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Abstract

This paper studies the problem of specification testing in partially identified models defined by mo-
ment (in)equalities. This problem has not been directly addressed in the literature, although several
papers have suggested a test based on checking whether confidence sets for the parameters of interest
are empty or not, referred to as Test BP. We propose two new specification tests, denoted Test RS and
Test RC, that achieve uniform asymptotic size control and dominate Test BP in terms of power in any
finite sample and in the asymptotic limit.
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1 Introduction

This paper studies the problem of specification testing in partially identified models defined by a finite
number of moment equalities and inequalities (henceforth, referred to as (in)equalities). The model can be
written as follows. For a parameter vector (0, F'), where 6 € © is a finite dimensional parameter of interest
and F' denotes the distribution of the observed data, the model states that

Eplm;j(W;,0)] >0for j=1,....p,
Ep[mj(Wi,G)]:Oforj:p—i—l,...,k;, (1.1)

where {W;}"_, is an i.i.d. sequence of random variables with distribution F and m : R? x © — R is a known
measurable function. This model is partially identified because the sampling process and the maintained
assumptions (that is, Eq. (1.1) together with regularity conditions) restrict the value of the parameter of
interest 6 to a set, called the identified set, which is smaller than © but potentially larger than a single point.

The model is said to be correctly specified (or statistically adequate) when the moment (in)equalities
hold for at least one parameter value, i.e., when the identified set is non-empty.! A specification test takes
correct specification of the model as the null hypothesis and rejects if the data seem to be inconsistent
with it. Specification tests for partially identified models have been studied by a small number of authors
(reviewed below), but the only existent test applicable to the general specification of Eq. (1.1) is the one
based on checking whether a confidence set for 6 is empty or not. We refer to this procedure as “Test BP”,

to emphasize that it is a by-product of confidence sets for 8, and describe it formally in the next section.

In this paper, we propose two new specification tests for the model above and show that they have
the following properties. First, our tests achieve uniform size control, just like Test BP. Second, our tests
dominate Test BP in terms of power in any finite sample and in the asymptotic limit. Specifically, our tests
have more or equal power than Test BP in all finite samples, and there are sequences of local alternative

hypotheses for which our tests have strictly higher asymptotic power.

Both of our tests use the same “infimum” test statistic infgee Qn(6), where @, () is the criterion function
typically used to construct confidence sets for 6, much in the spirit of the popular J-test in (point-identified)
GMM models (see Remark 4.1). The difference between them lies in the critical value used to implement the
test. Computing one of these critical values requires little additional work beyond the computation involved
in the confidence set construction, just like in Test BP. We therefore always recommend the use of this test,
as it attains better power at almost no additional cost. On the other hand, our second test has even better
power, but it requires a separate resampling procedure to implement. For this reason, we recommend its use

when one has serious interest in the statistical adequacy of the model.?

From a methodological point of view, there are two aspects of our paper worth highlighting. First, we
derive the limiting distribution of the “infimum” test statistic under drifting sequences of data distributions
and provide two methods to approximate its quantiles. To the best of our knowledge, we are the first ones
to obtain these kinds of results in partially identified moment (in)equality models. These methodological
contributions are relevant in problems that go well beyond specification testing. For example, Bugni et al.
(2014) show that hypothesis tests based on the “infimum” test statistic can be adapted to address a large class

of interesting new problems, which includes inference on a particular coordinate of a multivariate parameter

IThe concept of statistical adequacy was introduced by Koopmans (1937) and referred to as the Fisher’s axiom of correct
specification. The discussion of the importance of a correct specification for inference purposes dates back to Haavelmo (1944).

21t is worth pointing out that a version of our second test has been used in Gandhi et al. (2013), with p = 401 and a
parameter 6 with more than 20 coordinates, which illustrates the feasibility of this test in real scale applications.



0. Second, the asymptotic framework we use is one where the tuning parameter k, that determines if a
moment inequality is binding, diverges to infinity at an appropriate rate, c.f. Andrews and Soares (2010).
In this framework, the arguably best possible implementation of Test BP is the one we use, see Definition
2.4. Recent contributions to the literature have used an alternative asymptotic framework where this tuning
parameter k,, converges to a constant k < oo that affects the limiting distribution, see Andrews and Barwick
(2012), Romano et al. (2014), and McCloskey (2014). One could potentially use these methods to define
another version of Test BP, and then study the behavior of our tests using fixed-x asymptotics. We do not

pursue this strategy as it involves technical tools that are well beyond those developed here.?

The motivation behind our interest in misspecified models stems from the view that most econometric
models are only approximations to the underlying phenomenon of interest. This is also the case for par-
tially identified models, where strong and usually unrealistic assumptions are replaced by weaker and more
credible ones (see, e.g., Manski, 1989, 2003). In other words, the partial identification approach to inference
allows the researcher to conduct inference on the parameter of interest without imposing assumptions on
certain fundamental aspects of the model, typically related to the behavior of economic agents. Still, for
computational or analytical convenience, the researcher has to impose certain other assumptions, that are
typically related to functional forms or distributional assumptions.* If these assumptions are not supported
by the data, and so the model is misspecified, the resulting statistical inferences are usually invalid (see, e.g.,
Ponomareva and Tamer, 2011; Bugni, Canay, and Guggenberger, 2012).

Specification tests for partially identified models have been studied in Guggenberger, Hahn, and Kim
(2008), Romano and Shaikh (2008), Andrews and Guggenberger (2009), Andrews and Soares (2010), and
Santos (2012). Guggenberger et al. (2008) propose to transform a linear moment (in)equality model into a
dual form that does not involve parameters and, in this way, eliminate the partial-identification problem.
Innovative as it is, their approach only applies to linear models and is not practical when the dimension of
the parameter is large because the dimension of the dual form grows exponentially with the dimension of the
parameters. Santos (2012) defines specification tests in a partially identified non-parametric instrumental
variable model and, thus, his results are not directly applicable to the model in Eq. (1.1). To the best of
our knowledge, the only valid specification test for the model in Eq. (1.1) that has been described in the
literature is Test BP. This specification test has been proposed by Romano and Shaikh (2008, Remark 3.7),
Andrews and Guggenberger (2009, Section 7), and Andrews and Soares (2010, Section 5).°

It is worth mentioning that the specification tests we propose in this paper are a type of omnibus tests, in
the sense that the specific structure of certain nonparametric alternatives is unknown. However, a partially
identified model is typically the result of removing undesirable restrictions in a certain point identified
model. As a consequence, refuting the partially identified model leaves the researcher with a reduced set
of assumptions that could potentially be wrong. In addition, in some cases testing the specification of a
partially identified model can be analogous to directly testing an interesting economic behavior. For example,
Kitamura and Stoye (2012) recently proposed a specification test for the Axiom of Revealed Stochastic
Preference that shares similarities to our specification tests. In their case, rejecting the specification of
the model through their non-parametric test directly means rejection of the Axiom of Revealed Stochastic
Preferences. We note, however, that there are substantial differences between our approach and that in
Kitamura and Stoye (2012) in terms of the nature of the model, the construction of the test statistic, and

the range of applications in which each of these tests can be applied.

3For example, all tests would suffer from asymptotic size distortion and size correction would be needed.

4See Manski (2003) and Tamer (2003) for a discussion on the role of different assumptions and partial identification.

51t is important to clarify that Test BP was conceived by papers whose main objective was the construction of confidence
sets and not the design of a specification test. In addition, Test BP has some robustness properties, see Remark 6.7.



The rest of the paper is organized as follows. Section 2 introduces the basic notation we use in our formal
analysis and describes the aforementioned Test BP. The tests proposed in this paper compare a test statistic
with a critical value. Section 3 introduces our test statistic. The description of our tests is then completed
by introducing appropriate critical values that are presented in the succeeding sections. Section 4 describes a
critical value based on the asymptotic approximation or bootstrap approximation of the limiting distribution
of the test statistic. We call this test the re-sampling test or “Test RS”. Section 5 describes a critical value
that is based on recycling critical values that have already been considered in the literature. We call this
test the re-cycling test or “Test RC”. Section 6 compares the asymptotic size and power of the new tests we
propose and the existing test, Test BP. Finally, Section 7 presents evidence from Monte Carlo simulations
and Section 8 concludes. The Appendix includes all of the proofs of the paper and several intermediate
results. Finally, throughout the paper we divide the assumptions in two groups: maintained assumptions
indexed by the letter M (to denote the assumptions that have been already assumed by the literature) and
regular assumptions indexed by the letter A (to denote the assumptions that introduced by this paper).

2 Framework

The objective of our inferential procedure is to test whether the moment conditions in Eq. (1.1) are valid or
not for at least one parameter value, while maintaining a set of regularity conditions that we use to derive
uniform asymptotic statements. We assume throughout the paper that F', the distribution of the observed
data, belongs to a baseline probability space that we define below. Given this baseline space, we define an
appropriate subset where the null hypothesis holds, denoted null probability space. These two spaces are
the main pieces in the description of our testing problem. We then introduce more technical assumptions in
Section 3 before presenting the main results. The next three definitions provide the basic framework of our

problem.

Definition 2.1 (Baseline Probability Space). The baseline space of probability distributions, denoted by
P =P(a, M, V), is the set of distributions F' such that for some 6 € O, (6, F') satisfies:

(i) {W;}, are i.i.d. under F,
(i) o%ﬁj(ﬁ) = Varp(m;(W;,0)) € (0,00), for j =1,...,k,
(iii) Corrp(m(W;,0)) € U,

(iv) Ep[lm;(Wi,0)/or; ()T < M,

where W is a specified closed set of k x k correlation matrices®, and M and a are fixed positive constants.

Definition 2.2 (Null Probability Space). The null space of probability measures, denoted by Py = Py(a, M, ¥),
is the set of distributions F' such that for some 6 € O, (0, F) satisfies:

e Conditions (i)-(iv) in Definition 2.1,
(v) Ep[m;(W;,0)] 2 0for j=1,...,p,

(Vi) EF[mJ(Wz,G)] =0forj=p+1,...,k,

6See Andrews and Soares (2010) or Bugni et al. (2012) for a description of the parameter space W.



where ¥, M, and a are as in Definition 2.1.

Definition 2.3 (Identified Set). For any distribution F' € P, the corresponding identified set ©;(F) is the
set of parameters 6 € © such that (0, F) satisfies the moment (in)equalities in Eq. (1.1) or, equivalently,
conditions (v)-(vi) in Definition 2.2.

We can now use these definitions to describe the null and alternative hypothesis of our test in a concise

way. Under the maintained hypothesis that F' € P, our objective is to conduct the following hypothesis test,

Hy:FePy vs. H: F ¢ Po - (21)

By Definitions 2.2 and 2.3, it follows that F' € Py if and only if ©;(F) # (), and thus the hypotheses in Eq.

(2.1) can be alternatively expressed as
Hy:01(F)#0 vs. H :01(F)=0, (2.2)

which is a convenient representation to characterize the existing test, Test BP, in the next subsection.

To test the hypothesis in Eq. (2.1), we use ¢, to denote a non-randomized test that maps data into a
binary decision, where ¢, = 1 (¢, = 0) denotes rejection (non-rejection) of the null hypothesis. The exact

size of the test ¢, is given by suppep, Er[¢,], while the asymptotic size is

AsySz = limsup sup Er[¢,] . (2.3)

n—oo FEPy
Given a significance level o € (0, 1), the test is said to be asymptotically level « if AsySz < a and is said
to be asymptotically size a or asymptotically size correct if AsySz = a. In order to adequately capture the
finite sample behavior, the recent literature on inference in partially identified models has emphasized the

importance that hypothesis tests satisfy AsySz < « rather than pointwise requirement

limsup Ep[p,] <a, VF€P.

n—oo
See, e.g., Imbens and Manski (2004), Romano and Shaikh (2008), Andrews and Guggenberger (2009), An-
drews and Soares (2010), and Mikusheva (2010).

2.1 The existent specification test

This section formally introduces Test BP, which is currently used by the literature as the specification test
in partially identified models. As we have already explained, this test arises as a by-product of confidence
sets for partially identified parameters and has been described in Romano and Shaikh (2008, Remark 3.7),
Andrews and Guggenberger (2009, Section 7), and Andrews and Soares (2010, Section 5). Before describing
this test, we need additional notation.

All the specification tests that this paper considers build upon the criterion function approach developed
by Chernozhukov, Hong, and Tamer (2007). In this approach, we define a non-negative function of the

parameter space, QF : © — R, referred to as population criterion function, with the property that

Qr(0) =0 <= 0eco(F). (2.4)



As the notation suggests, Qr(6) depends on the unknown probability distribution F' € P and, thus, it is
unknown. We therefore use a sample criterion function, denoted by @,, that approximates the population
criterion function and can be used for inference. In the context of the moment (in)equality model in Eq.
(1.1), it is convenient to consider criterion functions that are specified as follows (see, e.g., Andrews and

Guggenberger, 2009; Andrews and Soares, 2010; Bugni et al., 2012),
Qr(0) = S(Ep[m(W,0)],Xr(0)) , (2.5)

where Yp(0) = Varp(m(W,0)) and S : ]R][”Jroo] x RF=P x ¥ — R, is the test function specified by the
econometrician that needs to satisfy several regularity assumptions.” The (properly scaled) sample analogue

criterion function is given by

Qn(0) = S(v/nimn (60), 3n(0)) , (2:6)
where M, (0) = (Mp1(0),...,Mnk(8)), My (0) = n= 130 m;(W;,0) for j = 1,...,k, and $,.(0) is a

consistent estimator of Xz (6). A natural choice for this estimator is

n

Sn(0) =0 (m(W;,0) — mn(0))(m(W;, 0) — mn (6))" . (2.7)

i=1

Using this notation, we can now define a generic 1 — a confidence set for 6 as
CS,(1—a)={0€0:Q,00) <é&0,1—a)}, (2.8)
where ¢é,(0,1 — a) is such that CS,, (1 — o) has the correct asymptotic coverage, i.e.,

liminf inf Pr(@eCS,(1—-a))>1-a, (2.9)
n—oo (6,F)eFy

where Fy denotes the set of parameters (6, F') that satisfy the conditions in Definition 2.2.

