;:}]_,} and let

1/2
NV D 0(Z;0)
S\ NVIS Vi VIR

A =

(S5)

Then for each t,{{(A; s:&,Cje)}/—1}52, is a martingale difference array by Assumption

1(i). We first show that

J
1 d
— Aj & — N(0,1). (S6)
\/7 ]Zl J J

To show this, we follow Theorem 1.3 in Alj et al. (2014), which requires us to verify that (i)
E [|Aj7J,t£jt\2+C] < B < oo for some constants B > 0 and ¢ > 0 for j = 1,...,J and for all
J, and (ii) %Zj:l E (18,5685 *1Cj-1,24] 1.

To verify (i), first note that sup; ;,sup.cz, [|[Dss(2)[| < oo by the condition in the
theorem. Let o® = infyez, jo1.. u>1651 E[g?t|{th} = z|. Then ¢ > 0 with probability

one by Assumption 2(iv). Let

C = sup sup || Dj(2)]l/a*.
7,5t ZEZJ‘t



Then for each J,t, we have with probability one,

N Vis\
sup [|[Aj .| < C x VAV < C %
j7J7t

VRV,

€l gmax (V) (S7)

By Assumption 2 (iv) and the condition in the theorem, we have

SUP €0 gmax (V1)
Jit
1< -
= sup (ffigmin (3 > ED;si(Zj)Ds0i(Zi0) | Ej,J,o]>)
) j=1
1< -
< sup sup E[f t|{Z /t}J/ 1= Z] 1nf eigmin - Z E [DjJJ(th)Dj,J’t(th)/]
7, it ZzEZy Jit J j=1
< 0. (S8)
Therefore,

sup B[ Ay, 5.&el"] = sup E[E[E{ Zje i || Agell*]
Jt Jdit
< O eignan Vi) s0p ELEIEL {230} )
= O (eigmax(Var))* sup B[
< 00,
where the two equalities hold by the law of iterated expectations, the first inequality holds
by (S7), the second inequality holds by (S8) and Assumption 2(iv). This verifies condition

(i) above by setting ¢ = 2.

To verify (ii), note that

J

1

jZE[AJZJ,t@ZACj—LJt - ZAth 53t|CJ lJt = ZA]Jt §1t|{ZJt} ]
=1



1 J )\f,VJl’éQDj,J,t(th)Dj,J,t(th)/VJl,éQ)‘J
= = 1/2y ,—17v,1/2
J ZiJ,o)\f]VJ,é VJvtlvj:g Ay

Jj=1

Ej,J,o = 17

where the first equality holds because A; ;; is measurable with respect to { Z;;}7_, (since ¥; s,
is a function of {th}‘j]:l, the second equality holds by Assumption 1(i), the third equality
holds by the definitions of Aj; and Y, ;,, and the last equality holds by the definition of V.
Thus, (ii) is verified. Therefore, (S6) holds.
Next note that
JIN V20 0 N VST LS D (2S¢
JNGV; 5" (B = BY) TViB 2at=1 \\ V7 2uj=1 Vigit(Zjt) 25 1 oSjt
= + 0p(1)
VA VA
_ ZL {\/,\{]vig2vjjtlvig2AJ (\/% Z;’:l Alt(th)gjt) }
= + 0p(1),

NoOY:

where the first equality follows from Assumption 6(i).

For each t, since Vj, is bounded and [|A;|| = 1, for any subsequence of ({Vj;},\;),

there exists a further subsequence that converges to some (Vi +, Ao). For a given converging
VIN V2 (B,—8°)

\/,\{,AJ

subsequence, let Vi, g = (ZtT:l Vi)~ Then along this converging subsequence,

converges in distribution to

-8 vvaine|

N Moo

~ N (0,1), (S9)

where (®1, o, ..., D7) ~ N(0, Ir), where the independence across t follows from Assumption
VNV (8-

VA

)hasa

1(ii). That is, we have shown, any subsequence of the sequence

subsequence that converges in distribution to N(0,1). This implies that
-1/2 3 d
VNV (B — 8% /v NA S N(0,1).

Then the Cramer-Wold device implies that ﬁVJjﬁl/ 2By — 8% 4 N (0,1a, ). This and



Assumption 6(ii) as well as (S3) together proves the theorem. O

S1.3 Proof of Lemma 1

Proof of Lemma 1. Part (a): By Assumption 7(i), there exists ¢y such that the support of

Xa jt, contains the bounded open R%2_ball By. Suppose that the center of By is .
f exp(y/v)exp(méov)dF(U)

(@) . . .
Observe that Mgy, (y) = 7 w;’t{’ PTaee) is the moment generating function of the
€760 V)
density function
; exp(wyv) f(v)
(v) ==

= — 7 ,
SOJ,tO(U) f N ) dF (u)
and Mpo 4, (y) exists for all values of y in an open ball around the origin by Assumption 7(ii).

Then by Theorem 2.3.11(b) of Casella and Berger (2001), if My, (29 —20) = Mpo 4, (2o —T20)

for all z5 in an open ball around x5y, we have

exp(zh0)f (V) _ exp(xhv)fO(v)
f;OdF(u) = fﬁ(;dﬁ’o(u) for all v. (S10)

©5 ,(u)

Now suppose that f # f° we show that (S10) cannot hold. Suppose the contrary. Since
f # f°, there exists vy such that f(vg) # f%(vg). Without loss of generality, suppose that

f(vo) < fOvo). Let A= f(vg)/f°(vo) < 1. Equation (S10) implies that,

1
f@?},t(u)dF<u>
f%dFO(u)

@Jyt(u)

— A< 1. (S11)

Applying (S10) again, we have f(v) = Af%(v) for all v. But this contradicts the fact that
both f and f° are density functions and thus must both integrate up to 1. Therefore, for
[ # f°, (S10) cannot hold, which in turn implies that it cannot be true that Mg, (22 —29) =

Mpo 4, (x2 — x90) for all o € By. Therefore, there exists x5 € By such that

exp(zhv 1
log Mgy, (29 — x90) 1= log/ %dlf(v) - log/ —5——dF(v)

Pt (V) @54, (V)

7



# ¢9,t(x2)

exp(zyv) 1 0
= log/ ———=—=dF"(v) — log dF®(v)
110 (V) Pl (V)
= IOg MFO,tO (IL‘Q — ZL’Q()). (812)
Therefore,
log/ wd}?(v) - log/#dF(v) # 1Y, (z) almost surely (S13)
SOg,to (v) SDOJ,tO (v) A2 7

proving Part (a).

Part (b): By Part (a), f # f° implies that for some ¢ and some zy € Xy,

exp(zhv) 1 0
log/ ———=2dF(v) —log [ ——dF(v) # ¢;,(z2) almost surely .
5 (v) ) e

Due to the continuity of the functions on both sides in x5, the inequality holds for x5 in a

subset of X, with positive X, j;-measure. Thus,

Q) =533 B

j=1 t=1

X5 1
log/Mf(v)dv—log/ -
¥

>0

almost surely. O]

S1.4 Proof of Theorem 3

Proof of Theorem 3. We first show the consistency of f J = fMD defined in (14) as follows.
We obtain the consistency of f; by verifying the conditions in Lemma S1. Specifically,

we show that

(i) SUPfery,, Qs(f)— Qi) o0,



(i) Qs(f%) =

(i) for any € > 0 there exists 6. > 0 such that inf ez - poy>e (Qu(f) — Qs(f°)) > 0
with probability approaching one, and

(iv) | (F)

Condition (ii) holds by definition. Condition (iii) is guaranteed by Assumption 8(i). To

0.

verify Condition (i), first note that the triangular inequality implies that
Q,(f) - Qs(h)] < |Qs(1) = Q)| + |Qs(1) = Qu(1)]. (S14)

Assumption 8(ii) implies that the second term is o,(1) uniformly over f € Fy,. Thus, it is

left to show

sup |Qs(f) — Qs(f)] % 0. (S15)
feFm,
Note that
Q(f) = Qs L) + 2/ QuHVILD). (S16)
where

T
! Gi(Xoit;
> {% o(Xaju) = 3,(Xa0) + log [M} — log

@J,t(Xz,jt; f) :
GJ,t(O; f) .

@J,t(()% f)

Jj=1 j=1

For 1;(f), we have

r T
%ZZ [ {(Xage) = 05u(Xag0) ] T3 : ZZ <1OgG‘” Xojii f) — log@J,t(ijt;f))Z
—1 =1 — =
t4 JT ; ) t21 j=1
T3 > (log Ga(0; f) — log Gy (0; f)) (S17)
t=1 j=1



where we use the inequality that (a + b)? < 2a? + 2b*. Moreover,

T

S [l — 05 Xa,0)]” = 0,01 19

t=1 j=1

by Assumption 8(ii). In addition, by Taylor expansion and the fact that 3jt — 0 =

wg,t(ijt) — @Z)k(ht<X27jt), we have, uniformly over f € Fy,,
A R )
Z Z (10g Gp(Xaje; ) — log G a(Xoji; f))
=0,(1) + O(|the,.4 — 5,115 5.5,) = 0p(1), (S19)

where the last equality follows from Theorem 1. Similarly, uniformly over f € Fy,,

T J R 9 )
S5 (108 Gual0: 1) ~ 108 G0 1)) = 0y(1) + Ol — ¥l o) = 0p(1). (320)

t=1 j=1

<l

Equations (S17)-(520) together imply that SUDfery, I;(f) = 0,(1). This and (S16), combined
with Assumptions 8(ii)-(iii), yield (S15) and in turn verify Condition (i).

For Condition (iv), note that Q;(f°) = 0. This and Assumption 8(iv) together imply
that Q,(f;,) = 0p(1). Subsequently, Condition (i) implies that Qj(f](\)h) = 0,(1). By the
definition of f;, Q,(f;) < Qj(f]?/[J), we have Q;(f;) = 0,(1) verifying Condition (iv). The
conclusion of the theorem follows from Lemma S1.

Let

L T
Qramm2(B, f) = j;;E ;

St / GJ,t(X2,jt; f) ?
-3 | (2 [{oe () - -os (S5 ) 1)

Qucnnra(B, ) = (B, far,) W 3u(B, far, ),

=1

~+

10



where

- 1 J , G'th (XQ,jt;fMJ>
ﬁ fu,) = Z{log (SOt) Xl]tﬁ ( éjvt(();fMJ) >}

7=1
Let o« = (B, f) € B x F, a%/lj = (B, f](\)JJ) € B x Fy, and o = (57, f°). In this proof, for

a € B x F, we write

ledllZ = 181" + [1F1I2-

Mapping the notation of this corollary to that of Lemma S1, we note that R ;(a) = Qamaa(e)
and Rj(a) = Qanaa(e). Specifically, we need to show that

(i) SUPwesxr |Quraannrz(a) — Quaanrz(a)| 20,

(i) Qrama2(a®) = Qramm2(8°, ) =0,

(iii) for any € > 0 there exists d. > 0 such that

inf - ) >§
OLEBX‘FZIHI;L7010|I5>5 (QJ’GMM2(Q) Q‘LGMMQ(O‘/ )) €

with probability approaching one, and
(iv)

Condition (ii) holds by definition. Condition (iii) is guaranteed by Assumption 1 and

QJ(@GMMQ) i) 0.

Assumption 7 following the argument in Lemma 1 To verify Condition (i), the proof of

Theorem 3 shows that uniformly over f € F,

1 T Gjt X2]t7f) 1o GJ,t(Xth;f) i D
ZZ{ ( G1a(0; ) ) lg( Gaal0: 1) )} o

t=1 j=1

Then using a similar argument in Step 2 of Proposition 1, we can verify Condition (i). For
Condition (iv), note that 3>, 4,(8°, f3;,) = 0,(1) by Assumption 8 (iv), which implies that

Q s(af;,) = 0p(1). Thus, following the proof of Theorem 1, we have

~ ~

Qs (Ganmmz) < Qs(aly,) = 0p(1)



and Condition (iv) is verified. The conclusion follows from Lemma S1. [

S1.5 Proof of Lemma S1

Proof of Lemma S1. Define an arbitrary € > 0. Consider the following derivation:

Pr([[6; — 65]| > e)

< Pr(Ry(0s) = Ry(69) > 6.) + Pr([|f; — 03] > &, Ry(85) — R(6%) < 5)
= Pr(Ry(8,) — Ry(0,) + Rs(0,) > 6.) + o(1)

< Pr(|Ry(0;) — Ry (05)] > 6./2) + Pr(|R;(65)] > 6./2) + o(1)

— 0, (S21)

where the first inequality holds by basic set operation, the equality holds by conditions (b)
and (c), the second inequality holds by P(AUB) < P(A)+ P(B), and the convergence holds
by conditions (a) and (d). O

S2 Verification of Assumptions in LST

S2.1 Verification of Assumption 5(i)

For notational simplicity, in this subsection, we assume that the joint distribution of (X ;;, X3 j;, Zj¢)’
does not vary across j. It can still vary across ¢ and can change as J changes.
The uniform completeness/rank conditions in Assumption 5(i) are adapted from Hall and

Horowitz (2005),% following whom we define the operator kernel:

Ixza1(@,2) fxz0(w, 2) (1 + $/2$2)76°/2(1 + w§w2)760/2

fZ,J,t(Z>fX1|X2,J,t($1 |I2)1/2fX1|X2,J,t(w1 |7~U2)1/2

Tr¢(z,w) =

Y

where x stands for the concatenation of the d,,-vector x; and the d,,-vector xo, and w has the

23We thank Andres Santos for suggesting this approach.

12



same structure, fxz.(-,-) stands for the joint density function of Xj; and Zj;, fx,|x,,7¢(")
stands for the conditional density function of X j; given X, j;, and fz j,(-) stands for the
marginal density function of Zj. These densities are allowed to vary with J. We assume
below that [ [ |7:(z,w)[*dzdw < co. Then the operator T;,9(z) = [ 7 :(z, w)g(w)dw is
a self-adjoint Hilbert-Schmidt integral operator. Then following Chapter 5.3 of Horowitz
(2009), we note that there exist eigenvalues {A,;: > 0}2, and eigen functions {¢g s :

Riritdes — R} such that [ ¢F ;,(x)dr =1 and [ ¢g54(2)¢y 5, (x)dx = 0 for all £ # {, and

Tz, w) ZMJt@Jt )be,4(w), (522)
and for any function g : R%1 %2 — R such that [ ¢%(2)(1 + 2522)® fx, x5 (21|22)dz < 00,

9(@) fx,|xa, sa(@iz2) (1 + ahag)™/? = Z 9, be.at) Pe.g(), (523)
=1

where 97 ¢z Jt fg ¢z Jt fX1|X2 Jt($1|$2) /2(1 + 2 902)50/2d90

Assumption 9 (Uniform Completeness). (i) %ijlE[||X1,jt||2|X27jt] < oo almost surely

for all t, J, and for all t,J, and x5 € X5, we have
€1 Jmin (E [(Xth - E(Xl,jt|X2,jt = 56'2)) (Xl,jt - E(Xl,jt’Xth = 1172)),| X2,jt = 552}) > Co,

and [y |1E(X1 561 Xo 0 = @) ||?(1 + zhe)%dxe < gt for a constant cy > 0 not dependent on
t,J or xs.
(1) [ [ |rse(z, w)|*dzdw < oo for all J, t.
(ili) Aeyt > 0= for all 0, t,J and constant ¢y, co > 0 that do not depend on t or J.
(iv) For any (B,v) € Bx V¥, and g(x) = f'x1 + ¥(x3), we have |(g, ¢e.se)| < csl™ for

all 0,t,J and constants 0 < c3 < 0o and ¢4 > 1/2 that do not depend on ¢, t, or J.

Remark. Part (i) is the full-rank condition for identifying 8°. Part (ii) makes sure that

T¢(x, w) is the kernel of a self-adjoint Hilbert-Schmidt integral operator which is compact

13



and admits the spectral decomposition shown in (522). Parts (iii) and (iv) together imply a
uniform version of the completeness condition needed for identifying X;5° + ¥,(X3) using
instrument Z. These two conditions are similar to Condition A.3 in Hall and Horowitz

(2005).
Lemma S2. Suppose that Assumptions 1 and 9 hold. Then Assumption 5(i) holds.

Proof. First note that for arbitrary 6, 0* € O,

L,(0)07) = E [(E [p;e(6,167)]Z11))]

-
M-

1

o+
I

13

-
M-

E [(E €50+ X1 ;0 (B° = B) + (¥ (Xo31) — ¢t(X2,jt))|thD2]

1 1

<.
Il

I
[~

E [(E [X{,jt(ﬁ* = B) + () (Xo 1) — wt(X2,jt>)‘th])2} ; (S24)

o~
Il

1

where the first two qualities hold by the definition and the third equality holds by Assumption
1(i). Let g;(z) = 2 5* 4+ ¢} (x2) and g;(z) = x| + 1¢(x2). Then, by Assumptions 2(i), 2(ii)
and 2(iii)(b), and %Z;le E[|| X1¢|I*| X2,:] < oo (Assumption 9(i)), we have that for all J, ¢,

/93(515)(1 + 2529)% fry x50 (21 |[22)dz < 00

/gf(m)Q(l + l‘éxz)(sofXﬂX%L]’t(xl|x2)dl‘ <00 a.s. (S25)

Thus, they admit the following spectrum decomposition:

Z (91, De.5a) Dr,ga (@) (1 + 2hwa) ™ fx) x5, (1 |2) T2

gi(z) =
=1
9 (z) = Z (97, Deaa) Dega(@) (1 + whas) ™7 fx) 1y (w1 |2) 72, (526)

o~
Il

1

14



where ¢y 54(x) : € =1,...,00 are the eigen functions of the operator

Toug(x) = / el w)g (w)duw,

where 7, (z,w) is defined in (S22). Let by 1 = (gt, Pe,1) — (975 Pe.5e). Then

L,;(016%)
[ fe’e) 2
Ji5 o = Fxn 0,00 (X1 e Xa i) 12 !
T J 2
1 Go.gi(2) (1 + 2h29) 7% fx 7 g4, Zjt)
-7 E be. dx
J;jzl ’ (Z Fxixo,00(@1122) Y2 f2,040(Zj1)
T

M=

:%Z

t=1 3

{zwm} 0

1

Zbe th”t//qﬁut )07 5+ (W)T4 (2, w)dzdw

zmﬂ

where A\ j; 1 £ = 1,...,00 are the eigenvalues of the integral operator 7;;, and the last
equality holds by (S22).

Using (S26), we can derive

[ (0@) = g1 @)1+ ) oy salrfo)d

-~ 2
:/ (Zbe,J,t¢e,J,t(I)> dx
=1

=S bty [ nl@)oy (o)t
o0

[e.9]

=) b, (528)

(=1
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Assumption 9(iv) implies that
|be gi| < 2¢30™ for all J,t.

Since ¢4 > 1/2, the infinite sum ) ,°, bi 7+ converges uniformly over J,t. Thus, for any

positive number e;, there exists an £,, (not dependent on .J,¢) large enough so that

Ze, 0

Z b?,],t > Z b%,J,t —e/T, (529)
(=1 (=1

where T is finite in our setting. Equation (529) implies that, for an arbitrary e; > 0, we

have

Tl T ley T oo
L0107 =" Nesabl =D D el "b;,, > il (Z > b, - e1> . (S30)

where the first inequality holds by (S27) and the fact that the eigenvalues A, ;; are non-
negative and the second inequality holds by Assumption 9(iii).
It is left to construct a lower bound for 377, 370° b7 ;, using || — 6*[|%. Note that

2
by gt
(=1

— [ (@) = g1 @)1+ ) ool d
— [~ 87+ talaz) = 07 (2] P14+ ) i )
= [ BB = 87+ talaz) = i 02) 21X = 3)(1 + ) il
— (3-8 ( [Antw)a+ -75’2902)5061332) (8- 5"
b [BCO Xy = 22 (8 = )+ (o) = i @) (14 ) das (S31)

_ (3B ( [Astanas xéwz)5°dfﬁ2) (8= 8% + I — 6 ns,
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+ /(E(Xl,jt|X2,jt = 22)' (B — )| Xa,jt = 2)(1 + 2hxs) P day
+2(8-p8") /(E(Xl,jt|X2,jt = 22) (Ye(2) — 1} (w2)) (1 + 2ha2)*das

> (¥ = U7 115,260

128 - By / (B(X1i0| Xat = w2)(W(w3) — 7 (22)) (1 + hra) s

> e = %713 2.60

— 2|8 - 5*||\// [[E(X1 50| Xoje = 22)[|2(1 + 2h20)%0dws |9 — ¥f0,2,60 (532)

where Aji(z2) = El(X1 50 — E(X1 6| Xoje = 22))(Xuje — B(Xy el Xoje = 22)) | Xoje = 23]

Also note that by Assumption 9(i), we have

(B = B") Asa(x2)(B = B) > col| B = 8|7, and (533)

/ IB(X 10| Xogs = 22)|2(1 + hs)0dis < 5. (S34)

Consider a constant a € (0,1) such that a + 2c;'y/a < 1. Such a constant exists by the
mean-value theorem. We consider two cases. In the first case, |8 — 8*||* > a||; — 67 :=

a(||8 = B*||* + ||ve — 1/12‘”372750). Then by (S31) and (S33), we have

S0z acn [ (14 ) doal — 6 (53)
=1

In the second case, |15 — 8°|* < allf — 6 2. Thus, |t — 65 |3 > (1 — @)ll6s— 6. Then,
by (S32) and (S34), we have

Z bz,.},t > |1y — @ﬁ”%,z,&o - 2\/a||9t - 9:”3051 >(1-a— 2051\/5)”975 - 9:”? (S36)

(=1
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Therefore, in both cases,

Z b?ﬁ,’t > min{acy /(1 + Iél’g)dodl’g, (1—a-— 2051\/5)}”975 - 9:“5 (S37)
=1

This implies that

T oo
Z Z b; ;. > min{aco /(1 + 2h19) % dry, (1 — a — 25" Va) }||0 — 6% (S38)

t=1 (=1

Now consider an arbitrarily e > 0, let e; € (0,e2min{acy [(1 + zhx9)*drs, (1 — a —

2c5'v/a)}). Andlet 5. = 012_162 (min{aco [(1 + 2hz2)das, (1 — a — 2¢5 " y/a)}e? — e1). Then

e

0. > 0 and

T oo
L;(010%) > 10,7 <Z > b, - e1> > 4., (S39)

where the first inequality holds by (S30) and the second inequality holds by (S38). Since 6

and 0* are arbitrary and 6. does not depend on them or J, this verifies Assumption 5(i). [