Confidence sets that have the structure in Eq. (2.8) and satisfy Eq. (2.9) have been proposed by Romano
and Shaikh (2008); Andrews and Guggenberger (2009); Andrews and Soares (2010); Canay (2010); and
Bugni (2010), among others. In particular, Andrews and Soares (2010) consider confidence sets using plug-
in asymptotics, subsampling, or generalized moment selection (GMS), and show that all of these methods
satisfy Eq. (2.9). We are now ready to define Test BP.

Definition 2.4 (Test BP). Let CS,,(1—«) be a confidence set for 6 that satisfies Eq. (2.9). The specification
Test BP rejects the null hypothesis in Eq. (2.1) according to the following rejection rule

#EP =1{CS, (1 — a) = 0} . (2.10)

Given Eq. (2.9), it follows that Test BP is asymptotically level a (see Theorem C.2 in the Appendix).
However, as pointed out in Andrews and Guggenberger (2009) and Andrews and Soares (2010), this test is
admittedly conservative, i.e., its asymptotic size may be strictly smaller than «. Although it has not been
formally established in the literature, one might also suspect that this test suffers from low (asymptotic)
power. Our formal analysis shows that Test BP can have strictly less power than the new specification tests

developed in this paper.

7See Assumptions M.4-M.8 in the Appendix for these regularity conditions. Two popular functions that satisfy these
conditions are the Modified Method of Moments (MMM) and the Quasi-Likelihood ratio (QLR), see Andrews and Guggenberger
(2009).



Definition 2.4 shows that Test BP depends on the confidence set C'S,,(1 — «). It follows that Test BP
inherits its size and power properties from the properties of C'S,,(1 — ), and these properties in turn depend
on the particular choice of test statistic and critical value used in its construction. All the tests we consider in
this paper are functions of the sample criterion function defined in Eq. (2.6) and therefore their relative power
properties do not depend on the choice of the particular function S(-). However, the relative performance
of Test BP with respect to the two tests we propose in this paper does depend on the choice of critical
value used in the construction of C'S,, (1 — «). Bugni (2010, 2014) shows that GMS tests have more accurate
asymptotic size than subsampling tests. Andrews and Soares (2010) show that GMS tests are more powerful
than Plug-in asymptotics or subsampling tests. This means that, asymptotically, Test BP implemented
with a GMS confidence set will be less conservative and more powerful than the analogous test implemented
with Plug-in asymptotics or subsampling. Since our objective is to propose new specification tests on the
grounds of better asymptotic size control and asymptotic power improvements, we adopt the GMS version
of the specification test in Definition 2.4 as the “benchmark version” of Test BP. This is summarized in the

following assumption, maintained throughout the paper.

Assumption M.1. Test BP is computed using the GMS approach in Andrews and Soares (2010). In other
words, ¢BF in Eq. (2.10) is based on

CSp(1—a)={0€0:Qu0) <én(0,1-a)}, (2.11)

where é,(6,1 — «) is the GMS critical value constructed using a function ¢ and a positive thresholding
sequence {k, },>1 satisfying &, — oo and k,//n — 0.

We conclude this section by presenting a simple example that illustrates how the identified set can be
empty under misspecification. The example is also used in Section 7, as it captures the types of situations

where there are power gains of implementing the specification tests we propose.

Example 2.1 (Missing Data). The economic model states that the true parameters (0, F') satisfy
EplY|X =z =H(x,0) VzeSx, (2.12)

where H is a known continuous function specified by the researcher and Sy = {xl}ldil is the (finite) support
of X. As there is missing data on Y, we let Z denote the binary variable that takes value of one if Y is
observed and zero if Y is missing. Conditional on X = z, Y has logical lower and upper bounds given by
Yr(x) and Yi(z), respectively. The observed data are {W;}? ,, where Vi = 1,...,n, W; = (Y;Z;,Z;, X;).
The model in Eq. (2.12) therefore results in the following moment inequalities for [ = 1,...,d,:

EF [mLL(W, 0)]
Ep[mn(W,0)]

EF[(H(xl,H) -YZ— YL(JZZ)(]. - Z))l{X = l‘l}] Z 0 ;
Erl(YZ +Y(a)(1 — Z) — Hlz, 0)1{X = 21}] > 0. (2.13)

We now choose a simple parametrization that we can use in our Monte Carlo simulations. Suppose that
Sx = {(1,0,0),(-1,0,1),(0,1,0)}, that Y represents a non-negative outcome variable without an upper
bound, i.e., Yz (z) = 0 and Yy (z) = oo, that H is the linear model H(x,0) = 2’0, § = (61,02,1), and that
there are missing data for all covariate values, i.e., P(Z = 1|X = 2;) < 1 VI = 1,2,3. In this context, Eq.
(2.13) is equivalent to

EF[mLL(W,H)] = EF[(91 — YZ)l{X = Jil}] > 0 5



Er[ma, (W, 0)]
Er[ms ,(W,0)]

Ep[(1-6 - YZ){X =22} >0,
Enl(6s— YZ)1{X = 23)] > 0. (2.14)

It is straightforward to show that for any distribution F' € P, the identified set O;(F') is given by

(2.15)

Or(F) = {(91,92) €0: { 0y € [Ep[YZ|X =z, Ep[l =Y Z|X = x]], }}

It follows that this model is strictly partially identified (i.e. if ©;(F') is non-empty, it is not a singleton) and
it is correctly specified (i.e. ©7(F) is non-empty) if and only if Ep[YZ|X = 21] < Ep[l1 =Y Z|X =a5]. O

3 The new test statistic

The specification tests we present in this paper use the natural test statistic for specification testing, namely,
the infimum of the sample criterion function @,,(6) defined in Eq. (2.6). The justification for this test statistic
follows immediately from the following two mild assumptions which we maintain throughout the paper.

Assumption M.2. O is a nonempty and compact subset of R% (dy < 00).

Assumption M.3. For any F' € P, Qr is a lower semi-continuous function.

Under Assumptions M.2 and M.3, the population criterion function achieves a minimum value in ©. This

minimum value is zero when the identified set is non-empty. More precisely, infpce @#(6) > 0 and

nfQr(B) =0 > O1(F)#£0. (3.1)

It then follows that the hypotheses in Eq. (2.1) can be re-written as

Hy: eirel(gQF(H) =0 vs. Hi: GigéQF(Q) >0. (3.2)

Based on this formulation of the problem, it is natural to suggest implementing the test using the infimum

of the sample analogue criterion function as a test statistic, i.e.,
T, = inf Q,(0) . 3.3
" 9169 n(0) (3:3)

In particular, the specification of the model should be rejected whenever the test statistic exceeds a certain

critical value. This leads to the following hypothesis testing procedure.

Definition 3.1 (New Specification Test). The new specification test rejects the null hypothesis in Eq. (2.1)
according to the following rejection rule

O =1{T, > én(l— )}, (3.4)

where T, is as in Eq. (3.3) and é,(1 — «) is an approximation to the (1 — «)-quantile of the asymptotic
distribution of T;,.



In order to make the test in Definition 3.1 feasible, we need to specify the critical value é,(1 — ). The
challenging part of our analysis is to propose a critical value in Eq. (3.4) that results in a test that: (a)
controls asymptotic size, (b) has superior power properties, and (c) is amenable to computation. We propose
two critical values that result in two hypothesis tests that satisfy these requirements. The first critical value is
based on an approximation of the distribution of the test statistic under the null hypothesis using resampling
methods. This critical value gives rise to “Test RS”. The second critical value is based on “recycling” GMS
critical values described in the previous section. This critical value gives rise to “Test RC”. We describe each
of these tests in the next two sections.

Before introducing the new tests, it is convenient to first derive the asymptotic distribution of infgcg Q. (0)

along (relevant) sequences of data generating processes {F), }n>1.

Assumption A.1. For every F € Pand j =1,...,k, {UE)E(G)ijﬂ) : W — R} is a measurable class of
functions indexed by 6 € ©.

Assumption A.2. The empirical process v, () with j-component

vw»(H) :n_l/QUE);(H)Z(m]‘(Wi,Q) —Ep[mj(Wi,G)]), j = 1,...,]€ y (35)

i=1

is asymptotically pp-equicontinuous uniformly in F' € P in the sense of van der Vaart and Wellner (1996,
page 169). This is, for any € > 0,

lim lim sup sup Pj sup  |[vn(0) — v, (8)]| > ] =0,
00 n—oo FeP pr(0,0)<8

where Pj denotes outer probability and pr denotes the coordinate-wise version of the intrinsic variance
semimetric (see Eq. (A-2) in Appendix A for details).

Assumption A.3. For some constant a > 0 and all j =1,...,k,
m; (W, 0) >+
sup Er |sup |[——-~ < 00 .
FeP veo | or,;(0)

Assumption A.4. For any F' € P and 0,0’ € O, let QF (6,0) be a k x k correlation matrix with typical

[71, jo]-component

QF (9, 9/)[j1,j2] = EF |:(mj1 (W79)_EF [mj1 (er)}) <mj2 (W79/)_EF [mj2 (erl)] ):| .

o5, (0) oF,j5(0)

The matrix Q satisfies
lim sup sup ||QF (601,07) — QF (02,05)] =0 .

01| (01.07)— (0.03) | <8 <P

Assumption A.1 is a mild measurability condition. In fact, the kind of uniform laws large numbers we

need for our analysis would not hold without this basic requirement (see van der Vaart and Wellner, 1996,



page 110). Assumption A.2 is a uniform stochastic equicontinuity assumption which, in combination with the
other three assumptions, is used to show that, the class of functions {a;é @)m;(-,0) W =R} j=1,...,k
is Donsker and pre-Gaussian uniformly in F' € P (see Lemma D.2 and van der Vaart and Wellner (1996,
Theorem 2.8.2)). For interpretable sufficient conditions for uniform stochastic equicontinuity, consider the
uniform version of Examples 19.6-19.11 in van der Vaart (1998). Assumption A.3 provides a uniform (in F'
and ) envelope function that satisfies a uniform integrability condition. This is essential to obtain uniform
versions of the laws of large numbers and central limit theorems. Finally, Assumption A.4 requires the
correlation matrices to be uniformly equicontinuous, which is used to show pre-Gaussianity. This condition
implies that the Euclidean metric for  is uniformly stronger than the variance semimetric (see van der Vaart

and Wellner, 1996, problem 3, page 93).

The next theorem derives the limit distribution of our test statistic under the above assumptions. In
the theorem, we let C(0?) denote the space of continuous functions that map ©2 to ¥, and S(© x Rfioo])
denote the space of compact subsets of the metric space (0 x Rf“ioo],d()), where d(-) is the metric defined

in Appendix A, Eq. (A-1). We use the symbols — and X to denote uniform convergence and convergence
in Hausdorff distance (see Appendix A). Finally, we let Dp(0) = Diag(Xr(6)) and

Anp = {(e,z) €O x RF - 0 = /nDF () Ep[m(W, 9)]} . (3.6)

Theorem 3.1. Let Assumptions A.1-A.4 hold. Let {F,},>1 be a (sub)sequence of distributions such that
for some (Q,A) € C(0?) x S(O x Rf“ioo]), (i) F, € Py for alln € N, (ii) Qp, (0,0") % Q(6,0'), and (iii)

A, H A, Then, along the (sub)sequence {Fy,}n>1,

T, % JAQ) = inf S(va(0)+£,9Q0,0)), (3.7)
(0,0)eA

where v : © — R¥ is a RF-valued tight Gaussian process with covariance (correlation) kernel € C(632).

Theorem 3.1 gives the asymptotic distribution of our test statistic under a (sub)sequence of distributions
that satisfies certain properties. It turns out that these types of (sub)sequences are the relevant ones to

determine the asymptotic size of our tests (see Appendix C for additional details).

Having an expression for J(A, ), our goal is to construct feasible critical values that asymptotically
approximate the 1 — o quantile of this distribution, denoted by c(;_q)(A,€2). This requires approximating
the limiting set A and the limiting correlation function 2. The limiting correlation function can be estimated
using standard methods. On the other hand, the approximation of A is non-standard and presents novel

difficulties. In the next sections we propose two approaches to circumvent these challenges.

4 Test RS: Re-Sampling

The critical value of Test RS is based on directly approximating the quantiles of J(A, Q). The main challenge
in approximating these quantiles lies in the approximation of the set A which, by definition, is composed of

the cluster points of the sequences of the form
{ (0n, VDE*(0.) Er, [m(W,0,)] ) }uz1 - (4.1)

Notice that the second component in Eq. (4.1) represents the slackness parameter for the moment (in)equalities.



Approximating the limiting behavior of these sequences presents two main difficulties. The first one is
a typical problem in this literature: approximating the slackness parameter for the moment inequalities.
This problem has been described by Andrews and Soares (2010), which argues that the limit of the slack-
ness parameter cannot be uniformly consistently estimated at a suitable rate of convergence. Their paper
overcomes this problem by proposing the GMS method. The idea of this method is to take advantage of
the monotonicity of the test function and replacing the slackness parameter with a function of the following

sample measure of slackness

gn,j(an) = N;I\/ﬁé—;é(en)mn,j(gn), fOI‘j =1,...,p, (42)

where {£,}n>1 is a thresholding sequence that satisfies x,, — oo and &, //n — 0.

In their GMS approximation, Andrews and Soares (2010) consider sequences of {(6,,, F},) }n>1 that are (a)
deterministic and (b) such that 6,, € ©;(F,) for all n € N. While these are sequences are suitable for their
GMS approximation, they prove to be insufficient for our analysis. To be more precise, the second difficulty
in approximating the limit of the sequences in Eq. (4.1) is that, by the nature of our test statistic, we are
specifically interested in sequences for which 6,, is the infimum of @,,(#) over ©. This requires us to consider
sequences of {(6,, F,)}n>1 that are (a) random and (b) such that 6, € ©/0;(F),) for some n € N. This
second difficulty is completely novel to this paper and cannot be addressed by the approximation methods

currently available in the literature.

Despite the aforementioned difficulties, we show that one can approximate the quantiles of J(£2, A) much
in the spirit of the resampling GMS procedure in Andrews and Soares (2010), provided that the relevant
values of @ are restricted to the argmin set of @, (0). The role of the restriction is to guarantee that the

resampling procedure does not consider excessive violations of the sample moment (in)equalities.

Definition 4.1. For T, as in Eq. (3.3), the approximation to the identified set is given by

O;={0ec0:Q.00)<T,}. (4.3)

By definition, Oy is the argmin set of @, (6), which is non-empty. As in other M-estimation problems,
it is not necessary to impose that ©; is the set of exact minimizers of @, (6). This set could be replaced
with an “approximate” set of minimizers, i.e., ©; = {# € O : Qu(f) < Ty, + 0,(1)}, without affecting our
results. In addition, it is important to note that ©; does not coincide with the consistent estimator of © 1(F)
proposed in Chernozhukov et al. (2007, see p. 1247 and Theorem 3.1). In fact, O is not generally consistent
for ©;(F) in the Hausdorff distance, which is not a problem in our setting. All we need is for O; to lie in
the expansion of ©;(F) specified in Definition 4.3 below.

Now we can define the resampling test statistic that we use to construct an approximation to c(1_q)(A, ).
In order to do this, let ,(0) = b;l/Q(G)in (9)ﬁ,§1/2(0)7 where D,,(0) = Diag(3,()) and 3,,(6) is as in Eq.
(2.7). In addition, let {9} (0) : 6 € O} be a stochastic process indexed by 6, whose conditional distribution
given the original sample is known and can be simulated. For example, this can be done via a bootstrap

approximation, in which case
0n(0) = —= > DM2(0)(m(W7,0) — ma(0)) (4.4)

where {W}*_, is an i.i.d. sample drawn with replacement from original sample {W;}_,, or via an asymptotic
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approximation, in which case
. 1~ A _
i=1

and {¢;}7; is an i.i.d. sample satisfying ¢; ~ N(0,1). Now consider the following test statistic

To = inf S30) +e(€a(6). ,(0)), 20 (6) (16)
0cO;

and &, (0) = {&n,;(0) /-, with &, ;(0) is as in Eq. (4.2), and ¢ = (41, .-, ¥p, 0k—p)’ € Rﬁ_oo] is the function
in Assumption M.1 that is assumed to satisfy the assumptions in Andrews and Soares (2010). Examples
of ¢ include ¢;(§,Q) = ocol{{; > 1} (with the convention that oco0 = 0), ¢;(§,Q) = max{{;,0}, and
0;(&,Q) =& for j =1,...,p (see Andrews and Soares, 2010, for other examples). Conditional on the
sample, the distribution of 7, is known and its quantiles can be approximated by Monte Carlo simulation.
This leads us to Test RS.

Definition 4.2 (Test RS). The specification Test RS rejects the null hypothesis in Eq. (2.1) according to
the following rejection rule
i = 1{T,>ef5(1-a)} (4.7)

where T, is as in Eq. (3.3) and ¢9(1 — a) is a resampling approximation to the (1 — a)-quantile of T7*.

Remark 4.1. In the special case of point identified moment equality models, Test RS reduces to a standard
J-test. In particular, if S(-) is the QLR test statistic it follows that T, = infgee nimy, (0) S, 1 (0)m,(6), so
that Test RS is a J-test implemented with Continuously Updating GMM and a bootstrapped critical value.

The following result shows that the test proposed in Definition 4.2 is asymptotically level correct.

Theorem 4.1. Let Assumptions A.1-A.7 hold. Then, for any o € (0,1),

limsup sup Er[¢F] < a . (4.8)
n—oo FEPy

Remark 4.2. Theorem 4.1 requires Assumption A.6 which is a high level assumption. In Lemma D.10
we show that Assumption A.8 is sufficient for Assumption A.6. Assumption A.8(a) states that Qp(0) can
be bounded below in a neighborhood of the identified set ©;(F') and so it corresponds to the polynomial
minorant condition in Chernozhukov et al. (2007, Egs. (4.1) and (4.5)). The convexity in Assumption A.8(b)
and the equicontinuity in Assumption A.8(c) are both used exclusively when applying the intermediate value
theorem in the proof of Lemma D.10. Assumption A.8 is certainly easier to interpret than Assumption A.6,
but it is mildly stronger.

In order to provide intuition for Theorem 4.1, it is convenient to re-write the test statistic 7, in a way
that facilitates comparisons with the set A, p defined in Eq. (3.6). This can be done by noting that

T = inf  S(8%(0) +€,00(0)) where A = {(e,z) 0eb;, (= w(fn(ﬁ),fln(ﬁ))} . (4.9)
(0,£)eAy,

*
n?

Test RS therefore consists in replacing the set A with the approximation A*, which is (generally) not
consistent for A. The important aspect here is that /A\:L restricts 0 € ©; as opposed to 8 € © in A, .

Since ¢;(-) > 0 for j =1,...,pand ¢;(-) =0 for j = p+1,...,k, using such random set in the definition
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of T guarantees that the (in)equality restrictions are not violated by much when evaluated at the 6 that
approximates the infimum in Eq. (4.6). This makes the function ¢(-) a valid replacement for £ and plays an
important role in establishing the consistency in level of our test. In fact, if we were to define the set f\;j with
O instead of © 1, we would not obtain a test that controls asymptotic size as in Theorem 4.1 for functions ¢
satisfying Assumption A.5. In other words, using a similar statistic to 7," but with an infimum over © (as

it is the case for the original test statistic) would not result in a valid asymptotic approximation.®

The result in Theorem 4.1 follows from arguments that use the following expansion of ©(F).

Definition 4.3. Let ©'%"(F) be defined as

Oy ™ (F) = {0 € ©: S(VnEp[m(W,0)],Sr(6)) <Ink,} .

Note that @5“ "n(F) is a non-random expansion of O;(F). Lemma D.13 in the appendix shows that,
asymptotically, our approximation of the identified set is included in this expansion uniformly over Py, i.e.,

lim inf Pp(6; COWF(F) = 1. (4.10)

n—oo F'ePy

Now consider an auxiliary random variable T:{, which is defined as 7)F but with A:‘L replaced by

{0.0:0 € O™ (F), £=¢"((0)]} . (4.11)

where ¢*(+) is a continuous function that satisfies p(-) < ¢*(-,Q) for all Q (see Assumption A.5). Notice that
Tf{ is a “hybrid” object in the sense that it depends both on the data sample and on unknown population
parameters. It is more convenience to work T;{ rather than T for the following reasons: (a) T; uses a
non-random set O “ (F,,) instead of the random set ©; and (b) the function ¢* is continuous and does not
depend on Qn(e), which is not necessarily the case for the original GMS function ¢. We denote by J*(A*, Q)

the conditional limiting distribution of T;, which is characterized in Theorem C.1 in the appendix.

Having defined these objects, Theorem 4.1 is the result of the following argument. We show first that
J(A,Q) < J(A",9Q) | (4.12)

meaning that, asymptotically, the quantiles of T}, could be approximated by the infeasible conditional quan-

tiles of T’ . Second, we note that Eq. (4.10) implies that, asymptotically,
T <Tr. (4.13)

This allows us to replace the infeasible conditional quantiles of T,’: with the feasible conditional quantiles of
Tx. In summary, Egs. (4.12) and (4.13) ensure that, asymptotically, the resampling approximation of the

~RS

(1 — a)-quantile of T¥, ¢°(1 — «), is a uniformly valid approximation to the (1 — a)-quantile of T},. From

this, the uniform asymptotic validity of Test RS follows.

Remark 4.3. The non-random expansion @11“ ®n(F,) is used in intermediate steps of the proof of Theorem
4.1 but is not needed to implement Test RS.

8We note that a special choice of the function ¢ can be shown to circumvent the problem and result in a test that controls
asymptotic size (see Bugni et al., 2014, Remark 2.2 for details). However, such function does not belong to the class of functions
considered in Andrews and Soares (2010) and thus not suitable for the type of power comparisons we study in this paper.
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Remark 4.4. The set in Eq. (4.11) assumes the existence of the function ¢*(-). This assumption is not
restrictive as it is satisfied for the functions ¢ () — o (-) described in Andrews and Soares (2010) and
Andrews and Barwick (2012) (see Remark B.1 in Appendix B).

Remark 4.5. To put the computational feasibility of Test RS into perspective, we compare it to the
computation of confidence sets for 6, a problem that the literature has become familiar with. Typically,
Test RS is easier than confidence set construction. To construct the confidence set as described in Section
2, one needs to compute &,(0,1 — «) for “enough” number of grid points on ©. This is generally considered
very difficult to do accurately unless © is low dimensional (3 dimensions or less). On the other hand, to
implement Test RS, the challenging part is to compute 7;" in Eq. (4.6) a large number of times (say, 1,000
times), each time for a different simulation draw of ¢} (-). Although this amounts to solving a minimization
problem accurately a large number of times, the task often is quite feasible because the objective functions

to be minimized often are well-behaved, especially for smooth versions of ¢(-).

5 Test RC: Re-Cycling existent critical values

In practice, the researcher often needs to compute the confidence set CS, (1 — a) for reasons other than
specification testing. In that case, it is reasonable to take the computation of the confidence set as given
when implementing a model specification test. From this perspective, Test BP becomes more attractive than
Test RS computation-wise because it is an immediate by-product of the confidence set construction. In this
section, we propose a new specification test that involves a simple transformation of exactly the same critical
values used for Test BP, therefore marginally increasing the computational effort. We call it the re-cycling
test or Test RC precisely for the reason that it recycles existing critical values. Even with such a simple

modification, Test RC presents power advantages over Test BP that we formalize in Section 6.

Definition 5.1 (Test RC). The specification Test RC rejects the null hypothesis in Eq. (2.1) according to
the following rejection rule
ot¢ = 1{T, >¢ef%(1-a)} , (5.1)

where T, is as in Eq. (3.3), ¢2€(1 — a) is given by

eRC(1—a) = inf &,(0,1—a), (5.2)
€O

where O is as in Eq. (4.3) and &,(0,1 — ) is the GMS critical value used by Test BP, see Assumption M.1.

Remark 5.1. Test BP requires computation of the sample criterion function @, (6) and the GMS quantile
én(0,1—a) for every § € ©. With this information in hand, it is relatively easy to compute the approximation

to the identified set ©;. Thus, relative to Test BP, implementing Test RC requires little additional work.

Remark 5.2. Test RC is defined as a test whose critical value is the minimum of the critical values used
by Test BP (c.f. Eq. (5.2)). This implies that Test RC and Test BP are implemented with the same choice
of GMS function ¢(-) and tuning parameter x,,, as Test RC inherits this choice from Test BP. We use this

fact in the power comparisons of Section 6.

Remark 5.3. For a given 6§ € O, the GMS quantile ¢,(0,1 — a) coincides with the (1 — «)-quantile of
the random variable J,,(6) = S(%(0) + ©(£,(6),2,(0)), 2, (0)), used in to implement Test RS.? From this

9See the proof of Theorem 6.1 for the details.
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observation, it follows that the critical value of Test RS is the (1 — a)-quantile of the infimum of J,, () over
O, while the critical value of Test RC is the infimum of the (1 — a)-quantiles of .J,,(0) over ©;. Since the
quantile of an infimum is weakly smaller than the infimum of the quantiles, we deduce that

¢f5(1 —a) < inf é,(0,1 —a)=¢f901 —a) . (5.3)
0cOr

The following result shows that the test proposed in Definition 4.2 is asymptotically level correct and it
is an immediate consequence of Theorem 4.1 and Eq. (5.3).

Theorem 5.1. Let Assumptions A.1-A.7 hold. Then, for any o € (0,1),

limsup sup Er[pZ¢] < a. (5.4)
n—oo FePy
Remark 5.4. Theorems 4.1 and 5.1 show that Test RS and Test RC are asymptotically level correct
but are silent about the type of conditions that could make these test asymptotically non-conservative.
Unfortunately, we could not find such conditions with sufficient level of generality.

6 Power analysis

Previous results reveal that the existing test, Test BP, and the ones proposed in this paper, Test RS and
Test RC, are all asymptotically level correct. The goal of this section is to compare these procedures in
terms of power. We show that the tests proposed in this paper have weakly more power than Test BP in
all finite samples, and there are sequences of local alternative hypotheses for which they have strictly higher
asymptotic power. We open the section with the finite sample findings.

Theorem 6.1. For any (n,F) e Nx P,

RS RC BP
R

n n

Corollary 6.1. For any sequence of local alternatives {F,, € P/Po}tn>1,

liminf(Ep, [65°] = Er, [$7°]) >0, and liminf(Ep, [¢;°] - Er,[67"]) >0 .
n—oo n—oo

The proof of Theorem 6.1 is in Appendix C and Corollary 6.1 follows directly from Theorem 6.1. Note

that Theorem 6.1 is a statement that holds for all n € N and F' € P. This is not only a finite sample power

result, but it is also a relationship that holds for distributions F' € Py. It follows that the two tests we
propose cannot be more conservative than the existing Test BP.