S2.2 Verification of Assumptions 4-6

Assumption 5(i) has been verified in the previous section. To verify the rest of the conditions

in Assumptions 4-6, we introduce the following notation and assumptions. For 6, 6* € O, let

T J T
16 =615 =D 16 = 651l = 5 Z B [555,E 1o 007)] Zi ] (540)

t=1 j=1 t=1
Note that the definition of || - || is analogous to the weak norm defined in Equation (14) of

Ai and Chen (2003). Similarly, for each ¢ and vy, 17 € ¥, define

SN B[S B [ Xage) — 5 (Xa0)| Z)*] (841)

j=1 t=1

<l

[
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Let ¢3,,,, = argming,ew, | [[¢¢ — 93,[[5-
Let V = Ré%1 x [[_, W. Let (V,(-,) w) be a Hilbert space equipped with the following

inner product

J T
1
(v, =7 YD B[S BIX v+ v (X ) | Za) BIX v + 13 (Xa o) | Z3]]
7j=1 t=1
(342)
for any v' = (v, v}y, V), V? = (V5 V54, ... Vi) € V. For any linear functional

f(0) = N,B for a constant vector \; € R%1 and any B € B, by the Riesz representation
J

theorem, there exists a 1/} = (1/}75, 1/}%1, e V}7w7T) €V such that
10) = J(05) = Ny (8= 8% = (6 65,0}) (343)
A
= M E |:E] 0B [ (0:105)1Z:] E [X{,jtV},g + V},w,t(XQJt”th:H :
j=1 t=1

Similar to Ai and Chen (2003) (pp. 1809), we can derive that 1/}’5 = VA, 1/;W = _WTLtVTLB’
where Vg and w}’t are defined above Assumption 6. Let V}’t = (1/} 5 V}7¢7t).
Next we define a sieve approximation for 1/}. For each ¢, let the ¢-th element of w}k],t be
the solution to i
min ! Z E [E [(Xiejt — wie (Xojt) |th]2 /Ej,J,o] ;

wt,gEWkJ j=1

where W, , is the closure of the linear span of ¥y, — ¢9,k1,t> which is the same as the closure
of the linear span of Wy, since 95, , € Wy, by definition. Let V}’k” = (V}’ﬁ, VLJCM), where
VITMM = —w}vk”y}ﬁ. Let y}’,w = (u}’ﬁ, y;kﬂ, ce VL7kJ7T). It is easy to see that Wy, C W

because V), C W. Similar to the weak norm defined on ¥ above, we can define the weak

norm on W as follows: for w;, wf € W, let
lwr — wi|l% = ZE 5550 1B [wi(Xa 1) — wf (Xa0)| ZidllI] -
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Let ©, =B x VU and O, = B x Uy,

Assumption 10. (i) SUPg, ,coy, ore0, Mr cres Z;‘Izl(FJ(th)’Wg — Elpjt(0k,.+104)]

0,(J3*) for all t.

(i) 19, — 9 llw = 0p(J74) and ||lwh,, , — wi,lw = o(J74).

For each t, let

Qi =~ Y500l (Z5) 19 (Z50)'].

IIMK‘

For notational simplicity, define

IgJ(th> = ([1(th>7 s =]S<th)7 ce 7I§J(th)>/ )

I9(Z;) = S22 19(Z), Ly = (I9(2Zy), ..., I (Z)) .

3,J,0

For any random variable Wy, let G;(Wj;) = WZ] (Wi — E(Wj)). For 6, :=

0f == (B*,¢f) € O, define the following quantities,

pit(04107) = &u + X1 ;1 (6" — B) + (Uf (Xage) — ¥e(Xoji))
. I pit(0:167)
Hjt<9t|9:) = HCJ(th)/ (H;’tﬂz,»i Z HgJ(Zj't) (%) )

J'=1 3’ 5Js0

I, (0,10) = S, /2 E [p;e(04167)1 Z;4)

Given the definitions above, it is easy to calculate the pathwise derivatives:

dpji(6:167)
do,

dl1;(6:]0;7)
do,

] = = X1 8 — Ve Xo i,

-1/2
] = 2, V2B [(—X1 v — ved (X)) Zy) -

Note that these pathwise derivatives do not depend on either 6, or 6;.

20
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Assumption 11. (i) For the ¢;-dimensional identity matriz I.,, we have

Z (%] ZICJ(thﬂgJ(th)' — I§J> || — OP(J71/4)

t=1 j=1

and for each fized t,

J
1
N (€~ Shso) I(Z) I (Zyn) || = 0,(T 1Y),

J=1

J
< ZEJ,J7OI§J(th) > ( ZE on )[J(Z]t )H_OP(J 1/4)7

(i) for each fized t, and for Ny ji = {0k, + € Okt : |0k, + — 09,t||s = 0,(1), |0, — 99,t||w =
o,(J7Y)}, we have

dIT;,(69,165,) . )
sup fZ{ o v [Hﬁwm,twﬂ,t)—Hﬁw&tw&»—Hjt<ekJ,t|03,t>}}=op<1>,

Gch,tGNo,Jt

dl1;4(69,109,)
sup Gy {% [V}L],t} Hjt(ekJ,t|69,t)} =0,(1), and

ekJ tENo J,t
dlT, (65, |9J ) . &t
\/_ Z { : — [V},t} Hjt(eg,t‘eg,t) - % = 0p(1);

(ili) for each t, we have that uniformly over 8, € O, and 0; € Oy,

2
%7 ZJ [Ej }/o E [ﬂjt(em,t\et)’zjt]]
10k, — Ocll%

=14 o0,(1).

(iv) for a sequence of positive real values {a;}5, such that a%<;/v/'J = o(1), we have

J 2
1
E | max max sup (ﬁ > L(Zi) {pj Ok, al60) — B [Pjt(QkJ,tWt)\th]}) < a3,
=1

t 1<s<qy Ok ;,t€EO 1,0t €O
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and

J 2
1 dp;jt(0:10:) T 4 dp;i(0:10:) T + 2
E max max (ﬁ jEl I.(Z}) {T [VJJ - F — [VJ,t] | Zjt < aj,

where the 0, in the second line is arbitrary since the pathwise derivative depends only on V}yt.

Remark. Assumptions 10(i) and (ii) are about the approximation errors of the basis functions.
Assumption 11 is a high-level assumption on the convergence of functions related to Zj;. It
can be verified by using empirical process theory if we assume a specific data structure of
{Z t}] 14— - For instance, when {Xj, jt};'L:Tl,t:I are independent, Assumption 11(i) and
(ii) are verified in Chen and Christensen (2018) and Ai and Chen (2003), respectively;
Assumption 11(iii)-(iv) can be verified by Theorem 2.7.11 and Theorem 2.14.9 in van der

Vaart and Wellner (1996), respectively.

Proposition 1. Suppose that Assumptions 1-3, and Assumptions 10-11 hold, that the preliminary
estimator 0, satisfies the equation || (0,,) — 5 Z] VT (Z3) 19 (Z0) || = 0p(1) for all t,
and that the smallest eigenvalue of the matrix 323:1 E[D; ;:(Zjt)D; 14(Z;)'] is bounded

away from zero uniformly over J for all t. Then Assumptions 4, 5(ii), and 6 hold.

Proof. Step 1. We first verify Assumption 4. When Assumption 3 is satisfied, we assume
that [ (z) = IV (2) and E [I7(Z;)I(Z;,)'] = I., without loss of generality, where I, is an
Gy X ¢y identity matrix.

For Assumption 4(i), note that for g,(65, ,) = % ijl 9it(05, ), by triangular inequality,
190550, 01 <1505 || + 1965, — G2 (65.)]| - (545)

For the first term on the RHS of (545), note that ||gt(097t)H =5 Z}]:1 &l (Z;)||- Since

J
Bl (Z) | Z B (Z) I (Zy)]) = tr(L,) = o, (S46)

kIH

IIM%

22



we have,

C J
Bl thl] < 75 3 [1(Zl] = Coof

where the inequality follows from Assumption 2(iv) and the last equality follows from (S46).

Then - Z}']=1 15:(05.)[] = Op <\/§J/J) = 0,(1) by Markov inequality and Assumption 3(ii).
For the second term on the RHS of (S45), we first consider the derivation:
15855, 2) — 305117

2
Jt w,]kj t(X2 Jt) th(X2 Jt))>

J
A
vy 2
< (% D L Zi) W, (Xage) — U9, (Xagt) — Ex[¥9, ,(Xaje) — ¢9,t(X2,jt)|th])> +
2

i > I Zi) Ex[¥9 s, (X i) — 09 X20)| Z]

j=1

(S47)

The first summand on the RHS is bounded by
7 2
< Z Zi) W31y (Xoge) = 05,(Xoj0) — Ex [y, o(Xa i) — wg,t<X2,jt>|th])>

J

j=1

2
S 1
< 7J max max <— > L Zi) (pir(Bk, 16:) — E[Pjt(ekJ,t\et)!th])>

= Op(ssa3J™") = 0p(1), (548)

where the inequality holds because (6°,4¢3,) € ©; and (8%,45, ) € O, 4, the first equality
holds by Markov’s inequality and Assumption 11(iv), and the second equality holds by
Assumption 11(iv). Furthermore, by the Cauchy-Schwarz inequality, the second summand

on the RHS of (S47) is bounded by
1< 1<
(jz||]<‘](2jt)||22j%0> X (jZEXWS,kJ,t(Xz,ﬁ) D5 (Xo o) Z;e) on)‘ (549)
=1 j=1
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By Assumption 2(iv), we have

(§Z||I<J<th>\|22j,J,o) sc( Zuw ||2) 0,(s). ($50)

where the equality holds by (S46). Moreover, by Assumption 11(iii), we have

10
jZEx[wg,kJ,t(X2,jt) 9 (X g )| Zil* S5 50 = Opl[v9s, 0 — ¥5.lI%) = 0p(J ), (S51)
j=1

where the second equality holds by Assumption 10(ii). Therefore, the expression in (S49) is
0,(s;J~1/%) which is 0,(1). This and (S47) and (S48) together imply that the second term
on the RHS of (S45) is 0,(1). Therefore, both terms on the RHS of (S45) are o,(1). Thus,
Assumption 4(i) is verified.

For Assumption 4 (ii), recall that (6,) = %Z}le 951(0..)9;¢(05,)", we first show that
for Q0 = L 00, BIS5000 (2,01 (Zs)),

19 (1) = Qall = 0p(1). (852)
By the triangular inequality,

1€2(80) = Qall < (1 (0,0) — ijthJ 17 (Zi) |+ 1= fotf” i1 (Zje) = Q-
(S53)
For the first term on the right-hand side of (S53), by the assumption of 0 s+ in the proposition,

it is 0,(1). For the second term on the right-hand side of (S53), by Assumption 11(i),

J
1
15 D GI (Z I (Z3) = Quall = 0,(1). (54)
j=1
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Then (S53) implies that ||Q(6;,) — Q]| = 0,(1). Thus, we have

)Gigmin (Qt (é]t)) — €lGmin (QJ,t)

20, and ‘ez’gmax <Qt <9~)> — €iGmax (7¢) 50, (S55)
We next show that

0< 1}1tf eigmin(QJ,t) S sup eigmax(QJ,t) < 0. (856)
’ J,t

Recall that QJ,t = % Z;'Izl E [Zj,J7OI§J(th)IQJ(th)/]’ and Eij =F |:§]2t| {th}jzl] . Then

Jit J,Jit z€EZ¢

J
. , 1
sup (€gmax (2¢)) < sup sup [SJQA {Zj/t}j,zl = z] S}]lp €1 Gmax (7 ZE‘ [[CJ(th)]Qz(th)/]) < 0
¢ :
bl ]:1

because of Assumption 2 (iv) and Assumption 3 (i). Similar argument also implies that
inf ;4 €igmin(€s4) > 0. Bquations (S55) and (S56) together imply that 1/C' < eigmm(Q:(654)) <
eigmaX(Qt(élt)) < C w.p.a.l for some C € (0, 00).

Similarly, Assumption 11(i) implies that
HWtZSLS - ]<JH = 0p(1).

Because the eigenvalues of an identity matrix are bounded away from zero and above, we

have for some constant C” € (0, 00),
1/C" < €igmn(W) < eiguma (W) < 7, (S57)

and Assumption 4 (ii) follows immediately.

Step 2. Next, we verify supy, co, L5(0,) — L;(01,109)] 5 0 in Assumption 5(ii).
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Let ﬁt(0t|€2k) = (plt(9t|9;:)7 . 7p1t(9t|0;€k))/a and let
Iz,t = (IU(ZU)7 sy ]§J<ZJ75>),'

Note that

T
1
ekJ - J_ ; ekJ t|‘9 I, tWQSLSI tpt(ekJ,t|69,t)'

For arbitrary ekJ,t S @]ﬁht and 915 S @t7 let ﬂjt(ekJ,t|6t) = %IgJ(Z ) WQSLSI tpt(HkJ,t|9t).

Consider the derivation

<

1
ﬁpt(ekJ,t\et) thzSLS[tht (O, £10:) — Z [0t (Or,.£104)| Z; ]

J J
1 1
=7 > (Te(6,, 16)))" — 7 > " Elpje(0r,4100) Z3a]”
j=1

J=1

M“

1 2
J jt ekJ ¢|0:) — [Pjt(ekJ,tyet) |th])
_7:1

7 T J
1 1
jz [0t Ok, 11641 Z; ZZ (O, t100)% ] - (558)

t:l j=1

Consider each terms on the RHS of (S58). First, we show that for each ¢,

J
1 .
sup 7 E (1Le(6k,.060:) — E [Pjt(ekJ,tWt)|th])2 = 0,(J 7). (S59)
=1

Ok ;,t€EOK 4,0t €O

Let Iy (0r,,416:) = 517(Z3e) WSS 525 19(Zj0) E [pjee(0ry,4160)| Z] - Then

J
Z <ﬁjt(9kj,t|9t) - ﬁjt(ekj’t’9t>2

sup
O ; +€O ;,1,0:€O;

1
J
< sup ( . > A0itOk,4100) — E [pju(0x,.116:) | Z)} FJ(%&))

O ;,+€O 1,0t €O =1

26



X (Lall,)J) ( Z{pgt 0:16:) — [pjt(QtIHt)Ith]}F"(th)> : (S60)

The RHS of (S60) is bounded by

)2

SJ
62'gmin ( ztI, t/J) - sup Z (

Ok ;,t€Ok ;,4,0:€0: ]

=S 00010100 = ElpsOr, a0 Zo)

-1

where €igmin (I.412,/J) = O,(1) by (S57) in Step 1 of the proof. Consider that

2
)>e

7 2
S 1
< —Z F |max max sup (ﬁ Z {pjt(Or,00) — E [pjt<9kJ7t|9t)|th]}[S(th)>
j=1

JE t 1<s<¢s 0k tE@kJ +,0t €0

J
Z {0t (Ox,.110:) — E'[pji(Or, 100)1 Z5e] } 1s(Zj0)

SJ
Pr Z (mtax sup

o—1 ekj,tEGkJ,tﬂtG@t

0, (S61)

where the inequality holds by Markov’s inequality and the convergence holds by Assumption
11(iv).
Combining (560)-(S61), we have

1 . - 2
max  osup = (Hﬁ(ek‘],twt) . Hjt(ekJ,t|9t)) = 0,(J7112). (S62)

1§t§T ekateekJ’t,etEGt ]:1

Furthermore, using the definition of ﬁjt(ek 1, 0:) (above equation(S60)), we have

T J
sup lzz< gt ij t|9t E[Pjt(ekj,twtﬂzjt])z

Qkateekat,GtEGt t=1 j=1
T

J
1
= sup Z inf jz (I (Zj1) 7T§J_E[pjt(ekJ7t|6t>|th])2

Ok ;,t€OK ;,4,0:€0: mey €RSJ

= 0,(J7'1%), (S63)
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where the second equality holds by Assumption 10(i). Equations (S62) and (S63) together
imply (S59) by triangular inequality.

Next, we show that

J
1
w5 E (o616 | Za” = O(1). (64
j=1

Ok ;,t€Ok s, ,0:€O:

This is because

Elpje (007) 123" = [§0 + X110 (8" = B) + (¥ (Xa 1) — e Xa0)) | Z0)°

<2E [X] (8" - BV Zj]" + 2B [{u} (Xage) — o Xage)} 1 Zi)

Hence, (S64) holds by Assumption 2 (i)-(iii) and (v) (also see a similar argument in the proof
of Lemma S2).

Note that (S64) and (S59) together imply that

jz 1(0r,.410:) = O, (1). (S65)

OkJ tEGICJ ts 6‘t€®

Now we can come back to (S58) and conclude that

sup | L;(0k,) — L(6x,165)] 5 0. (S66)

QkJGQkJ
Step 3.1. We now verify Assumption 6(i). To do so, we use a similar idea to the one in the
partially linear IV example of Ai and Chen (2003) and first show that [|6,—6%w = o, (JH4).
First, the condition on the preliminary estimator 6 s+ in the proposition and the second

statement of Assumption 11(i) together imply that,

i

A 1
Q05 — =11,

I L] = 0y(1). (S67)
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Therefore, uniformly over 8, + € Oy, 4,

1, -
=0p <§t(9kj,t)/ (jﬂz,t]lzﬂf) gt(QkJ,t)> ; (S68)

where the last equality follows from Assumption 4(ii) and (S67).
~ _ S . , + 0
Recall that Hjt(ng7t‘99’t) =T (Z;,) (le,t]lz,t> 1 ZJ II(Zjre)pjre Ok ,10,4) Then

j'=1 E]-/J’O(Zj/t)l/Q

/ 1 —1 1 J 9
300, (JLiler) 90,0 = 5 3 [, 65)] (569)

J:1

By similar arguments as those for (S58), (S59), (S64), and (S65) (where we replace W25,

I1(Z;1), and pje(0r,.£109,) with L 577 19(Z;) 17 (Z30)' 199 (Zye), 25500 32Ok, 41609,) respectively),

j,J,0

one can show that

J J
1 _
0 Slelg j Z ( Jt ekjtyejt > o j Z 7, Jo p]t ekJ t‘et)l t”@tzeg,t)Q = OP(‘] 1/2)7

ks, t€OK ¢ =1 =1

(S70)
which together with (S69) and Assumption 11(iii) imply that
1 - -
sup (Ge(0h,a) (| FLlee ) Ge(Ors) = N0h,0 — 0511%] = 0p(J %) (S71)
Ok ;,t€OK ;¢ J
J Jo

Therefore, we have uniformly over 0y, ; € Oy, 4,

1 —1
jH;,t]IZ,t> Ge(On,.0) + 0p(J %) + 0, (|[6h,.0 — 9%”%)

ﬁt(ekj,t) = GO, 1) (
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= 116k, = 05115 + 05 (10,0 — 05,11%) + 0, (T %), (572)

where the first equality holds by (S68) and (S71), and the second equality holds by applying

(S71) again. In particular, we have

Lo(050) = 105 = 05,115 + 0p(150 — 05,115) + 0p(T %) (S73)

Lo(054,.0) = 165k, — 05115 + 0p(165x,.c — 05,11%) + 0p(T7V2) = 0,(J71/2), (S74)

where the second equality in (S74) follows from Assumption 10(ii).
Moreover, by the definition of gu, we have ﬁt(g gt) < /:'t(Gg,w,t), which together with

(S73) and (S74) imply that the following derivation goes through:
0 Lo(034,0) = LolOre) = 0(T71%) + 0, (0 = 05,010) = 1 = 65,5, (S75)

which implies that ||§J7t — 09775”W = op(J*1/4). Thus, é\Jﬂf € N, for N, s, defined in
Assumption 11(ii).

Step 3.2. To continue verifying Assumption 6(i), we first establish a nonparametric
first-order condition for the GMM problem. To begin for some 7 € [0,1], let I/},t =
(V},ﬁaV},w,t)v V},kj,t = (V},ﬁ7yvjrb,kj,t)7 UI = i’/},w uL,,t = iVLTLkJ,t? and uiTcJ = iV},kJ =
j:(y}ﬁ,u;,%l,...,y¢,kJ7T). Let 6(0) = 6, (1) = 6, + EJULJ for 0 < e; = o(J~?), and
0(r) = ) J+Te JULJ. Since /G\J: arg mingee, | L 7(0), a second-order Taylor expansion implies

that for some s € [0, 1],

0< Ly (a, + eJu,Tw) iy (@) — £, (0(1)) — £,(6(0))

(S76)
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For each t, for the first term on the RHS of (S76), by direct calculation, we obtain

dﬁu (0:(7))
dr

7=0

1< dpjt(@,tIGB,t) t . / J
=2 J Z a0 [EJ“kJ,t] 19(Zie) | 971(0,0) Z Zit)pit GJtIGJt) :
j=1 o

Then by the same arguments as those for (S68), we have

dﬁJ,t;ft(T» =2y x (£Ay,) + op(e x (£A)), (S77)
7=0
where
J -~ —1
1 dpji(054165,) AWATEY
e (3 D e 1 (=) ZI Z)0:(0,4105,) )
(S78)

A 1~ I9(Z)p(05,109,) .
Recall that IL;(0,,09,) = 1(Z;,) (I, L...) > i E]J-,;O(JZZ,,E)lt/;’t , We can write

PR
1 dlL (6,069, o
App = 7 Z ]Tj’t[V},kJ,t],Hjt(QJ,t|93,t)- (S79)

J=1

Next consider the second-order term on the RHS of (S76), CHA"(;#

dp;e (64165 ,)
do

. Due to the linearity

T=s
d?pjt(6:165,)

of p;i(6:]65,), we have that 0

[u] does not depend on #; and that [u] = 0.