Remark 6.1. The tests considered in this paper are only shown to control size asymptotically. Thus, for
any distribution F' € Py and any sample size n, it is certainly possible that all of these tests over-reject
the null hypothesis, i.e., Ep[¢5] > « for s = {BP, RC, RS}. In any case, the fact that these tests provide
asymptotic uniform size control means that, for any e > 0, there exists a sample size N(¢) (not dependent
on F') such that for all n > N(e),

Er[¢]] < a+e for s={BP,RC,RS} . (6.1)
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In other words, to the extent that the sample size is reasonably large, the amount of over-rejection of all

these test is uniformly bounded.

Remark 6.2. It would be ideal to have finite sample results for both size and power. Unfortunately,
constructing test with finite sample size control in this type of problems is extremely hard, which explains
why the literature resorts exclusively to asymptotic approximations. In light of this, we view the result
in Theorem 6.1 as particularly important and novel, especially if we take into account that it requires no
assumptions beyond the maintained ones.

Remark 6.3. The first inequality in Theorem 6.1 uses that Test RS and Test RC are implemented with
the same choice of GMS function ¢(-) and the same tuning parameter k,. We recommend this practice as
these objects play exactly the same role in all of these tests. The second inequality follows by definition, as
Test RC and Test BP share the same ¢(-) and k,, by construction (see Remark 5.2).'

Theorem 6.1 and Corollary 6.1 show that Test BP will never do better (in terms of power or asymptotic
conservativeness) than Test RS or Test RC. However, there is nothing that prevents a situation in which all
these tests provide exactly the same power. The last result in this section therefore provides a type of local
alternatives for which both of our tests have strictly higher asymptotic power than Test BP. The result relies

on the following condition.

Assumption A.9. For T, as in Eq. (3.3) and O as in Eq. (4.3), {F,, € P}n>1 satisfies the following:

(i) There is a (possibly random) sequence {8 € ©;},>1 such that &,(6%,1 — o) 5 ey,

(ii) There is a (possibly random) sequence {6,, € ©;},>1 such that &,(6,,1 — a) > ¢z,

(iii) T, % J and P(J € (c1,cr)) > 0.

We illustrate how Assumption A.9 holds in the context of Example 2.1 below, where we have simplified

the example slightly to keep the derivations as short as possible.'!

Example 6.1. Let W = (W, W, W3) € R? be a random vector with distribution F,, Vg, [W] = I3,
Eg [W1] =0, Ep, [Wa] = —p/+/n, and Eg, [W3] = 0 for some p € R. Consider the following model with
© = [-B, B]? for some B > 0,

Ep,[mi1(W;,0)] = Ep,[01 —W;1] >0,
Ep, [mo(W;,0)] = Ep, [Wi2 —0:1] >0,
Ep, [m3(W;,0)] = Ep,[02 —W; 3] >0 .

n

(6.2)

The identified set is ©;(F,) = {0 € © : 61 € [0, —u/+/n],02 > 0}, which is non-empty if and only if p < 0.
This identified set has the same structure as in Example 2.1 with Ep [YZ|X =21] =0, Ep, [YZ|X = 23] =
14+ p/v/n, and Ep, [YZ]|X = 25] = 0.

10As a referee pointed out, if Test BP were to be implemented with a &, smaller than the one used by Test RC, it is possible
that Test BP delivers higher finite sample power than Test RC. This does not contradict our results, as they hold for the same
choice of kn. Importantly, our results do not rely on the fact that the power of these tests is decreasing in k.

111t is worth emphasizing that Example 6.1 is the simplest example we can construct to generate strict power differences
between the specification tests. One could use more sophisticated and realistic examples (e.g. including non-linear moment
conditions or moment equalities) to generate similar results but this additional complexity would severely complicate the
derivations.
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The model in (6.2) is linear in #, and hence many relevant parameters and estimators do not depend on

6. These include &; (9) = a] for j =1,2,3, Dy, 1/2(9) = D,'?, Vi (0) =0y j = \/ﬁ&j_l(EF" (W] — W,,;) for
§=1,3, Upo = /1oy " (Wyo — Ep, [Ws]), and
I & -
U (0) = = > DM O) (Wi ) = mn (0))G = v, (6.3)
n
i=1

where {¢;}™, is i.i.d. N(0,1). It follows that {v}|{W;}",} ~ N(0,1) a.s. For simplicity here, we use the
Modified Method of Moments (MMM) criterion function given by

P k
=Y Imi/oi2 4+ > (m/oy) (6.4)
Jj=1 Jj=p+1

where [z]_ = min{z, 0}, and the first GMS function ¢(-) proposed by Andrews and Soares (2010),
pj(x) =ool{x>1}for j=1,...,p and ¢j(x)=0forj=p+1,...,k. (6.5)
The sample criterion function is given by

Qu(0) = [Vn67 (01 — W1)]” + [Vnog  (Wa — 61)]? + [Vngs (62 — Ws)]

It is easy to verify Assumptions A.1-A.7 in this context. We now explicitly verify Assumption A.9. To do
this, we exploit that n;lfzn,j % 0 and 6]-_1 LS oj_l = 1for j = 1,2,3. We also use the notation Z ~ N(0q4, I).

Assumption A.9 (i): The set of minimizers of Q,,(0) over © is ©; D {0 = (071,655) 1 051 = (67 "Wy +
65 W) /(67 + 651, B> 0; o > Ws}. Let’s take 0} , = W3 for concreteness. Notice that the sequence
{6 € ©1},>1 is random, which is allowed by condition (i). Simple algebra shows that

n, nk W Nn - ~n
Vi = T2ty YRBRIVELyo y  Tne Ot By, (6:)
2 2 2 2
The test statistic T;, in Eq. (3.3) therefore satisfies
« _ flpe 12 [~ - . 2
T = Qn(en) = [Un,l + \/ﬁal 191’7,,1]_ + [Un72 + \/HU2 1(EFn [WQ] - an,l)]_ )
- N 2 - - 2
~ Un,2 — Un,1 H ~ Un,2 — Un,1 %
= |:U’IL,1 + f — 5 + Op(l):| - + |:'Un,2 — f + 5 ,LL + Op(l) - B
Up1+Un2 M > d o 2
=2 | L= 1 J=\|241——= . 6.7
[ o] So=[a- ) o

Next note that the GMS critical value along 67 is the (conditional) (1 — a)-quantile of

Qi (0%) = [v51 + 00l {ky T + iy Vm6 0, > 1]
+[n2+ool{/<a U2 — Ky, 1f0210* H;16'271M>1}]27+[’U:73]27 ,

4 [Z2)2 +[Z3]% + [Z4)% wpal,

since k,'\/nb}; | 20 by Eq. (6.6). If we let ¢y denote the (1 — a)-quantile of RHS of the previous display,
it follows that é,(6%,1 — a) & ¢x and condition (i) holds.

16



Assumption A.9 (ii): Let 6y, = (6}; 1,0n,2) where 0, 5 = W3+ Cky/+/n for C > 1. As before, the sequence

{0, € ©1}n>1 is random, which is allowed by condition (ii). The GMS critical value evaluated at 6,, is the

(conditional) (1 — a)-quantile of

Qi (0n) =[50 + 00l s + iy Vg 165, > 1]
+ [U:,Q + ool{/{;lﬂmg — m;l\/ﬁz%glO;l — 551651;1 > 1}]27 + [v;?, + ool{&glC > 1}]27 ,
412 +[Zs)* wpal,
since ki, '/nb}, | 20 by Eq. (6.6) and C > 1. If we let ¢z, denote the (1 — a)-quantile of RHS of the previous
display, it follows that é,(0,,1 — @) % ¢, and condition (ii) holds.

Assumption A.9 (iii): T, 4 J follows from Eq. (6.7). In addition, ¢z, < ¢y is immediate from the previous

derivations whenever v < 50%. For example, when o = 10%, we have ¢y = 2.95 and cg = 4.01. Finally,
P(J € (c,cm)) > 0 holds as the distribution of J is continuous at = > 0. For example, when o = 10% and
w=2, P(J€ (cp,cu)) = 11%. We conclude that condition (iii) holds. O

Loosely speaking, Assumption A.9 considers a sequence of local alternatives where the set of minimizers
©; includes at least two points for which the quantiles of the limit distribution of Q%(#) are different.
In Example 6.1, the critical value along the sequence 6} has three moments binding, while the critical
value under the sequence 6, has two moments binding. It follows that the GMS critical values satisfy
én(05,1 — a) > é,(0,,1 — o) with high probability as n gets large. At the same time, these sequences are
such that T,, = infpco @n(0) = @Qn(0)) = Q,(0,). Putting all this together, we can informally anticipate

the result in Theorem 6.2 as follows,

EP = I{VH €0: Qn(a) > én(oa 1- O‘)} < 1{Qn(9:) > én(o;km I- Oz)}
< H{Qn(0n) > ¢n(On,1 — )} < {T, > inf &,(0,1—a)} = o5,
€O
where the strict inequality holds with positive probability. Assumption A.9 is satisfied whenever the set
of minimizers of @,,(6) is not a singleton and the limiting distribution of @ () is not the same along the
different sequences of minimizers. On the other hand, the assumption does not hold if the local alternatives

are such that the argmin set of @, (-) converges to a singleton (e.g. point identification).

Theorem 6.2. For any sequence of local alternatives {F,, € P/Po}tn>1 that satisfies Assumption A.9,

liminf(Er, [¢5°] = Er,[¢;"]) > 0.
n—oo
Theorem 6.2 shows that Test RC is asymptotically strictly more powerful than Test BP for sequence of
alternatives satisfying Assumption A.9. Combining this result with Theorem 6.1, it follows that Test RS is
also strictly more powerful than Test BP asymptotically.

Remark 6.4. We can use Example 6.1 to illustrate the asymptotic power gains. For u = 2 and a = 10%,
the asymptotic local power of Test RC and Test BP are 38.1% and 27.8%, respectively. Clearly, the power
differences could be significant. In addition, the same example illustrates how all these tests could be
asymptotically conservative. For y = 0 and o = 10%, the asymptotic size of Test RC and Test BP are 4.4%

and 2.2%, respectively, which are consistent with the simulation results in Section 7.

Remark 6.5. We can also use Example 6.1 to show that a modification of Test RS that replaces O, by ©
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in Eq. (4.6) would not control asymptotic size. In this case, simple algebra shows that, conditionally

inf Q1,(0) < min{Q;(07), Q;,(6;)} = min{[v7 1], [v, o2 } S min{[Z,]2, 1252} wopadl, (6.8)

where 0% = (6L ,,0,,2) and 05 = (0f,6,,2) are two sequences in © such that

- 2K, % 2Ky

L _ _ -n
en,l_WQ \/77, ; \/FL s \/ﬁ .

Note that the (1 — a)-quantile of min{[Z3])%, [Z3]2 } is smaller than the (1 —a)-quantile of J in Eq. (6.7) and,
thus, this modified Test RS suffers from over-rejection. For yp = 0 and o = 10%, the asymptotic size of is

and 9»,172 = Wg + (69)

31.70%. The Test RS from Definition 4.2 avoids this problem by restricting 6 to ©; and thus guaranteeing

that sequences with values of 6, that are “too” big or “too” small (like those in Eq. (6.9)) are not feasible.

Remark 6.6. If one considers sequences of alternatives under which the inequality in Eq. (5.3) becomes
strict (asymptotically), it is then possible that Test RS becomes strictly more powerful than Test RC.

Remark 6.7. Test BP requires fewer assumptions to obtain asymptotic size control than the tests we
propose here. It is fair to say then that Test BP is more “robust” than Test RC and Test RS, in the sense
that if some of the Assumptions A.1-A.7 fail, Test BP would still control asymptotic size.

7 Monte Carlo simulations

We now present Monte Carlo simulations that illustrate the finite sample properties of the specification tests
considered in this paper. We simulate data according to the simple parametrization presented in Example
2.1, i.e., Eq. (2.14). The data {W;}?_ are i.i.d., where W; = (Y;Z;, Z;, X;) is distributed such that

for n, = n/n'/? € R, and P(X; = x,) = 1/3 for s € {1,2,3}. By plugging in this information into Eq.
(2.14), we get
@[(F) = {(91792) €0:0, € [0, —’I]n]7 0y > 0} . (72)

The parameter n € R measures the amount of model misspecification. On the one hand, n < 0 implies
that the model is correctly specified and strictly partially identified, i.e., the identified set includes multiple
values. On the other hand, n > 0 implies that the the model is misspecified, i.e., the identified set is empty.

The simulation results are collected in Tables 1 and 2. The parameters we use to produce both tables are
as follows: a = 10%, n € {100,1000}, &, = CvInn for C € {0.01,0.1,0.8,0.9,1,10}, ¢(-) as in Eq. (6.5),
and S(-) as in Eq. (6.4).12 The number of replications is set to 5, 000.