These imply that for all s € [0, 1],

L ;,(0(7))

J 0 /
1 dpji(054105,) N1
% , (32$ el ) 19(2) ) 071 020)
T=s J=1

-
1 dp;+(0.:105,)
(3 > ek @ )

J=1
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Then by similar arguments as those for (S68), we have

A

d?L;.(0(1))

Ir = 2¢% x (£By;) + 0,(e% x (£By,)), (S80)

T=s

2
dlL;¢(654107,)
By = JZ<T[VJI~:J¢] :

7j=1

where

-1
Similar arguments as those for (S59) (replacing W25L5 by ( 12‘] I(Z;)I (Z; )’)

_1/2dpje(Ok, 410
and p;ji(6k, :[05,) by X }/OQW[VMJ .]), we can show that for each ¢, uniformly over

ekJ,t S B X 6k]7

d0 Vikyt

J 2 0 9 ’
L3 (M, s [ PO [y, 1)) <. s

1 [ dp(Be,469,) T ’
sz (Zj,J,0E|: d9 |:VJ,kJ,ti| th:|

1 —
:j Z B (EJ }IOE(Xi Jtng wE,kJ,t(X2,jt)/V3,3|th)2)

[y

J
1 2
:j § E (Z]}o <)\ VJﬁE[Xl Jt T wE,kJ,t<X27jt)|th]) )

—_

J
<A lPeigmar (Vi) = 3 B (1K 50 = e, o(Xost) 23l 12553,
7=1

| —
<

<H>\JH elgmax VJ,B JZE HE Xlﬁ' t]” Z:]JO)
7=1

<=

J
<SUP(Z1nf B Zid oy = 2) T AP eigmax(Vag) = Y E(1 X1 l)
j=1

<00,

where the first inequality holds by the Cauchy-Schwarz inequality, the second inequality
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holds by the definition of w;,kj7t(X2,jt), and the fact that 0 € W, the third inequality holds
by Holder’s inequality, and the law of iterated expectations, and the last inequality holds by
Assumptions 2(iv)-(v) and the rank condition regarding %ijl E[D; j:(Zj1)D; 1+(Z3)'] in
the proposition. Note that the left-hand side does not depend on 6y, ;, which implies that

the inequalities hold uniformly over 6, € ©y,. This and (S81) together imply that
By, = 0,(1). (S82)
Combining (S76), (S77), (S80), and (S82), we obtain
0 < 2¢5 x (£A) + 0p(es X (£A14)) + 265 x Op(1) + 0p(e)

Since this holds both when + is + and when £ is — and e; > 0 and €; = 0,(J~V/2) by

construction, we have

A= Oples) = OP(J_I/Z)‘ (S83)

Now we have established the nonparametric first-order condition.

Next, we write Ay, in terms of X;(3; — ). By (S70) using the fact that I1;4(6:]69,) =

25000 (B 1pin(0007)|Z) Loz =g, ) we have

k.lH

J J
%Z( 2 Bralt) Z( 30(0.4165,) )2‘ = 0,(J /%), (384)

Also by Assumptions 11(iii), we have

K. |

J
Z ( Jt 9*”‘0% ) = Helt - 93¢va + Op(”‘gJ,t - eg,t“\?v) = 0p<J_l/2)a
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where the second equality holds by Step 3.1 above. Combining this with (S84), we have

1< 2
Z < jt 9Jt|9Jt ) = 0,(J7'/?).

J:1

This and (S81) together imply that

\/jAJﬂg -

M-

dl1;:(0,4169,) o
{% [V}’k‘]jt] Hjt(g‘]7t|027t) + Op(l)
1

J

J=1

g- gl gl
B

]~

{ZidoB(X] 1 = why, (X 1Z30)Vish } T5a(Bal6S,) + 0,(1)
(

553 o Bl (Xage) = why, (Kot |Z30)Vaph f ie(al65,)

=1

<
Il

J
S S B i — (X | Z3) Vs } LBl )+ 0p(1),

Jj=1

E\H

where the second equality is derived by writing out the pathwise derivative.

Consider the derivation

1 J

2
i Z E { Bl (Xa ) — WB,kJ,t(X2,jt)'|th)VJ,B/\J}
=1

<IN VaslPlleh, — i, ol

<A Peigmar (Vi) lwh, = wly, e

—o(J ),

(985)

(S86)

where the equality holds by the definition of A; (which guarantees that [[A;|] = O(1))

and the rank condition regarding %Z;}:l

guarantees that eigmax(Vy5) = O(1)), and by Assumption 10(ii). This implies that

K.IH

J
2
Z{ oWy (Xa ) — wjrl,kJ,t(XZ,jt)llzjt)VJ,B)\} = 0,(J71/?).

j=1
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This combined with (S85) imply that

1 ) R
ai > {Ej,},oE(w.Tf,t(ngt)’ W, o(Xag) | Z t)VJ,,B/\} 1L;:(054105,) = 0p(1).

Therefore,

J

1 /

VIAz = = 3 S5 B X o = (KoY 1230Vash } @) + 0,(1)

7=1
J

1 dIl; (69,69 .~

-y { ]t(dgtl he) [Vit}}njt(ej,ﬁeg,t) +o0,(1) (S87)

j=1

where the second equality holds by the definition of the pathwise derivative. Note that the

¢ arguments in the pathwise derivative do not matter due to the linearity of pj;.

Now write v/JAy, as

J
1 dH t ‘6 ) A -~ A ~
ﬁz{ J “ u [u},t}}<ﬂjt<eJ,t|09,t> — T150(05,416%,) — Tu(05,165,))+

dHﬁ(eg,t yej,t) [

I [ )} 63105 - 55300+

det (Qg,t | Qg,t) 1/2
TG ] e

%Z {% V1] } (10 @185) + 0,0, (585)

J=1

By Assumption 11(ii), the first and the second summand on the right-hand side of (S88) is

0p(1), and the fourth summand, summed up over ¢, equals

1

Ly m [{ T 1 10,0,

+ 0p(1)
t=1 j=1

vy * _pn0
07,6=07, vHJ,t*HJ,t

\/3<y},a, - 9>W+op(1). (S89)
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The third summand on the right-hand side of (S88) can be written as

1 dp;e(97,167,)
_Z{ on {% [V},ti| th}}fjt-

Jj=1

<

Therefore
T A~
VI Ap =V (v 05— 05) +
=1 W

1 T J d 0
53 (e [ ]

t=1 j=1

th} } &t + op(1). (S90)

Combining this with (S83), we get

J
1 dp;i(09,1605,) -
- S e[ 1] s

T J
= 30 S NViaaE [ () 2] B+ oul)

>\/
ﬁVJBZZDJJt it) ]Jofyt‘l'op() (S91)

where the first equality follows from (S43), the second equality follows from (S89) and (S90),
the third equality follows from the two lines below (S43), and the fourth equality follows

from the definition of D, ;,(Z;;) (above Assumption 6). We thus have verified Assumption

6(1).

Finally, to verify Assumption 6(ii), since

/
. | ) (1 )
Vi = (j > (Xl,jt - WE,t(X2,jt)> fg"(th)> Qe(6:)" (j > (Xl,jt - ij],t(Xth)) ]“(th)> :

j=1 j=1
(S92)
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it sufficies to show that 3., IA/J;} - v 0.
The argument is similar to the one in Step 3.1 and Step 3.2 so we skip the details below.

By using a similar argument in the proof of Theorem 1, one can show that
I =l lls = 0p(1) (593)

for each t = 1,...,T. Then similar to the argument for (S81), we have

e
-

! J
. A il .
(X1t — Qe Xa0)) FJ(th)) Qa6 <3 > (X — @ge(Xo0)) FJ(th))

=1

~~
Il
—_

<
Il

L
-

(Xl,jt - wjr],t(XQ,jt)> F‘](th)) Que(00)7! (% >, (Xl,jt - ijI,t(XQ,jt)> [”(th)> + 0p(1)

=1 =1 j=1
T o1 ) T
=) 7 Y E (Zj,J,o(th)_lE [Xth - wB,t(XQJt)let}) +0,(1) = > _ Vil +0,(1),
=1 j=1 t=1
which implies the condition in Assumption 6(ii). O

S2.3 Verification of Assumption 8(ii)

The following proposition verifies the first condition in Assumption 8(ii). The second

condition in Assumption 8 (ii) follows similar arguments.

Proposition 2. Suppose that X, j; is independent across j and exogenous. Conditions in

Theorem 1 imply that

T J
1 2
i Y [q/;,m Xa,jt) ¢9,t(X2,jt)] = 0.
t=1 j=1
Proof. We first introduce some generic notation. Let P; = J~! Z}J=1 dx, of the Dirac

measures at the observations, and let Ph denote J~* Z}]:1 Exh(Xs,,;) for any measurable
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function A(-). For a function h(-) € ¥, let |[Al|L,e,) = \/ ST h2(X;) and [|Bl|ne,) =

\/§ Z}]:1 |h(X;)|. Given a collection G of measurable functions g : X — R, let ||Q|lg =

sup{|Qg| : g € G} for signed measure (). To simplify notation and make the presentation

clearer, we assume one single market without loss of generality and omit the index t.
Recall that ¥ = {1 € #1550 (X2) : | |lmg.2.6, < B}. Theorem 1 implies that we can find

a sequence ¢; such that ¢; = 0,(1) and H@E;w — Y026, < €. Let

U, = {A¢y =y — Py : Vs, 0y € U such that ||y — yllos < €s}-

Since 9, () and 5, both belong to W with probability 1, it suffices to show that [|[P; A3 ||y, =

SUP Ay ev. Py AT = op(1).
Note that for any Ay, € V., we have

PAY? = ZEX (A (X)) Z / (A (22)] frys(22)ds

< / (A ()] (1 + 2hs) " des

:"A¢J“g,2,5o <ey. (S94)

where the first inequality follows from Assumption 2(vi). This implies that ||PAY?]|g. — 0
for A¢p; € V.. It then suffices to show that ||P; — Plly. = 0,(1).

Note that ¥, C V- W := {¢)199 : ¢y € U, 1hy € U}, it suffices to show that |P;— P||g.v :=
suppeyp.w |(Ps — P)h| = o0,(1), which we show next by verifying the conditions for the
Glivenko-Cantelli Theorem for triangular arrays in Theorem 22 of Pollard (1990).

Let the notation a < b denote a < ¢b for some constant ¢ > 0 that does not depend on
J. To verify ||P; — P|lw.w = 0,(1), note that for any ¢ € U, ||¢)||;y.2.6, < B, combining with
Assumption 2(vi) implies the existence of an envelope function v for the class ¥ such that
|%]/0,2.6, < 00. Then the class ¥ - W has || - |lo.2.5,— integrable envelope (2¢)2.

Let N(e,G, | -||) denote the covering number of G under || - ||, that is the smallest number
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of balls of radius € to cover G. Lemma A.3 in Santos (2012) shows that if A5 is unbounded,

og N(e, W, || - [loc) < (1/€)lmotoodas/(Gomo) wpite when X, is bounded, log N(e, U, || - [|oo) <

~Y

(1/€)%2/m0_ Thus, if A, is unbounded, Theorem 2.7.11 in van der Vaart and Wellner (1996)

implies that

n n mo-+90)dz., /(dom
Nl ey O | 2ae) < NyQRell¥ o) @ o) < N W, [[loc) S (1))t o0)dral Gomo)

where Nj(€,G, | -||) is the bracketing number of size € under || - ||. Similarly, if A is bounded

N (ellllzaesys 11 o) S (/)=

Therefore for e sufficiently small,

log N(ell¥ 1L, ), O, 1 raen) < Nel@llzae,, C |- zae,) = o),

where the inequality follows from Cauchy-Schwartz inequality and the equality follows from
Assumption 2(iii). Then Theorem 22 in Pollard (1990) (Glivenko-Cantelli Theorem for

triangular array) implies that ||P; — P||y.w = 0,(1). The claimed result follows.

S3 Cross-Product Elasticity in Random Coeflicients
Logit

What happens to cross-product elasticity in the random coefficients logit model when the
number of products grows to infinity? The answer may depend on the distribution of the
random coefficients. We show below that if the random coefficients have Gaussian tails,
cross-product elasticity converges to zero at the rate of J=!. On the other hand, if the

random coefficients have an exponential or thicker tail, cross-product elasticity may stay
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positive in the limit as illustrated in Section 2. To illustrate the main idea, we focus on one

single market by dropping the index t for simplicity.

S3.1 Cross-product elasticity in Gaussian random coefficients logit

model

Consider a simple random coefficient logit model with one random coefficient:

Uj = XJB +UWJ' +€j,

(S95)
where €; : 7 = 0,...,J are independent type-I extreme value distributed random variables,
and v is a random coefficient with density f. Then the choice probability is

X W
s; :/ efp( 5+ W) v)dv (S96)
rR1+ Zj’:l exp(X; 3 +vWy)
For j and k such that j # k, we have (let §;, = X;.3)
0s; _ / exp(X;8 + vW;) exp(Xyf + UWk)f(v)dv
85k R (1 + Zj’ exp(Xj/B + UVVj/))Q
. X. : X
0s; :/ exp(X;0 + vW;) exp(Xyf +Umz/k)vf(v)dv (897)
W, Jr (1+ 22, exp(Xy B+ vWy))

-1
Lemma S3. Suppose that <J_1 Z;f:l exp()@ﬁ)) = 0,(1) as J — oo, and that W; is a

bounded random variable taking values in the interval [m, M].
(1) If [exp(2(M —m)v) f(v)dv < oo, then ds;/d0, = Oy(J?).
(ii) If [exp(2(M —m)v)vf(v)dv < oo, then ds;/OW), = O,(J2).

Proof. We show part (i) only since part (ii) is analogous. To begin, consider:

2 0s; ‘ exp(v(W; + Wy))
g6, = P8+ Kb )/R (Tt T exp(Xpf + o e
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(S98)

The integral equals

o0 exp(v(W,; + Wy)) Ndo
[ g S e+ oy
0 exp(v(W; + Wy)) o
T et s T
*  exp(2(M —m)v) Do 0 exp(2(M — m)v) Do
= /0 (1 eXP(Xj'ﬂ))2f( o /oo (T eXP(Xj'ﬁ))Qf( )
_ fooo exp(2(M — m)v) f(v)dv N ffoo f(v)dv 0,(1). (599)

(TS ep(Xp8)2 (T ep(X,8)°

Note that s converges to zero at the rate of 1/.J. Thus, the cross-product elasticity must
converge to zero as J — oo. Similar derivation holds when W is a vector. The condition
[ exp(2(M — m)v) f(v)dv < oo holds if v is normal. It is violated if v has the same tail
decay rate as the logistic distribution which is exponential. There is an intuitive explanation
for this: In the random coefficients logit model, the logit error represents product-based
preference while the random coefficients represent the characteristic-based preference. The
logit error tends to spread cross-product elasticity around, while the random coefficients
generate more localized substitution. Intuitively, as the number of products gets large,
substitution should localize among products with similar characteristics, rather than spread
thin uniformly across all products. To generate this pattern in the model, we need the
characteristic-based preference to be at least as strong (dispersed) as the product-based
preference. When the distribution of random coefficients has a thinner tail than the logit
error, this intuitive pattern of localized substitution cannot be generated.

In general, characterizing the limit of cross-product elasticity when the integrability

condition above does not hold is difficult because dominated convergence can no longer
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be used. In some special models, however, this can be done, because a closed-form solution

for the share exists, as we illustrate below.

S3.2 Non-Gaussian Random Coefficient—An Example

Consider a slight variation of the model above:
Uj :Xjﬁ—i‘Ule—i‘Uo(l—Dj)—F&j, (8100)

where D; is a dummy variable, €; : 7 = 0,...,J are independent type-I extreme value
distributed random variables. Let A € (0,1] be a parameter, and let A\vy and Av; be
independent with each other and both be jointly independent with the ¢;’s, and each follow

—nuv

the C(\) distribution in Cardell (1997): fi(v) = A7'>07 ) % Then, this random
coefficient logit model, according to Cardell (1997), is a nested logit model with two nests,
where all j’s with D; = 0 are in one nest, and the rest of the products are in the other nest.

Then it follows that when for j such that D; = 1:

A
J
o exp(X;0) <Zj’=l Dj exp(Xj/5)> S101
ST D exp(X8) (s s x (5101)
=1 tj j (Zj’:l D; exp(Xj/6)> + (Zj,:1(1 — D) exp(Xj/6)>
It can be derived that, for k£ such that D, = D; =1,
05;/00, = —(1 — N)sj % — \s;sn, (S102)
Zj’:Dj/:l Sj/
and the cross-product elasticity is
5k aSj Sk
—— L = \opsp — (1 = N (S103)
55 00 22 jy=1 57"

(Recall that d;, = Xj/3). This cross-product elasticity does not converge to zero as J — oo as

long as the relative share of k£ within its nest stays positive in the limit. The latter happens
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if the nest size stays constant as J — oo.

S4 Additional Monte Carlo Results

In this section, we collect additional Monte Carlo results. These complement those reported

in Section 5.3.

S4.1 Additional Tables on The Single Random Coefficient Specification

In this subsection, we collect the additional tables, Tables 13, 14, 15, 16, and 17, that were

mentioned in Section 5.3 in the main text.

Table 13: Monte Carlo Results: Fixed Coefficients

T=10 20 40
Parameter Estimator J 25 50 100 50 100 25 50 100
9N RtMSE  .0249  .0169 .0116 | .0176  .0119 .0080 .0125  .0085 .0059
3 Bias  -.0024 5.90E-4 .0013 |-.0019 7.44E-4 .0018 -.0012  .0014 .0015
‘ BLP RtMSE  .0218 .0156 .0106 .0176 0117 .0077 .0143 .0091 .0061
Bias  -.0100 -.0061 -.0037 | -.0104 -.0062 -.0034 | -.0104 -.0059 -.0037
SN RtMSE  .0330 .0285 .0234 .0234 .0215 .0167 .0180 .0155 .0120
o Bias .0080 9.30E-4 4.48E-4 | .0075 1.14E-4 -4.34E-4 | .0072 1.28E-4 5.97E-4
BLP RtMSE  .0260  .0228 0184 | .0236  .0196 .0167 0184  .0172 .0160
Bias .0100 .0141 .0132 .0159 .0150 .0138 .0138 .0146 .0146
Note: 1. True parameter values in DGP: a = —10, 8 =1, F%is .5 x N (—1,.2%) + .5 x N (=2,.5?).
2. The distribution of random coefficient for the BLP estimator is misspecified.
Table 14: Monte Carlo Results: Inference on Fixed Coefficients
T=10 20 40
Parameter J 25 50 100 25 50 100 25 50 100
3 True S.D. .0248 .0169 .0115 | .0175 .0119 .0078 | .0125 .0084 .0058
Ave. S.E. .0191 .0152 .0116 | .0140 .0111 .0084 | .0100 .0080 .0061
o True S.D. .0321 .0285 .0234 | .0222 .0215 .0167 | .0165 .0155 .0119
Ave. SE. .0254 .0268 .0222 | .0181 .0192 .0158 | .0129 .0137 .0113

Note: 1. True parameter values in DGP: a = —10, =1, F?is .5 x N (—1,.2?) +.5 x N (=2, .5%).
2. The distribution of random coefficient for the BLP estimator is mis-specified.

S4.2 Additional Table on Multiple Independent Random Coefficients

In this subsection, Table 18 shows the Monte Carlo results for the fixed coefficients in the

case of 3 independent random coefficients described in Section 5 in the main text.
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Table 15: Monte Carlo Results: Mean of Random Coefficients

T=10 20 40

Estimator J 25 50 100 25 50 100 25 50 100
SN-IMD RtMSE  .0396 .0312 .0194 0313 .0241  .0171 .0251  .0183 0182
Bias  -.0083 -.0126 -.0083 |-.0123 -.0116 -.0116 |-.0131 -.0112 -.0151
SN-L-GMM1 RtMSE .0335 .0260 .0194 0263 .0207  .0181 0212 .0172 .0189
Bias  -.0046  -.0109 -.0102 |-.0110 -.0107 -.0144 |-.0108 -.0129 -.0165
SN-L-GMM?2 RtMSE  .0337 .0236 .0180 .0244 0189  .0162 | .0192 .0150 0172
Bias  -.0036  -.0068 -.0086 |-.0075 -.0073 -.0117 |-.0071 -.0094 -.0146
SN-IL-MD RtMSE  .0328 .0293 .0194 .0308 .0224  .0180 | .0238 .0167 .0524

Bias .0038  -.0064 -.0033 | -.0060 -.0094 -.0075 |-.0084 -.0097  .0045

RtMSE  .0288 .0235 .0182 .0254 .0366  .0401 | .0268 .0148 .0353

Bias .0036  -.0030 -.0023 |-.0018 -.0037 -.0126 | -.0023 -.0064 .0067

RtMSE  .0288 .0229 .0173 .0249 .0280  .0172 | .0393 .0372 .0423

Bias .0063 -3.72E-4 -9.09E-5 | .0012 -.0031 -.0066 | .0115 .0096 .0197

RtMSE  .0459 .0297 .0196 .0305 .0232  .0159 | .0252 .0178 .0154

Bias  -.0076  -.0091 -.0076 |-.0031 -.0094 -.0094 |-.0082 -.0086 -.0115

RtMSE .0386 .0249 .0199 0256 .0205  .0170 | .0216 .0162 .0161

Bias  -.0070  -.0068 -.0091 |-.0013 -.0091 -.0112 |-.0065 -.0097  -.0126

RtMSE  .0379 .0240 .0186 0255 .0189  .0153 | .0204 .0144 .0143

Bias  -.0035 -.0033 -.0069 | .0015 -.0061 -.0087 |-.0039 -.0067 -.0103

RtMSE  .0313 .0174 .0113 .0248 .0122  .0073 | .0207 .0097 .0053
Bias .0242 .0099 .0011 .0206 .0071 T7.16E-4 | .0182 .0071 6.34E-4

RtMSE .0303 .0168 0111 0239 .0134  .0072 | .0235 .0116 .0054

Bias .0238 .0101 .0017 .0202 .0097  .0029 | .0217 .0099 .0026

RtMSE .0318 0177 .0105 0263 .0127  .0075 | .0214 .0098 .0054
Bias .0267  .0126 .0036 .0234 .0068 2.35E-5 | .0187 .0068 -1.73E-4

BLP RtMSE  .0330 .0192 .0118 0277 .0150  .0092 | .0249 .0136 .0080

Bias .0280 .0147 .0072 0249  .0118  .0068 | .0232 .0122 .0066

Note: 1. True parameter values in DGP: o = —10, 8 =1, F? is N (-2, .5).

2. The distribution of random coefficient for the BLP estimator and SN-Para estimators is correctly specified.

SN-II-GMM1

SN-II-GMM2

SN-ITI-MD

SN-III-GMM1

SN-ITI-GMM2

SN-Para-MD

SN-Para-GMM1

SN-Para-GMM2

S4.3 Correlated Random Coefficients

Now we turn to a simulation design with two correlated random coefficients. Specifically, we
add one exogenous characteristics X j; to the data generating process in Section 5.1 and let
the random coefficients of P;; and Xs j; be correlated. So the market shares can be written

as
exp (5jt + Ulpjt + U2X27jt)
1+ 307 exp (g + 01 Py + 02X 1)

01 (81, Py Xos F) — / AP (00, 05) |

where Pj; is generated as in Section 5.1, X5 j; is drawn from a standard normal distribution,
F (v, vy) is a bivariate normal distribution with means (j1, j12), standard deviations (o7, o9)
and correlation coefficient p.