The simulation results are consistent with the theoretical findings. Under the null hypothesis (i.e. n = 0)
all tests are asymptotically level correct (i.e. the asymptotic rejection rate does not exceed «). In fact,
Remark 6.4 shows that these tests are asymptotically conservative in this example, which is consistent with
the results in Tables 1 and 2. Under the alternative hypothesis (i.e. > 0) the rejection rates increase
monotonically with the amount of misspecification, measured by 7. Comparing the rejection rates across
methods, we see that Test RS shows better power than Test RC, and that Test RC has better power than

12 Additional simulations for C' € {0.05,0.5} show similar results and are therefore omitted. Note that for n = 100, the
parameter ky ranges from 0.021 (for C = 0.01) to 21.4 (for C = 10).
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n
C  Method 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

BP 1.88 218 3.24 532 924 16.52 28.88 47.68 69.92 88.78 97.50

0.01 RC 3.60 4.06 5.68 8.74 13.80 23.08 38.78 58.06 78.36 9242 98.48
RS 3.62 422 562 864 1380 22.84 3858 58.14 7828 92.56 98.46

BP 1.82 208 3.20 518 9.04 16.26 28.42 47.02 69.26 88.38 97.40

0.1 RC 3.58 4.00 564 866 13.76 2298 38.64 5796 7826 9238 98.48
RS 3.60 4.18 5.58 856 13.78 22.72 38.42 58.02 7820 92.52 98.46

BP 1.76 2.02 3.08 490 886 15.72 27.94 46.44 68.66 88.14 97.22

0.8 RC 3.32 3.70 532 842 13.24 2246 3788 56.60 77.52 92.02 98.42
RS 3.36 3.84 524 836 1330 22.16 37.62 56.68 77.52 92.16 98.40

BP 1.76 2.02 3.06 4.88 884 1572 2794 4640 68.66 88.12 97.18

0.9 RC 3.28 3.64 532 840 13.18 2230 37.72 56.44 7744 91.98 98.40
RS 3.30 3.80 524 832 13.24 22.04 3742 56.54 7744 92.12 98.40

BP 1.76 2.02 3.06 4.86 880 15.72 27.94 46.38 68.66 88.10 97.18

1 RC 3.24 3.60 532 832 13.08 2224 3766 56.30 77.34 91.94 98.38
RS 3.26 3.76 522 824 13.20 22.00 3736 56.40 77.32 92.08 98.38

BP 1.76 198 3.02 484 878 15.66 27.80 46.38 68.58 88.02 97.16

10 RC 1.82 2.02 3.08 5.02 886 1586 2826 46.90 69.06 88.32 97.30
RS 1.76 2.06 3.14 5.04 870 1582 2830 47.10 69.08 88.26 97.34

Table 1: Rejection rate (in %) of Test BP, Test RC, and Test RS for the model in Eq. (7.2). Parameter
values are n = 100, o = 10%, x, = CvInn. Results based on 5,000 Monte Carlo replications.

Ui
C  Method 0 01 02 03 0.4 0.5 0.6 0.7 0.8 0.9 1

BP 3.62 418 548 824 13.08 22.02 3582 56.24 7536 90.82 97.92

0.01 RC 424 496 6.34 9.20 14.32 24.08 38.66 58.74 77.72 91.82 98.28
RS 430 492 6.32 9.16 1430 2420 38.82 5882 77.84 91.86 98.24

BP 3.52 4.06 534 7.80 1280 21.44 3526 55.62 7480 90.44 97.78

0.1 RC 424 496 6.34 920 14.32 24.08 38.62 5870 77.70 91.80 98.26
RS 4.30 492 6.32 9.16 14.30 2420 38.78 58.78 77.82 91.86 98.24

BP 2.62 3.04 452 6.34 1034 17.88 30.80 50.36 71.12 88.42 97.16

0.8 RC 420 494 6.32 9.14 1426 24.00 38.58 58.64 77.66 91.70 98.22
RS 428 490 6.30 9.10 14.24 24.14 3870 58.72 77.74 91.78 98.22

BP 2.60 3.00 452 6.26 1032 17.76 30.68 50.22 71.10 88.36 97.16

0.9 RC 420 494 6.32 9.14 1426 24.00 38.58 58.62 77.66 91.70 98.22
RS 428 490 6.30 9.10 14.24 24.14 3870 58.70 77.74 91.78 98.22

BP 2.58 298 444 6.20 10.10 17.72 30.58 50.16 70.96 88.34 97.12

1 RC 420 494 632 9.10 14.22 2396 3858 5856 77.62 91.70 98.22
RS 428 490 6.30 9.06 14.20 24.10 38.68 58.62 77.70 91.78 98.22

BP 2.10 2.50 3.66 5.58 9.14 16.40 28.62 47.26 68.82 86.98 96.80

10 RC 3.44 4.00 534 8.02 1218 21.66 35.16 54.48 74.22 90.12 97.64
RS 3.52 4.00 538 798 1244 21.64 3528 54.72 7426 90.08 97.64

Table 2: Rejection rate (in %) of Test BP, Test RC, and Test RS for the model in Eq. (7.2). Parameter
values are n = 1,000, a = 10%, x, = CvInn. Results based on 5,000 Monte Carlo replications.

Test BP. The differences can be substantial, with the power of Test RS being almost twice the power of Test
BP for some alternatives (e.g. 7 = 0.3 and n = 100). These results are consistent with Theorem 6.1 and the
analytical derivations in Example 6.1. However, as a referee pointed out, if Test BP were to be implemented
with a smaller x, than the one used for our tests, it could deliver similar finite sample power.!?> Table 2
illustrates this possibility by comparing Test BP with C' = 0.1 and Test RS with C' = 10. In this case, both
tests have the same rejection probability for n = 0 (i.e. 3.52) and similar power for all values of n > 0. This

does not contradict our results, as they are established for the same choice of &,,, see Remarks 5.2 and 6.3.

13This is why we consider such a wide range for the parameter x, in our simulations.
141n Example 2.1 one can show that the power gains of Test RS over Test RC vanish asymptotically. However, there are
models in which Test RS has strictly higher asymptotic power than Test RC. We have constructed one such example and the
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8 Conclusions

This paper studies the problem of specification testing in partially identified models defined by a finite
number of moment (in)equalities. Under the null hypothesis of the test, there is at least one parameter value
that simultaneously satisfies all of the moment (in)equalities whereas under the alternative hypothesis of the
test there is no such parameter value. While this problem has not been directly addressed in the literature
(except in particular cases), several papers in the literature have suggested addressing it by checking whether

confidence sets for the parameters of interest are empty or not. We refer to this procedure as Test BP.

We propose two new specification tests that achieve uniform asymptotic size control, which we refer
to as Test RS and Test RC. Both of these tests dominate Test BP in terms of power. In particular, we
show that Test RS and Test RC have more or equal power than Test BP in all finite samples, and we
characterize sequences of local alternative hypotheses for which they have strictly higher asymptotic power.

Our numerical results reveal that these power differences can be substantial, even in small sample sizes.

This paper also compares these specification tests in terms of their computational costs. By definition,
Test BP requires the computation of a confidence set for the parameter of interest. If one is willing to
compute this confidence set, then Test RC is particularly convenient: it requires almost no additional work
and can potentially lead to significant power gains vis-a-vis Test BP. On the other hand, implementing Test
RS requires a separate resampling procedure that is typically easier than the computation of the confidence
sets (especially in high dimensional problems encountered in practice). In reward for this extra computation,

Test RS can lead to power gains relative to the other two procedures.

We point out that the methodological contributions in this paper can be used to address a wide range
of inferential problems that are different from specification testing. In particular, Bugni et al. (2014) use
inferential procedures along the lines of Test RS to conduct inference on functions of partially identified

parameters in a moment (in)equality model, i.e.,

HO : f(go) =% VS. H1 : f(@o) 75 Yo » (81)

where 6y now denotes the true parameter value in the moment inequality model, f is a known function, and
7o is an arbitrary number. We also point out that there are other interesting extensions that we did not
pursue. First, our paper does not consider conditional moment restrictions, c.f. Andrews and Shi (2013),
Chernozhukov et al. (2013), Armstrong (2014), and Chetverikov (2013). Second, our asymptotic framework
is one where the limit distributions do not depend on tuning parameters used at the moment selection
stage, as opposed to Andrews and Barwick (2012), Romano et al. (2014), and McCloskey (2014). These two

extensions are well beyond the scope of this paper and are left for future research.

Appendix A Notation

Throughout the appendix we use the following notation. For any v € N, 0,, is a column vector of zeros of size u,
1, is a column vector of ones of size u, and I, is the u X u identity matrix. We use R4y = {z € R : =z > 0},
Ry =Ry U{0}, Ry oo = Ry U{+o0}, Riyoo) = RU{+00}, and Rjro) = RU{£oo}. For any u € N, we equip R
with the following metric d. For any z1, 22 € Ry ),

u 1/2
d(z1,22) = (Z(ﬂ(-’ﬂl,i) - 19(962,1))2> ; (A-1)

=1

results of the simulations are available upon request.
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where ¥ : Ripoo] — [0, 1] is such that ¥(—o0) = 0, ¥(co) = 1, and ¥(y) = ®(y) for y € R, where @ is the standard
normal CDF. Finally, D,(6) = Diag(3,(6)), Qn(8) = Dy /2(0)5,(0)Dn'/2(0), va(8) = nDyp'?(6)(mn(6) —
Er[m(W,0)]), 5n(6) = /nDy ?(0)(mn () — Er[m(W,)]), and v (6) is defined as 97 (6) in Eqs. (4.4) and (4.5) with
DEI/Q(G) replacing D, */? ).

Remark A.1. The space (Rf‘im], d) constitutes a compact metric space. Also, if a sequence in (Rf‘im], d) converges

to an element in R*, such a sequence will also converge in (R*, || - ||), where || - || denotes the Euclidean norm.

Let C(©2) denote the space of continuous functions that map ©% to ¥ and S(@ x Rf“ioo]) denote the space of
compact subsets of the metric space (O x Rfioo],d). In addition, let dg denote the Hausdorff metric associated to d,

i.e., for any sets A, B € © x Rﬁ:oo],

H(A,B):max{ sup inf  d((01,h1),(02,h2)), sup inf ((01,h1)7(92,h2))} .

(61, hl)eA(GQ’hQ)eB (62,h2)eB (01,h1)€A

We use “2” to denote convergence in the Hausdorff metric, i.e., A, LB — du(An,B) — 0. Finally,
for non-stochastic functions of § € ©, we use “%” to denote uniform in @ convergence, e.g., Qp, — Q <<=
supg grco d(Qr, (0,60'),9(0,0")) — 0. Also, we use Q(6) and (6, 6) equivalently.

We denote by [°°(0©) the set of all uniformly bounded functions that map © — R*, equipped with the supremum
norm. The sequence of distributions {F,, € P},>1 determine a sequence of probability spaces {(W, A, F},)}n>1.
Stochastic processes are then random maps X : W — [°°(©). In this context, we use “i” “«2r and “X37 to denote
weak convergence, convergence in probability, and convergence almost surely in the [°°(©) metric, respectively, in the
sense of van der Vaart and Wellner (1996). In addition, for every F' € P, we use M(F) = {D;l/z(ﬁ)m(-, 0) : W — R*}

and denote by pr the coordinate-wise version of the “intrinsic” variance semimetric, i.e.,

e 0.0) = |{Velom Oms9:6) - o7 0 s .02 (A2
It is easy to show that pr(0,6') = v/2||[I — Diag(Qr(0,6"))]*?|.
Finally, the assumptions in the next section and some of the auxiliary results make use of the set
Nor, = {(6,0) € 7 (Fu) x R s £ = 1 /Dy 2 (0) B, [m(W,0)]} (A-3)

where ©7" (F,,) and {1, }»>1 are as in Definition 4.3 and {kn}n>1 is as in Assumption M.1.

Appendix B Additional assumptions

This section collects several assumptions that are routinely assumed in the literature of partially identified models

defined by moment (in)equalities, and some additional ones required by this paper.

Assumption A.5. Given the function ¢ : ]R[ XU — ]RF_,_OO] in Assumption M.1, there is a function

ool ¥ RELZ,
P R[ioo] — R[+oo] that takes the form ¢* (&) = (¢7(&1),- .., 9p(&p); Ok—p) and, for all j =1,...,p,

(a) @5(&) > ¢;(¢,Q) forall (£,Q) € RV x RIT? x .

~+o0] [fo0]

(b) 7 is continuous.

(c) ¢j(&) =0 for all §; <0 and ¢} (co) = oo.

Assumption A.6. For any {F,, € Po}n>1, let A and A™ be such that A, F, H A and A, LS A*, where A, r and
A}, g, are defined in Eqgs. (3.6) and (A-3), respectively. Then, for all (§,£*) € A* there exists (6,¢) € A where £; =0

for all j > p, £; > ¢j(¢7) for all j < p, and ¢* is defined as in Assumption A.5.
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Assumption A.7. For any {F, € Po}n>1, let (,A) be such that Qp, 4 Qand Anr, H A with (QA) €
C(G)xS(@XRﬁw]) and An, r, asin Eq. (3.6). Let c(1_q)(A, ) be the (1—a)-quantile of J(A, Q) = inf(g ryer S(va(0)+
£,2(0)). Then,

(a) If ci—a)(A,2) > 0, the distribution of J(A, Q) is continuous at c(;_q)(A, £2).
(b) If c(1—a)(A, Q) = 0, liminf, ;e Pr, (T = 0) > (1 — a), where T, is as in Eq. (3.3).

Assumption A.8. The following conditions hold.

(a) Forall (6,F) € © x Py, Qr(0) > cmin{d, inf{;E@I(F)HG—éH}X for constants ¢,6 > 0 and x as in Assumption M.8.

(b) © is convex.

(¢) The function gr(0) = D;l/Q(Q)EF [m(W, 0)] is differentiable in 6 for any F' € Po, and the class of functions

{Gr(0) = 0gr(0)/00' : F € Py} is equicontinuous, i.e.,

lim sup IIGr(0) —Gr(8)||=0.
60 FePy,(6,67):]10—6'||<5

Remark B.1. Assumption A.5 is satisfied if the function ¢ is any of the the functions ¢ —¢® described in Andrews

(4

and Soares (2010) or Andrews and Barwick (2012). This follows from Lemma D.9, as the functions ¢ — p®*) satisfy

the conditions of this result.