The parametric estimation of F°, including BLP and SN with parametric F©, is straightforward.
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Table 16: Monte Carlo Results: Standard Deviation of Random Coefficient

T=10 20 40

Estimator J 25 50 100 25 50 100 25 50 100
SN-IMD RtMSE  .0396 .0312 .0194 0313 .0241  .0171 .0251  .0183 0182
Bias  -.0083 -.0126 -.0083 |-.0123 -.0116 -.0116 |-.0131 -.0112 -.0151
SN-L-GMM1 RtMSE .0335 .0260 .0194 0263 .0207  .0181 0212 .0172 .0189
Bias  -.0046  -.0109 -.0102 |-.0110 -.0107 -.0144 |-.0108 -.0129 -.0165
SN-L-GMM?2 RtMSE  .0337 .0236 .0180 .0244 0189  .0162 | .0192 .0150 0172
Bias  -.0036  -.0068 -.0086 |-.0075 -.0073 -.0117 |-.0071 -.0094 -.0146
SN-IL-MD RtMSE  .0328 .0293 .0194 .0308 .0224  .0180 | .0238 .0167 .0524

Bias .0038  -.0064 -.0033 | -.0060 -.0094 -.0075 |-.0084 -.0097  .0045

RtMSE  .0288 .0235 .0182 .0254 .0366  .0401 | .0268 .0148 .0353

Bias .0036  -.0030 -.0023 |-.0018 -.0037 -.0126 | -.0023 -.0064 .0067

RtMSE  .0288 .0229 .0173 .0249 .0280  .0172 | .0393 .0372 .0423

Bias .0063 -3.72E-4 -9.09E-5 | .0012 -.0031 -.0066 | .0115 .0096 .0197

RtMSE  .0459 .0297 .0196 .0305 .0232  .0159 | .0252 .0178 .0154

Bias  -.0076  -.0091 -.0076 |-.0031 -.0094 -.0094 |-.0082 -.0086 -.0115

RtMSE .0386 .0249 .0199 0256 .0205  .0170 | .0216 .0162 .0161

Bias  -.0070  -.0068 -.0091 |-.0013 -.0091 -.0112 |-.0065 -.0097  -.0126

RtMSE  .0379 .0240 .0186 0255 .0189  .0153 | .0204 .0144 .0143

Bias  -.0035 -.0033 -.0069 | .0015 -.0061 -.0087 |-.0039 -.0067 -.0103

RtMSE  .0313 .0174 .0113 .0248 .0122  .0073 | .0207 .0097 .0053
Bias .0242 .0099 .0011 .0206 .0071 T7.16E-4 | .0182 .0071 6.34E-4

RtMSE .0303 .0168 0111 0239 .0134  .0072 | .0235 .0116 .0054

Bias .0238 .0101 .0017 .0202 .0097  .0029 | .0217 .0099 .0026

RtMSE .0318 0177 .0105 0263 .0127  .0075 | .0214 .0098 .0054
Bias .0267  .0126 .0036 .0234 .0068 2.35E-5 | .0187 .0068 -1.73E-4

BLP RtMSE  .0330 .0192 .0118 0277 .0150  .0092 | .0249 .0136 .0080

Bias .0280 .0147 .0072 0249  .0118  .0068 | .0232 .0122 .0066

Note: 1. True parameter values in DGP: o = —10, 8 =1, F? is N (-2, .5).

2. The distribution of random coefficient for the BLP estimator and SN-Para estimators is correctly specified.

SN-II-GMM1

SN-II-GMM2

SN-ITI-MD

SN-III-GMM1

SN-ITI-GMM2

SN-Para-MD

SN-Para-GMM1

SN-Para-GMM?2

But the sieve approximation of F? needs to be adjusted to account for the dependence
between the two random coefficients. In particular, we consider two alternative sieve approximations
of FY.

The first one is a Gaussian copula with non-parametric marginals, i.e.,

F](\)JJ <U17U2) =C (Fl,MJ (Ul) ) FQ,MJ (UQ) 7p) )

where p is the correlation coefficient in the Gaussian copula C (-), Fiu,, and Fhpy, are
sieve approximations of the two marginal distributions. To obtain random draws from this
distribution, we first draw (uq,uz) from copula C (-, -, p) for a given p, and then transform

them using (v, v9) = (Flfj\lA,J (uy) »Fz_,z\lz[J (u2)), where Fl_j\bJ (I = 1,2) is approximated by
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Table 17: Monte Carlo Results: Skewness of Random Coefficients

T=10 20 40

Estimator J 25 50 100 25 50 100 25 50 100
SN-I-MD RtMSE 5300 .4607  .2715 | .5104 .4034 .2384 | .5119 .3867  .2070
Bias 2936 .2891  .0717 | .3906 .3011 .1115 | 4513 .3387  .1220
SN-LLGMM1 RtMSE 4445 3756  .2612 | .4257 .3573 .2759 | 4344 .3657 = .2619
Bias 2589  .2549 1296 | .3294 .2825 .2093 | .3803 .3306 2217
SN-L-GMM?2 RtMSE 4461 .3773  .2600 | .4300 .3541 .2692 | .4308 .3571 .2602
Bias  .2704 2357  .1390 | .3306 .2788 .2030 | .3781 .3215 2191
SN-ILMD RtMSE 5167 4539  .2703 | 4829 .3686 .2121 | .4433 .3157  .1751
Bias  .3812 .3048  .1057 | .3841 .2812 .0851 | .3871 .2708 .0909
SN-TI-GMM1 RtMSE 4464  .3552  .2417 | .4000 .3005 .1896 | .3534 .2537  .1746

Bias 2465 .2521 1416 | 3196 .2345 1177 | .3038 .2202 1282
RtMSE 4433  .3498  .2330 | .4028 .2990 .1824 | .3573 .2364  .1600
Bias 3395 .2393 1356 | L3233 .2339 1034 | .3102 .1954 .1019
RtMSE .5487 4525  .3424 | .4883 .3762 .3203 | .4850 .3068  .2919
Bias  .3376 .2319 -.0310 | .3415 .2398 -.0610 | .4047 .2169 -.0748
RtMSE 4553  .3587  .2764 | .3922 .3168 .2243 | .3894 .2856  .1964
Bias 2738 1772 0789 | .2704 2158 .0903 | .3171 .2202 .0951
RtMSE 4567  .3507  .2675 | .3986 .3124 .2183 | .3881 .2795 .1926
Bias  .2787 .1609  .0794 | .2820 .2066 .0840 | .3192 .2111 .0970
RtMSE - - -
SN-Para, BLP 6429 6429 6429
Note: 1. True parameter values in DGP: o = —10, 8 =1, F" is .5 x N (—1,.2%) +.5 x N (=2, .5%).
2. The distribution of random coefficient for the BLP and SN-Para estimators is misspecified.

SN-II-GMM2

SN-III-MD

SN-ITI-GMM1

SN-III-GMM2

Table 18: Monte Carlo Results with Independent Random Coefficients: Fixed Coefficients
T =10 20
Parameter FEstimator J =50 100 50 100
BLP RtMSE .0212 .0127 | .0190  .0105
Bias  -.0161 -.0082 | -.0165 -.0081
B RtMSE .0738 .0169 | .0751 .0151

SN Bias  -.0017 .0098 | -.0031 -.0059
BLP RtMSE  .0281  .0253 | .0199  .0186
N Bias 0217 -.0047 | .0242 0111
SN RtMSE  .5067  .1127 | .5535  .0860

Bias  -.0079 .0072 | -.0098  .0037
Note: 1. True parameter values in DGP: o = —10, S =1, uy = —2,
p2 = pu3 =1, 00 =09 =03 = .5.
2. The distribution of random coefficients for the BLP estimator is
correctly specified.
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Fosgerau and Mabit (2013)’s approach as mentioned in Section 5.2. This approximation of £
is “semi-nonparametric” because the copula is parametric and marginals are nonparametric,
see Chen et al. (2006) for more discussions on this approximation strategy.

The second one is a multivariate extension of the first sieve approximation in Section 5.2
(see Fosgerau and Mabit (2013)), i.e., we draw two uniformly distributed random variables,

uy and ug, and transform them using power polynomials

_ E k1, k2 _
(U bl,khkzul u2 s l = 1,2,
k1,k2>0,k1+k2 <M

where by, k,’s are unknown coefficients to be estimated. Here v; and vy are dependent
because they share common polynomial terms of u; and uy (with different coefficients
though).

Note that, in both cases, (v1,vs) is a draw from the unknown, bivariate distribution
FY,. Once we obtain these random draws from F}; , the market shares can be calculated
in the same way as in (29). The results for fixed coeflicients are similar to the previous
cases, as shown in Table 20. Table 19 shows the Monte Carlo results for random coefficients.
In the table, we label estimators based on the above two sieve approximations as “SN-IV-
GMM2” and “SN-V-GMM2” (as before “GMM2” refers to the estimator defined by (16)),
respectively.??  The results show that: 1) again the SN estimator with a parametric F
achieves a very similar performance to the parametric BLP estimator; 2) compared with the
parametric estimators (with correct specification), the two alternative sieve approximations
both works quite well for the key parameters in the distribution, i.e., mean, standard

deviations and correlation coefficients of the two random coefficients.

24We set M; = 3 for all the cases shown in Table 19.
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Table 19: Mor;tngarlo Resz}]ﬂts: Correlated Random Coefﬁc}ents

=10 20
Parameter Estimator J =50 100 50 100 Parameter Estimator J =50 100 50 100
BLP R(MSE 0193 0119 0176 .0093 BLP REMSE 0228 0193 0152 .0140
Bias  .0147  .0066  .0150  .0066 Bias  .0024  .0040  .0033  .0042
RtMSE  .0184 0113  .0167  .0078 RtMSE  .0316  .0209  .0276  .0154
. SN-Para-GMM2 “pe ™ 0120 0036 0127 0037 Y SN-Para-GMM2 “pi ™ 0015 0073 9.26F-5 0074
1 1 G
. RtMSE  .0269  .0186  .0214  .0144 RtMSE  .0511  .0453  .0437  .0396
_TV- _TV- AN
SN-IV-GMM2 - “pis ™ 20047 0040 -0045 0038 SN-IV-GMM2 - Tpi ™ 0050 0104 -.0047 0057
RtMSE  .0262  .0187  .0209  .0139 RtMSE  .0489 0330  .0424  .0252
V- _V-GMM
SN-V-GMM2 e 0077 0072 0078 -.0073 SN-V-GMM2 i J0226 0000 -.0253  -.0100
BLP R(MSE 0128 .0094 0092 .0064 BLP REMSE 0221 0177 0165 .0122
Bias -8.00E-4 2.09E-4 131E4 191E-4 Bias  8.26E-4 .0023  .0018  .0026
RtMSE  .0135  .0095  .0099  .0065 RtMSE  .0282  .0183  .0227  .0129
H2 SN-Para-GMM2 “p 7 0011 2.26E-5 -3.12E-5 1.25E-5 72 SN-Para-GMM2 5o 7 S00B-4 0043 -4.79E-4 0045
. RtMSE  .0276  .0183  .0213  .0136 RtMSE  .0483  .0449 0417  .0419
_TV- _TV- AN
SN-IV-GMM2 - “pis ™ 0114 0048 0099 -.0058 SNAV-GMM2 - “pie ™ 0118 0150 0040 0136
RtMSE  .0254  .0167  .0188  .0128 RtMSE  .0461 0332  .0379  .0246
V- _V-GMM
SN-V-GMM2 - pie 0081 -.0031  -0060  -.0040 SN-V-GMM2 i 0156 0063 -.0152  -.0032
R(MSE 0644 0512 .0461  .0353 ;  RIMSE 0796 0614 0646 0466
BLP Bias  -7.35E-4  -.0064  -.0059  -.0059 SNAV-GMM2 - pie ™ 0011 -.0077  -.0033  -.0034
RtMSE  .0704  .0523  .0563  .0364 o RtMSE  .0886 0678  .0708  .0471
SN-Para-GMM2- “p 7 g 44B-4 0115 0032 -.0046 SN-V-GMM2 - “pic™ 0213 0092 0258 0139

Note: 1. True parameter values in DGP: a = =10, 8 =1, 1y = =2, o =1, 01y =05, = .5, p = .5.
2. The distribution of random coefficients for the BLP and SN-Para estimators is correctly specified.