Remark B.2. Without Assumption A.7 the asymptotic distribution of the test statistic could be discontinuous at
the probability limit of the critical value, resulting in asymptotic over-rejection under the null hypothesis. One way
to address this problem is by adding an infinitesimal constant to the critical value, which introduces an additional
tuning parameter that needs to be chosen by the researcher. Another way is to impose Assumption A.7, so that the
limiting distribution is either continuous or has a discontinuity that does not cause asymptotic over-rejection. Note

that this assumption holds in Example 6.1, where J in Eq. (6.7) is continuous at > 0.

The literature routinely assumes that the test function S in Eq. (2.5) satisfies the following assumptions (see,
e.g., Andrews and Soares (2010), Andrews and Guggenberger (2009), and Bugni et al. (2012)). We therefore treat

the assumptions below as maintained.

Assumption M.4. The function S satisfies the following conditions.

(a) S((m1,mz2),Y) is non-increasing in m, for all (m1,ms) € Rﬁw] x R*¥~P and all variance matrices ¥ € RF**,
(b) S(m,Q) = S(Am,AXA) for all m € R*¥, ¥ € R*** and positive definite diagonal A € R***,

(c) S(m,Q) >0 for all m € R* and Q € U,

(d) S(m,Q) is continuous at all m € ]Rfioo] and Q € V.

Assumption M.5. For all h; € Rf_‘_oo] X R¥P all Q € ¥, and Z ~ N (04,Q), the distribution function of
S(Z+ h1,Q) at x € R is:

(a) continuous for x > 0,
(b
(

strictly increasing for > 0 unless p = k and h; = oo?,

(c

[oW

)

)

) less than or equal to 1/2 at © = 0 when k > p or when k = p and hq,; = 0 for some j =1,...,p.
) is degenerate at = 0 when p = k and h1 = ooP.

)

(e) P(S(Z+ (m1,0k_p),Q) <) < P(S(Z+ (m1,0k_p),Q) < z) for all x > 0 and all m1,m} € RY oo) With m1 < mj

[+
and mq # m].
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Assumption M.6. The function S satisfies the following conditions.

(a) The distribution function of S(Z,) is continuous at its (1 — «) quantile, denoted ¢(2,1 — ), for all 2 € U,
where Z ~ N(04,Q) and « € (0,0.5),

(b) ¢(©,1 — «) is continuous in €2 uniformly for Q € ¥,

Assumption M.7. S(m,Q) > 0 if and only if m; < 0 for some j = 1,...,p or mj; # 0 for some j =p+1,...,k,
where m = (m1,...,mi)" and Q € ¥. Equivalently, S(m,Q) = 0 if and only if m; > 0forallj=1,...,pand m; =0
forall j =p+1,...,k, where m = (m1,...,my) and Q € V.

Assumption M.8. For some x > 0, S(am,Q) = aXS(m, Q) for all scalars a > 0, m € R¥, and Q € .

Assumption M.9. For all n > 1, S(y/nim,(0),3(6)) is a lower semi-continuous function of 6 € ©.

Appendix C Proofs of the Main Theorems

Proof of Theorem 3.1. Step 1. Let Q,(0) = D;i/z(G)En(H)D;i/Q(G) and consider the following derivation

T, = inf S(Vma(0),5a(60)) = inf S(VaDg"(0)mn(6), 2n(0)

inf S(vn(8) +vnDp, " (0)Er, [m(W,6)],Q(8)) = ooBf | Sa(0)+6,0.(0)) .

Step 2. Let D be the space of functions that map © onto R¥ x ¥ and let Dy be the space of uniformly continuous

functions that map © onto R¥ x . Let the sequence of functionals {gn}n>1 with g, : D — R be defined by

gn(v(-),Q()) =~ inf  S(u(0) +£,20)) . (C-1)

(0,)€An, F,,

Let the functional g : Do — R be defined by

900, Q0) = nt S(0(6) +6,006)
We now show that if the sequence of (deterministic) functions {(vn(+), Qn(+)) }n>1 with (v, (+), Q2n(:)) € Dfor alln € N
satisfies
lim_sup [|(vn(6), 2n(0)) — (v(6),2(0))|| =0, (C-2)

no0 9o
for some (v(-),§2()) € Do, then
lim g, (vn(-), () = g(v(-), Q")) -

n—00

We need to show that lim inf, oo gn (vn(+), Qn(-)) > g(v(:), (). The argument to show that limsup,,_, . gn(vn(-), 2 (-)) <
g(v(-),2(+)) is similar and therefore omitted. Suppose not, i.e., suppose that 3§ > 0 and a subsequence {a, }n>1 of
{n}n>1 s.t. ¥n € N,
an (Va, (), Qa, (1)) < g(v(), Q) =0 . (C-3)

By definition, there exists a sequence {(a,,, £a, ) }n>1 that approximately achieves the infimum in Eq. (C-1), i.e.,
vn €N, (ba,,4a,) € Aa,.F,, and

1gan (Var (-); Qar () = S(vay (Oa,) + Lan s Qay (Ba,))]] < 6/2. (C-4)

Since Aq,,,F,, €O X Rfioo] and since (O x Rﬁ[m], d) is a compact metric space, there exists a subsequence {b, }n>1
of {an}n>1 and (6%,€°) € © x Rfy ) s.t. d((0b,,,s,,), (6%,£7)) — 0.
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We first show that (6*,¢") € A. Suppose not, i.e., (6*,¢") ¢ A, and consider the following argument

d((ebnagbn)v (0*,Z*)) + dH(Abn,an7A) > d((ebnvebn)v (9*76*)) + (glgfeAd((evZ)v (ebn’gbn))

(e’ler)lgA,d((@,f),(@ 7)) >0,

v

where the first inequality follows from the definition of Hausdorff distance and the fact that (0v,,%,) € As,.F,,
and the second inequality follows by the triangular inequality. The final strict inequality follows from the fact that
A eSO x Rf“ioo]), i.e., it is a compact subset of (6 x ]Rf“ioo], d), f(6,0) =d((6,0),(6%,£%)) is a continuous real-valued
function, and Royden (1988, Theorem 7.18). Taking limits as n — oo and using that d((6s,,,%, ), (0",£%)) — 0 and

H ..
Abmpbn — A, we reach a contradiction.

We now show that ¢£* € Rﬁrm] x R¥=P. Suppose not, i.e., suppose that 3j = 1,...,k s.t. £; = —oco or 3j > p s.t.

07 = oo. Let J denote the set of indices j = 1,..., k s.t. this occurs. For any £ € Rfioo] define 2(¢) = max,c ||¢;]|. By

definition of As,,, 7, , b, € R* and thus, =(ly, ) < co. By the case under consideration, lim,—=(ls,) = Z(£*) = occ.

Since (0, ]] - ||) is a compact metric space, d((0s,,, %, ), (6*,¢*)) — 0 implies that 65, — 6*. Then, consider the
following derivation,

(Vo (B5,,), 2, (B5,,)) — (v(67), 2O
< (@oy, (b)), o, (06,,)) = (v(B5,,), 2Ob, )| + [1(0(0,,), 2(6b,)) — (0(67), A7)
< sup [| (v, (6), 2., (9)) = (0(0), AOI| + [1(v (B ), 20)) (v(67), 2(0°)I| = 0,

where the last convergence holds by Eq. (C-2), 6, — 0", and (v(-), Q(-)) € Do.

Notice that (v(-), 2(-)) € Do and the compactness of © imply that (v(6*), Q2(6")) is bounded. Since limy ;00 Z(fs,, ) =
oo and v(0*) € R, it then follows that lim,—ecZ(fp, )~ *||vs, (0s,,)|| = 0. By construction, {Z(4y, ) s, tn>1 is s.t.
limnﬁmE(&;n)_1 [%,,,;]_ = 1 for some j < p or 1imnﬂooE(€bn)_1 |%,,,;] = 1 for some j > p. We then conclude that
limy,— 00 Z (Lo, )~ Vb5 (0b,) + Loy, j]— = 1 for some j < p or limp—ocZ(hb, ) ™" [V, (06 ) + Lo, = 1 for some j > p.
This implies that

S(vbn (ebn) + fb" R an (an )) = E(ébn )XS(E(A&”)_I (Ubn (Gbn) + ébn ), Qb" (an )) — 00 .

Since {(0,,, £y, ) }n>1 is a subsequence of {(ba,,,%a, )}n>1 Wwhich approximately achieves the infimum in Eq. (C-1), it
then follows that

gn(0n (), Qu(-)) = 00 . (C-5)

We now show that Eq. (C-5) is a contradiction. Since {F, € Po},>1 then there is a sequence {6, },>1 s.t.

vk

J

liminf vnop, ;(0n)Er, [m; (W, 0)] >0, forj<p

Tim vaog (6) B, [my (W, 62)]

=0, forj>p.

By compactness of (O x Rfioo], d), we can find a subsequence {kn}n>1 of {n}n>1 s.t. d((Ok,,lx,, ), (0*,£%)) — 0 with
(6 LZ*) € ~@ X Rﬁoo] x RF~P. By repeating the previous arguments, we can show that limy, o (vk,, (0x,,), U, Ok, )) =
(v(0%),Q(0%)) € R¥ x ¥, which implies that

o B Sk, (0) + .02, (0)) < (v, (Br,) + Fa U (Br) = S(@) + 1,907
’ kens Flop,

Since (v(0*) +£*,Q(6%)) € Rﬁrm] x R*™P x ¥, we conclude that S(v(8*) + £*,Q(6*)) is bounded. Since {ks}n>1 is a
subsequence of {n},>1, this is a contradiction to Eq. (C-5).

Since d((0y,,,4s,), (0%,£%)) = 0, we can conclude that lim, e (vs, (05, ), D, (05,)) = (v(0),Q(0%)) € RF x ¥
repeating previous arguments. This implies that limy,— o (vs,, (06, )+ 46, , b, (05,,)) = (V(0*)+£*,Q(6%)) € (Rﬁ[m] x W)
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and, so, gives us that lim, 0.5 (v, (0b,,) + Lo, > b, (B, ) = S(v(0) +£7,Q(0)), i.e, IN € Ns.t. Vn > N,
1S (ve,, (0b,,) + Loy, U, (0,,)) — S(w(67) + £7,Q(67))|| < 6/2 . (C-6)
By combining Egs. (C-4) and (C-6), and the fact that (6*,¢) € A, it follows that 3N € Ns.t. Vn > N,
Gon (U, (-); b, (1)) = S(v(07) +£7,9(0%)) =6 > g(v(-), Q) =0,

which is a contradiction to Eq. (C-3).

Step 3. The proof is completed by combining the representation in step 1, the convergence result in step 2, Lemma
D.2, and the extended continuous mapping theorem (see, e.g., van der Vaart and Wellner (1996, Theorem 1.11.1)).
In order to apply this result, it is important to notice that parts 1 and 5 in Lemma D.2 and standard convergence
results imply that (vn(-), () % (va (), () and (va(:), () € Do as. O

Proof of Theorem 4.1. We start by proving that for n > 0,

limsup sup Pp(Tp > én°(1—a)+n) < a.
n—oo F€EPy

Steps 1-4 hold for n > 0, step 5 needs that i > 0, and step 6 holds for n = 0 under Assumption A.7.

Step 1. For any F € Py, let T; be defined by as follows

Tr= inf  S(05(0) + ¢ (5 VRDY2(0)Mn(6)), 2(6)) ,

0€0m (F)
and let 7%(1 — ) denote its conditional (1 — a)-quantile. Consider the following derivation

Pr(T, > (1 —a)4+n) < Pr(Tw >0 —a)+n)+ Pr(ef(1—a) < (1 - )
< Pe(Tw > & (1—a)+n) + Pr(O1 £ O] (F)),

where the first inequality is elementary and the second inequality follows from the fact that Assumption A.5 and
éfS(1—a) < &f5(1 — a) implies O € ©7"(F). By this and Lemma D.13, it follows that

limsup sup Pp(T, > éi%(1 — a) +n) < limsup sup Pr(T, > E%(1—a)+1) .
n—oo FEPy n—oo Fe&EPy

Step 2. By definition, there exists a subsequence {an}n>1 of {n},>1 and a subsequence {Fj, }n>1 s.t.

limsup sup Pr(T, > & (1—a)+n) = lim Pp, (T, > (1—a)+n). (C-7)
n— oo

n—oo FeEPy

By Lemma D.7, there is a further sequence {b,}n>1 of {an}n>1 s.t. Qpb" 5 Q, Abn,pbn i A, and Azn’pbn i AT,
where Ay, r, and Ay g~ are as in Eqgs. (3.6) and (A-3), respectively, for some (€2, A, A*) € C(6) x S(© x Rfioo])?
Since O, — Qand Ay, 2 A, Theorem 3.1 implies that T}, 2 J(A, Q) = inf g gyen S(va(0)+£,Q(0)). Similarly,
Theorem C.1 implies that {7, [{W;}¢,} 4 J (A", Q) = inf g 0en- S(va(0) + @™ (£),Q(0)) as.

Step 3. We now show that J*(A*,Q) > J(A,Q). Suppose not, i.e., 3(0,£") € A* s.t. S(va(0) + ¢*(£7),Q2(0)) <
J(A, Q). By Assumption A.6, 3(6,¢) € A where £; =0 for all j > p and €; > ¢ (¢;) for all j < p. Thus

S(va(0) +£,9(0)) < S(va(8) + ¢ (€*),Q(0)) < J(A,Q) = w%f@ S(va(8) +£,9(6)) ,

which is a contradiction to (6, £) € A.
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Step 4. We now show that for c¢1_qa)(A, Q) being the (1 — a)-quantile of J(A, ) and any € > 0,

lim Pr, (&0 (1—a) < caa)(A, Q) —€)=0. (C-8)

Let £ € (0,¢) be chosen s.t. c(1_q)(A, ) — € is a continuity point of the CDF of J*(A",€2). Then, for almost all

sample sequences,

lim Pr, (T}, < ca-a)(A,Q) - E{Wil)) P(J* (A", Q) < ca-a)(A, Q) = &)

< P(J(A,Q)SC(l,a)(A,Q)*é)<170¢,
where the equality holds a.s. by step 2 and that c(_q)(A,Q) — € is a continuity point of the CDF of J*(A™,Q),

the weak inequality is a consequence of J*(A*,Q) > J(A,), and the strict inequality follows from the fact that
C(1—-a)(A, Q) is the (1 — a)-quantile of J(A,2). From here, the definition of quantile and & < € imply that

{lim P, (Ty, < ca—a)(A,Q) —{Wi}my) < 1—a} C {liminf{& (1 - a) > caa)(A, Q) —c}}.

Since the RHS occurs for almost all sample sequences, then the LHS must also occur for almost all sample sequences.

Then, Eq. (C-8) is a consequence of this and Fatou’s Lemma.

Step 5. For nn > 0, we can define € > 0 in step 4 so that n —e > 0 and c1—q)(A, Q) + 1 — € is a continuity point
of the CDF of J(A, ). It then follows that

Pr,, (Th, > &5 (1~ ) + 1) < P, (@5(1 - 0) < caoa) (A, Q) =) + 1= Pry, (Th, < caoay(0, Q) 41— ¢) . (C-0)
Taking limit supremum on both sides, using steps 2 and 4, and that n —e > 0,

limsup Pr, (Tb, > a1 —a)+n) <1—PJAQ) < cl—a)(N, Q) +n—¢) < .

n—o0
This combined with steps 1 and 2 completes the proof under n > 0.

Step 6. For n = 0, there are two cases to consider. First, suppose c1_q)(A, Q) = 0. Then, by Assumption A.7,

limsup Pr, (Tb, > Efns(l —a)) <limsup Pr, (Tp, #0) <.

n—>00 n—r00

The proof is completed by combining the previous equation with steps 1 and 2. Second, suppose ¢(1_qa)(A,£2) > 0.
Consider a sequence {€m }m>1 S.t. €m | 0 and c(1_q)(A, Q) — em is a continuity point of the CDF of J(A, Q) for all
m € N. For any m € N, it follows from Eq. (C-9) and steps 2 and 4 that

limsup Pp, (Ty, > & (1—a)) <1—P(J(AQ) < caa)(A,Q) —em) .

n— o0
Taking €., | 0 and using continuity implies the RHS is equal to . Combining the previous equation with steps 1
and 2 completes the proof. O

Proof of Theorem 5.1. The proof follows directly from Theorem 6.1. O

Proof of Theorem 6.1. This is a non-stochastic result that holds for every sample {W;}i .

Part 1. Show that ¢f% > ¢f°. This result follows immediately from ¢5%(1 — a) < ¢#(1 — a). To show this,
note that by definition é5%(1 — a) < ,(0,1 — o) V0 € O1, where &,(0,1 — ) is the conditional (1 — a)-quantile of

S(@1,(0) + (k' VD *(0)Mn(8), 2 (6)), 2 (0)) - (C-10)

By definition, é,(0,1 — «) denotes the GMS critical value, which is defined as the conditional (1 — «)-quantile of
Eq. (C-10), except that o7 (6) is replaced by Q/?(0)Z*, with Z* ~ N(Ox, I) and Z* independent of {W;}?,. Since
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0,,(0) and le/Q(@)Z* have the same conditional distribution, it follows that &, (6,1 — a) = é,(8,1 — @) V0 € ©;. We
conclude that

&1 —a) < inf &,(0,1—a) = inf é,(0,1—a)=¢i1—a).
6cO; €0y

Part 2. Show that ¢pZ¢ > ¢BP . This result is a consequence of the following argument

{ma.<ara-a} = { oo < nf o@1-a)

0céd; 6cO;

c { inf Qn(0) < én(0,1—a), V0 € é;}
6cOr
c {30 €07 :Qud) < én(6,1— a)}

where the first equality holds by infgco Qn () = inf,.g, @n(0) and the definition of ¢8C (1 — @), the first inclusion is
elementary, the second inclusion holds by the lower semi-continuity of @, (implies that @, achieves a minimum in

© and, hence, a minimum in éI), and the final inclusion holds by 6r Cco. O

Proof of Theorem 6.2. Let {F,, € P}n>1, {05, € O}n>1, and {0, € O},>1 be as in Assumption A.9. Then,

Er, [¢57] = Pr, (Qn(8) > ¢.(0,1 —a), V0 € O)
< Pr, (Qn(07) > én(0n,1 — a))
Pr, (Qn(0,) > ¢n(0n,1 —a)Nén(05,1 —a) > én(0n,1 — )
=< —Pp, (6n(05,1 — @) > Qu(07) > én(0n, 1 — ) N én(05,1 — @) > én(0n,1 — )
+Pr, (Qn(0;) > én(0h,1 —a)Nén(bh,1 — a) < én(bn,1 —a))
< Pg, (T, > infeeélén(é?, 1—a))— Pp, (en(0n,1 —a) >Tn > é2(0n,1 — ) + Pp, (¢n(0n,1 — @) < én(0n,1 —a)) ,

where the first equality holds by definition, the first inequality and second equality are elementary, and the final in-
equality follows from ¢, (0, 1—a) > infy g, ¢n(0, 1—a) and Qn(0;,) = Tn. Note that Pp, (Tn > infycg, én(0,1—a)) =
EFn [¢§C]7 a’nd S0

limsup (Er, [¢nC] — Er,[65."])

n— o0
> limsup Pr, (én(0n,1 —a) <T, < én(0y,1 —a)) —limsup Pr, (¢n(05,1 —a) < én(0n,1 —a)) .

It then suffices to show that the first expression on the RHS is positive and the second expression on the RHS is zero.

We begin with the first expression. To do this, fix € € (0, (cy — ¢)/3) and consider the following argument

Pr, (60(0n,1 — @) < Tp < &,(05,1 — )
> Pr,(én(On,1 —a) <cr+e<Th <cy—e<én(0h,1—a))
>Pp,(cL +e<T, <cuw—¢)+ Pr,(én(0n,1 —a) <crL+¢)+ Pr,(cu —e < én(0;,1—a))—2,

where all the inequalities are elementary. Using Assumption A.9 and taking sequential limits lim inf as n — oo and
€} 0 we conclude that

liminf Pg, (¢n(0n,1 —a) < Tp < (05,1 —a)) >1lim P(J € (c +¢&,ca —¢)) = P(J € (cL,cu)) >0,

n—oo el0

where the equality follows from Fatou’s Lemma and the strict inequality is due to Assumption A.9.

Now consider the second expression. To do this, fix € € (0, (cg — ¢1)/3) and consider the following argument

Pr, (6n(05,1 = @) > én(0n,1 — a)) > Pr, (én(051— @) > e —e > cp +€ > én(0n, 1 — a))
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> Pp, (én(05,1—a) > cu —€) + Pr, (cL +£ > (0,1 —a)) — 1,

where all the inequalities are elementary. Using Assumption A.9 and taking sequential limits liminf as n — oo and

€} 0 we conclude that the two expression on the RHS converge to one, which leads to the desired result. O

C.1 Auxiliary Theorems

Theorem C.1. Assume Assumptions A.1-A.5. Let {F, € Po}n>1 be a (sub)sequence of distributions s.t. for some
(2, A%) € C(©?) x (O x Rfioo]), (i) Qr, = Q, and (i) A}, 5, B A*, where A} g, is as in Eq. (A-3) (implies that

O7"(Fy) is as in Definition 4.3). Then, there is a subsequence {an}n>1 of {n}n>1 s.t., along the sequence {Fy, }n>1,

{ inf )s(a;,,xe)+so*(n;jmzé;?w)man(e)),fzanw))'{Wi}?zl}i JALQ) = b S(a(0) + ¢ (0,20))

96@?‘1" (Fap, (0,£)eA*

for almost all sample sequences {W;};>1, where v : © — R* is a tight zero-mean Gaussian process with covariance
(correlation) kernel Q € C(©2).

Proof. Step 1. Consider the following derivation:

int 8 (8.00) + 97 (s VRDY*(0)7 (0)), 0 (0))

oo™ (Fy,

= oot S (500) 4 ¢ (00a(0) + un2(0) VDR 2 (0) B, [m(W.0)]), 2.(6)
€0 (Fn)

nf S (0200) + ¢ (1 (0) + 1n2(0)'0), 2 (9))

i
(0.0€A?, o

where pn(0) = (n,1(0), tin2(0)), pn1(0) = K, 0,(0) and pn2(0) = {6;;(9)01:,1,,]-(9)}?:1. In order to obtain this

expression, we have used that D, "/ %(0) and D},{l %(6) are both diagonal matrices.

Step 2. We show that there is a subsequence {an }n>1 of {n}n>1 8.t {{(0Z, , ttan, QLan ) [{Wi o, } A (va, (0k,1%), )
in [*°(0) a.s. By part 8 in Lemma D.2, {0;[{W;}i=1} 2 g in [%°(0) a.s. Then the result would follow from
finding a subsequence {an}n>1 of {n}n>1 s.t. {{(ta,, Qa, ) {Wi}e" } = ((Ok,1x),Q) in [°(0) a.s. Since (pn, )

a.s.

is conditionally non-stochastic, this is equivalent to finding a subsequence {an}n>1 of {n}n>1 s.t. (fan,Sa,) —
((0k,1%),Q) in I°°(#). In turn, this follows from combining step 1, part 5 of Lemma D.2, and Lemma D.8.

Step 3. Let D denote the space of functions that map © onto R* x ¥ and let Dy be the space of uniformly
continuous functions that map © onto R¥ x W. Let the sequence of functionals {gn}n>1 with g, : D — R be defined
by

gn(v(), (), Q) = | inf - S((0) + 0" (1 (0) + 12(0)'6),Q(9)) - (C-11)

Let the functional g : Dy — R be defined by

9((-), (), Q2()) = S((O) + ¢ (11(0) + p2(6)'0), (0)) -

inf
(0,6)EA*

We now show that if the sequence of (deterministic) functions {(vn(+), pn(+), Qn(*)) }n>1 with (vn (), pn(-), 2 (:)) € D
for all n € N satisfies
lim_sup {|(vn(0), pn (8), 2 (6)) = (v(6), (Ok, L), RO =0 , (C-12)

n—o0 ge

for some (v(-),§(+)) € Do, then
m_gn (vn (), pn (), () = g(v(), (O, 1x), (1)) -

n—oo

We now show lim inf, 00 gn (Vn(+), pin (+), 2n(+)) > g(v(+), (Ok, 1), 2(+)). Showing limsup,,_, o gn(Vn (), ptn(-), () <
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g(v(+), (Ok, 1), Q(+)) is very similar and therefore omitted. Suppose not, i.e., suppose that 36 > 0 and a subsequence
{an}tn>1 of {n}n>1 s.t. Vn €N,

Yan, (van(.)7uan(.)7 Qan(')) < g(’U(-), (Ok? 1k)7 Q()) —d. (C'l?’)

By definition, there exists a sequence {(fa,,, fa,, ) }n>1 that approximately achieves the infimum in Eq. (C-11), i.e.,
vn €N, (0a,,0a,) € Ay, F, and

|9an (Var, (-); tar, (-), Qa (4)) = S(vay, (Bar) + 0" (11.(0a,,) + p2(0a,) La ), Qay (0a,))] < 6/2 (C-14)

Since Af;mpan C O x R'fioo] and since (O x Rf“iwp d) is a compact metric space, there exists a subsequence {by, }n>1
of {an}n>1 and (6%,£) € © x Riy oy s.t. d((0b,,,0s,,), (0%, £7)) = 0.

We first show that (6%,¢%) € A*. Suppose not, i.e. (6*,£%) € A*, and consider the following argument

d((ebwmébn)7 (6*,[‘()) +dH(AZn,an7A*) > d((ebn7€bn)7 (0*7€*)) + inf N d((67 K)v (an,fbn))

(0,0)eA

> inf  d((0,0),(67,07) >0

T (0,0)eA*

where the first inequality follows from the definition of Hausdorff distance and the fact that (0y,,%,) € A} Fy,
and the second inequality follows by the triangular inequality. The final strict inequality follows from the fact that
A" e S(Ox Rﬁ[m]) , it is a compact subset of (© x R[im], d), £(6,¢) =d((8,), (0", £%)) is a continuous real-valued
function, and Royden (1988, Theorem 7.18). Taking limits as n — oo and using that d((6s,,, %, ), (68*,£")) — 0 and

H .
Ag, r, — A, we reach a contradiction.
n

Since (O, ]| - ||) is a compact metric space, d((0y,,, %, ), (0%,£*)) — 0 implies that 65, — 0*. Then, consider the

following derivation:

[[(vb,, (Ob,, ) 115, (Ob,,); Db, (Ob,,)) — (v(07), (O, 1), 2 (9*))“
< (v, (Ob,, ), 6, (0,,)5 b, (06,,)) — (v(0s,,), (Ok, Li), 2(0p,, ) + [[(v(6s,,), 2(6s,,)) — (v(67), 2(67))]|
< sup 1(ve, (), 15, (0), s, (8)) — (v(0), (Ok, 1), (6 ))H +[(v(0s,), 200,,)) — (v(07),207))|| =0,

where the last convergence holds by Eq. (C-12), 65, — 0%, and (v(-),Q(+)) € Do.