S4.4 Misspecification of Logit Errors

In this subsection, we explore how the SN estimator performs when the logit assumption
is violated. In particular, we modify the DGP of “Design I: F° is Normal” into an RC
multinomial probit model, i.e., replacing the logit errors (Gumbel distributed) with normal
ones. We use a simple accept-reject method to simulate market shares and focus on a small
J = 10 case to reduce simulation errors in the generated shares (e.g., to avoid zeroes) with
a manageable number of consumer draws (i.e., 10,000).

With the simulated dataset, we implement the BLP and SN estimators that are based
on the misspecified RC logit specification. Since the coefficients on X and P from the
misspecified model are not directly comparable to the ones in the DGP, we compare their
implied elasticities. Table 21 summarizes the X- and P-elasticities evaluated at several
quantiles of X and P, averaged across simulation repetitions. The misspecified logit errors
indeed lead to biased estimates of the elasticities, but the biases are not large, especially
around the medians of X and P. On the other hand, the SN estimator with nonparametric
RC does not outperform the ones that assume a normal RC, suggesting that the logit
assumption is substantial and a flexible specification of RC does not address the misspecfication

of the idiosyncratic error.
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Table 20: Monte Carlo Results with Correlated Random Coefficients: Fixed Coefficients
T =10 20

Parameter Estimator J =50 100 50 100
RtMSE .0124 .0105 | .0159 0077
Bias -.0078 -.0037 | -.0073  -.0037
b RtMSE .0291  .0131 | .0330 .0102

BLP

SN Bias 0155 .0056 | .0128  .0062

BLP RtMSE .0222 .0276 | .0324  .0199

N Bias  -.0046 -.0058 | -.0032 -.0056
SN RtMSE  .1917 .0630 | .2081  .0470

Bias .0035 .0020 | .0136 .0014
Note: 1. True parameter values in DGP: o = —10, S =1, uy = —2,
o =1, 01 =09 =.5and p=.5.
2. The distribution of random coefficient for the BLP estimator is
correctly specified.

Table 21: Monte Carlo Results: Misspecified Logit Errors
T=10 20 40
Evaluated at X’s Percentiles 10 25 50 75 90 10 25 50 5 90 10 25 50 75 90
True (RC Probit) | 1.24 .75 .15 .73 154 | 1.26 .69 .09 .72 157 | 125 .74 .06 .75 1.56
BLP (RC Logit) | 1.06 .57 .10 .57 1.11 | 1.02 .56 .07 .56 1.08 | 1.03 .56 .04 .58 1.11
SN-Para-GMM2 | 1.10 .60 .11 .59 1.15| 1.06 .58 .07 .59 1.13 | 1.07 .58 .05 .60 1.15
SN-III-GMM2 1.07 .59 .11 .59 1.15 | 1.03 .57 .07 .58 1.12 | 1.04 .57 .05 .60 1.14
Evaluated at Price’s Percentiles 10 25 50 75 90 10 25 50 75 90 10 25 50 75 90
True (RC Probit) | -3.00 -2.00 -.39 -1.78 -2.44|-3.03 -2.01 -25 -1.79 -2.62|-3.04 -2.00 -17 -1.92 -2.42
BLP (RC Logit) | -3.42 -1.92 -31 -1.56 -2.66 |-3.41 -1.88 -20 -1.55 -2.63|-3.44 -1.90 -.14 -1.56 -2.64
SN-Para-GMM2 | -3.50 -1.97 -.32 -1.56 -2.63 |-3.48 -1.92 -20 -1.55 -2.60 |-3.53 -1.94 -.14 -1.57 -2.61
SN-III-GMM2 | -3.45 -2.03 -32 -1.58 -2.71|-3.48 -2.01 -20 -1.56 -2.68 |-3.53 -2.03 -.14 -1.57 -2.70
Note: 1. The DGP is the same as “Design I: F? is Normal”, except that logit errors are replaced by probit errors (normally distributed).
2. Here J =10, k; =¢; =3, and M is 3, 4, 5 for T' = 10, 20, 40, respectively.
3. “True” elasticities are computed using numerical derivatives because there is no closed-form formula for elasticities in the probit model.

X-Elasticity

Price-Elasticity

S4.5 Computational Time Comparison

Table 22 documents the average computational time (across repetitions) for the baseline
Monte Carlo results in Subsection 5.3.1. Though different repetitions are run by different
computational nodes (in a cloud environment) with different specifications (e.g., CPU,
memory), the average computational time across repetitions is still informative about the
relative computational burdens of different estimators. Compared to the BLP estimator, the
SN-Para-GMM2, which has the same model specification as BLP, is much faster because of
the avoidance of demand inversion. The SN-III-GMM?2 is, as expected, slower because it
involves more parameters due to the non-parametric specification of the random coefficient

density. The BLP estimator with the same non-parametric specifications of the random
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coefficient is computationally prohibitive given our computational resources for the purpose

of Monte Carlo simulations.

Table 22: Computational Time Comparison

T =10 20 40
Estimator J=25 50 100 25 50 100 25 50 100
BLP 5.77  12.62 2482 1290 23.03 5824 2434 4432 105.16
SN 1st Step .10 15 .20 A8 .25 42 .53 93 2.08

SN-Para-GMM2  2.00 450 838 452 8.07 1569  8.40 13.55 26.29
SN-III-GMM?2 1278 37.87 135.37 44.83 127.99 397.85 133.98 337.51 984.67
Note: This table documents the computational time (in seconds) based on the simulations of “Design I: F? is
Normal” and the reported numbers are the averages across repetitions performed on different computational
nodes in a cloud environment. The nodes differ in specifications and typically have at least 1 CPU, 2G

memory, and 8G disk space.

SN 2nd Step

S5 Empirical Application to China’s Auto Market

Now we apply our estimator to the Chinese auto market, where the data structure is
quite different from the BLP auto application. In particular, we use data in one year,
2014, and markets are defined geographically, i.e., by province. A product is defined as a
model-displacement pair, e.g., Accord 2.4L. The observables, price, quantity, and product
characteristics, are similar to the BLP auto data, and there are in total 32 markets and on
average each market has 864 products. Table 24 provides some summary statistics of the
data for some provinces.

The data differs from BLP auto data in an important aspect: price and other characteristics
do not vary across markets. So the only variation across markets comes from product
compositions. This is not a concern here because our identification results depend only on
variations within instead of across markets.

We present the estimation results in Table 24, which has the same structure as Table
11 in the main context. Note that BLP and SN estimators both yield an estimate of the

standard deviation of random coefficient that is very close to zero.?” Hence, with the current

25In this application, we treat price as an exogenous variable and thus do not use IVs. The main reason
is that even the simple logit IV regression with standard BLP IVs yields an unreasonable, positive price
coefficient. Moreover, finding better IVs, which is a non-trivial task, is not our focus of this empirical
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Table 23: Summary Statistics for Selected Markets

Market No. of HH  Sales Price Horsepower Weight Liters/100KM  Size
(Province) (K) (K) (K CNY) (KW) (KG) (M?3)
Shanghai 8,251 2,314 189 112 1471 7.51 12.86

Yunnan 12,355 6,952 123 96 1347 7.08 12.54
Neimenggu 8,176 3,956 128 95 1328 7.06 12.26

Beijing 6,680 3,941 192 113 1480 7.52 12.96

Jilin 9,002 5,480 128 94 1329 7.04 12.27

Sichuan 25,802 10,453 135 98 1360 7.10 12.47

Tianjin 3,662 1,522 144 99 1348 7.08 12.29

Ningxia 1,842 674 128 97 1361 7.22 12.56

Anhui 18,308 7,592 126 96 1351 7.09 12.48
Shandong 30,105 28,541 113 91 1293 6.87 12.13

Note: All the product characteristics (including price) are quantity-weighted averages.

sample and model specification, both BLP and SN estimators yield the logit outcome, which

means that there is little preference heterogeneity on price.

26

Table 24: China Auto Market: 2014 Data

BLP SN
Fixed Coeflicient Logit RC-Logit
HP /Weight (1 .33 .26 .35
/Weight (log) (.15) (.16) (.15)
Size (log) 6.12 6.01 6.19
(:23) (:24) (:24)
Liters per 100km (log) —431 —434  —4.28
(.16) (.17) (.16)
Brand Dummy Yes Yes Yes
R.C. on Price (Log)
Mean —1.39 —1.34 -1.33
(.08) (.10)
Std. Dev. - .000 .001
(3.33)
Ave. No. of Prod. per Mkt. 864.26
No. of Mkt. 31

exercise, so we proceed by treating price as exogenous.

26Tn this case, the price elasticities/substitution pattern exhibit ITA property, which are not particularly
interesting, so we do not show these results.
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S6 Distribution of log(s;:/sy) as J Grows

In this section, we plot the histograms of log ratio log(s;:/so:) for different J’s based on the
DGP of our baseline Monte Carlo simulation design with one normally distributed random
coeflicient in Section 5.3.1. The histograms show that the distribution of log(s;;/s¢:) remains
stable as J increases, suggesting that s;; and sy, converge to zero at about the same rate.

Figure 3: Histograms of log(s;¢/so) for Different J's

=5 J=25 £ 50aaqn
T T T T T T T T T T T T

\og(s/so)

S7 A Simple Example of Estimating A Random Location

Since the idea of estimating a random parameter is unconventional, to illustrate the usefulness
of it in the simplest setting possible, we now strip away all the complications of the demand
model and present a simple example of location estimation.

Let & :7=1,...,J beiid. draws from a distribution F', and E[¢;] = 0. For any sample
size J, let

Y;=0,+¢& 7=1,...,J,
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where 6; = sign (ijl (b(fj)) for some unknown (deterministic) function ¢(-). In this model,
f; is a random parameter. In general, it does not even have a deterministic limit as J — oo.
How do we estimate 6; based on the data set {Y;1,...,Y;;}?

We propose the estimator 0, =J1 Z;.Izl Y;; . This estimator is consistent:
0, —60,] 2 0,a8 J — oo,

as long as F|[|&;|] < oco. This is simply because

J

Ty (Yo = 0y)

J=1

10, — 0, =

where the convergence holds by LLN.

Note that the consistency argument does not require 6; to converge to a deterministic
limit. Neither does it require J—* ijl ¢(&;) to converge to a deterministic limit. In fact,
it imposes no restriction on ¢(-) at all. The sign function defining #; may also be replaced
with any finite valued function. The only things that are important are that 6; does not

vary with J and is additively separable from ;.
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