By continuity of ¢* and Eq. (C-12), it follows that ¢©* (1, ,1(0b,) + b, 206, ) ls,) — @ (£*) . To see why, it
suffices to show that ¢} (tb,,1,5(0b,) + 1,2, (0b,,) Cb,,.5) — @5 (€;) for any j =1,...,k. For j > p, the result holds
because ¢; = 0. For j < p, we consider the following argument. On the one hand, d((0s,,, s, ), (0",£")) — 0 implies
by, = 0 € Riis) and on the other hand, Eq. (C-12) implies (p,,1,5(6b,,), Hon,2,5(05,)) — (0,1). Combining
this, we conclude that p,,,1,5(0s,) + to,,,2,5 (Ov, )lb,,,; — €7, where £; € Ri1oo). Assumption A.5 then implies that
@5 (11,5 (Oby) + i 2,5 (06, )b 5) = 05 (£5).

Notice that (v(-),Q(-)) € Do and the compactness of © imply that (v(6*),Q(0")) is bounded. Then, regardless of
whether ¢*(£*) is bounded or not, limy,— oo (vs,, (B, ) +©* (11 (6, ) + 11266, )b, ), Lo, (B5,,)) = (v(07) + ™ (£7), 2(0%)) €
(Rﬁo@] X U) and s0 limy—00S(vb,, (0b,,) + @ (11 (6s,,) + 112(05,,)b,, ), b, (06,,)) = S(v(0%) + " (£7),Q2(0%)), i.e, IN € N
s.t. Vn > N,

1S (b, (Bb,,) + 7 (11 (6b,,) + p12(65,, )b, ), o, (B5,,)) = S(0(07) + 0 (£7), Q(O7))]| < 6/2 . (C-15)
By combining Eqs. (C-14) and (C-15), and the fact that (6%,£%) € A*, it follows that AN € N s.t. Vn > N,

G (Vo (), 16, (), o, (1)) Z S(0(07) + @7 (€7),2(07)) — 6 > g(v(-), (0k, 1£),Q()) = 4 ,

which is a contradiction to Eq. (C-13).
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Step 4. The proof is completed by combining the representation in step 1, the convergence result in step 2, the
continuity result in step 3, and the extended continuous mapping theorem (see, e.g., van der Vaart and Wellner
(1996, Theorem 1.11.1)). In order to apply this result, it is important to notice that parts 1 and 5 in Lemma D.2
and standard convergence results imply that (va(-),Q(+)) € Do a.s. O

Theorem C.2. limsup sup Er[¢Z7] < a.
n—oo FePy

Proof. Fix (n,F) € N x Py arbitrarily. By definition, F' € Py if and only if (0, F) € Fo for some 6 € ©. Then,
Er[l — ¢P"] = Pr(CS,(1 —a) #0) > Pr(0 € CSa(1 —a)) .
The result follows by noting that this and Eq. (2.9) imply that

liminf inf Ep[l—¢57] > liminf inf inf Pr(@cCS,(1—a)>1-a.
n—oo F€EPq n—oo FEPgheO(F)

Appendix D Auxiliary Lemmas

D.1 Auxiliary convergence results

Lemma D.1. Assumptions A.1-A.J imply that:

1. (M(F), pr) being totally bounded uniformly in F € P.
2. M(F) is Donsker and pre-Gaussian, both uniformly in F € P.
3. (O,]]- 1) is a totally bounded metric space.

4. Ye >0, limsyo limsup,, , . suppep Pr(Sup)g_g/ <5 |[vn(0) —vn(0)|| > ) = 0.

Proof. Part 1. Fix § > 0 arbitrarily and consider the following derivation:

wr0.0) <0 = {|{velomi@miwo) - oy @mion o2} | <)
{11tz - Diag(2r (6,012 < 6/v2)

{llo—o'f] <o},

V)

where the identity follows from the definition of the “intrinsic” variance semimetric, the second equality is elementary,
and the inclusion holds for some ¢’ > 0 independent of F' due to Assumption A.4.
By compactness of (0, ]| - |]), 3{0s}5-; s.t. US_1{0 € © : ||8s — 0]| < &'} = ©. Based on this, we can define
{fs e M(F)}5_, st fs = D;1/2(05)m(~,05) forall s=1,...,5. Let D;1/2(9)m(~, 0) € M(F) be arbitrarily chosen.
We now claim that pr(0s,0) < ¢ for some s = 1,...,S. By the previous construction, 3s € {1,...,S5} s.t.
{]|6s — 0|] <"} C {pr(6s,0) < §}. Since the choice of § > 0 was arbitrary and independent of F, the result holds.
Part 2. This follows from van der Vaart and Wellner (1996, Theorem 2.8.2). Assumption A.1 implies that M (F)

is a measurable class. We take the envelope function to be {supycgq |a;;. (0)m;(-,0)|°}r—,, which is square integrable

uniformly in F' € P due to Assumption A.3.

Under these conditions, the desired result is equivalent to the following: (i) v, being asymptotically pr-equicontinuous
uniformly in F' € P and (ii) (M(F), pr) being totally bounded uniformly in F' € P. The first condition is ezactly

assumed by Assumption A.2 and the second condition follows from part 1.
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Part 3. This result follows trivially from the fact that (©,]| - ||) is a compact metric space. See, e.g., Royden
(1988, pages 154-155).

Part 4. Fix € > 0 arbitrarily. By elementary arguments, it suffices to show 3§’ > 0 s.t.

lim sup sup Pr ( sup [lvn (8) — vn(6)]] > 6) <e. (D-1)
n—oc FEP 0,0’ €©:]]0—0"|| <5’

By Assumption A.2, 3§ > 0 s.t.

lim sup sup Pr sup [|[vn(0) —vn(8)]| > ¢ ) <e. (D-2)
n—oo FEP 9,6'€0:p(8,6')<5

In turn, for this choice of §, we can use the argument in Part 1 to prove 3§’ > 0 (independent of F) s.t. {||0 — ¢’|| <
8"} C{pr(0s,0) < &}. From this, it follows that,

PF< sup |vn<0>vn<e')|>s>§PF< sup ||vn<e>vn<e'>||>e>.

0,6’ cO:||6—6"|| <5 0,6 €©:p(6,0")<5
By combining the previous equation with Eq. (D-2), Eq. (D-1) follows. O

Lemma D.2. Assume Assumptions A.1-A.j. Let {F, € P}n>1 be a (sub)sequence of distributions s.t. Q, 5 Q for
some Q € C(©%). Then, the following results hold:

1. v 5 v in 1 (©), where vq : © — RF is a tight zero-mean Gaussian process with covariance (correlation)
kernel Q). In addition, va is a uniformly continuous function, a.s.

Qn B Qini>(O).

DR P(DYP () = I B 0k in 1(O).

DYDY () — I B 01, in 12(O).

Qn B Qin1=(0).

For any arbitrary sequence {An € Ryt n>1 8.t An — 00, Ay ‘v 2 O in 1°(O).

For any arbitrary sequence {\n € Ry4}n>1 s.t. Ay — 00, Aot 0n B 0y in 1™ (©).

o RS & e e

{va {Witiei} 4 vq in 1°°(©) for almost all sample sequences {W;};>1, where vq is the tight Gaussian process

described in part 1.

Proof. Part 1. The first part of the result follows from van der Vaart and Wellner (1996, Lemma 2.8.7), which requires
three conditions: (i) M(F') is Donsker and pre-Gaussian, both uniformly in {F,, € Po}n>1, (i) van der Vaart and
Wellner (1996, Eq. (2.8.5)), and (iii) van der Vaart and Wellner (1996, Eq. (2.8.6)). Condition (i) follows from part

1 in Lemma D.1, condition (ii) follows from Qp, 5 Q, and condition (iii) follows from Assumption A.3.

To show the second part, consider the following arguments. On the one hand, Assumption A.4 and Qp, — Q
imply that Ve > 0, 351 > 0 (independent of §,0" € ©) s.t. ||0 — ¢'|| < & implies that ||Diag(Q(0,0")) — Ii|| < &1
and this, in turn, implies that: pq(6,0") = v2||[Diag(Q(8,0")) — I]*/?|| < v/2e1 where pq is the “intrinsic” variance
semimetric when the variance-covariance function is 2. On the other hand, the fact that vg is a tight Gaussian
process and the argument in van der Vaart and Wellner (1996, page 41) implies that Vez > 0, 302 > 0 (independent
of 6,0" € ©) s.t. pa(6,0") < J2 implies that P(||lva(0) — va(8')|| < e2) = 1. Fix € > 0 arbitrarily. By setting € = &
, €1 = 62, and § = §1, we conclude from both of these arguments that Ve > 0, 3§ > 0 (independent of 6,6’ € ©) s.t.
[|0 — @'|| < § implies that P(||va(8) —va(0')|] <€) = 1, as required.

Part 2. For any j1,j2 = {1, ..., k}, define the classes of functions M;, j,(F) = {J;é.l (@)my, (-, 0)0;32 (@)mj, (-, 0) :
W — RF} and M, (F) = {0';;.1 (0)my, (-,0) : W — R¥}. The desired result can be shown by verifying that,
Vi1, 52 = {1,...,k}, My, 4, (F) and M, (F) are both Gliveko-Cantelli uniformly in F € P. In order to show such
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a result, we apply van der Vaart and Wellner (1996, Theorem 2.8.1) to each of these classes. We only verify the

conditions of the theorem for M, j, (F) (the result for M, (F)) follows from using very similar arguments).

Consider M, j, (F) for any j1,j2 = {1,...,k}. Assumption A.1 implies that M;, j,(F) is a measurable class for

all ' € P. For this class, the function max;< supeee,(agj. (0)m;(W,0))? is an envelope function.

We now argue the envelope satisfies the first condition of the theorem. Under Assumption A.3, we follow the
argument in Lehman and Romano (2005, page 463) to deduce that,

2
> 1 [sup
0co

which implies that the envelope function satisfies the first condition of the theorem.

m]-(W, 9)
or;(0)

m; (W, 6)
or;(0)

lim sup EF || sup
A—oo pep 0o

'>)\H <oo, forj=1,....k,

We now verify the second condition for Mj, ;,(F). By Assumption A.3, the envelope is bounded in the
Li(F)-norm, uniformly in F' € P. Consequently, a sufficient requirement to verify the second condition is that
(M, 4, (F), L1(F)) is totally bounded uniformly in F € P, i.e., for all § > 0 there is a set {#; € ©}5_; s.t. for all
0O, 3ds< S st

B { m, (W.0) my, (W.0) i, (W,0) my, (W,.0.)

— = — - <6.
O-F,E'l (9) O-Fé'z (9) O-F;'l (05) UF,E‘Q (05)

Now notice that, V6,65 € ©,

Ep |: my, (W, 0) mj, (W, 0) _ My, (W, 05) my, (W, 05) ]
ori(0)  orjy(0) orgi(0s)  oF,(0s)

<E [ mj1(VV70) _ mj1(VV’ 05) ij(VV, 9) ] E |: ij(W, 0) _ ij(VV, 95) mj1(VV»05) :|
S bR + EF

or.j, (0) orji(0s) || oF;,(0) oF,5,(0) oy (0s) || orgi(0s)

w0 mwo) 1\ .0 1\
m; m; 3 m;r

< E J bl _ J y V'S 2 E 7 I
= st ( ! [ ori(0)  ony(0:) D 51elino2) ( " ors ) ) ’

where the first inequality is elementary and the second inequality follows Holder’s inequality. The RHS is a product
of two terms. By Assumption A.3, the second term is finite. Hence, the LHS can be arbitrarily small by choosing
the first term of the RHS small enough. As a consequence, (Mj, j,(F),L1(F)) is totally bounded uniformly in
F € P follows from (M, (F'), L2(F)) and (M, (F), L2(F)) being totally bounded uniformly in F' € P. By using the
argument in van der Vaart and Wellner (1996, Exercise 1, Page 93), we can show this follows from (M(F'), pr) being
totally bounded uniformly in F' € P, which has already been shown in part 1 of Lemma D.1.

Part 3. By part 2 and that Diag(Q,(0)) = D;i (0)D.,(0) and Diag(Q(0)) = Iy, it follows that D;i (0)D, (0)—1I), 2
04 in I°(©), ie., supyee o7 ;(0)67 ;(0) = 1| B OVi=1,... k.

For any (a,&) € R x (0,1), |a® — 1| < & implies ||a| — 1] < max{y/T1+&—1,1 -1 —¢é} =1— /1 — & Based on
this, choose € € (0, min{1,2/k}) arbitrarily, set £ =1 — (1 — k) > 0, and consider the following argument,

—1 a ~ —2 A2 ~
{maxiDR:@Du0) - il <2} _Dk{lgleaglﬂpn,j(9)0n,j(9)—1l<€}
Jj=1,...,
—1 ~
© N {maxlont,000.0) - 1 < </
j=1,...,k
c —1/2 0\ /20y _ < .
e {05200y 0) - 1 <<

The result then follows from part 2 and ¢ being arbitrarily chosen.

Part 4. For a finite sample size, it is possible that ,,;(0) = 0 for some (6, j) € ©x{1,...,k}, in which case Di/Q(G)
would not be invertible. Let A, = {lA)i/Q (0) is invertible V6 € ©} and define D,%L/Q(O) = f)im(@) if A, occurs and
D/?(6) = I, otherwise. Note that D/?(6) and ~;1/2(09) are both diagonal matrices, and denote &,(0) = D}@/Q(H)[jyj]
and 5,1 () = D, */? (0)15,5) foral j =1,... k. Since DY? () may not always be invertible, we prove instead that: (i)
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infpep Pr({Dn'/?(0) = D;,'/?(8) V0 € ©}) — 1 and (ii) Dn_l/Q(H)DXLQ(H) — I, % 0y in 1°°(©). Under the previous
two results, we conclude that I ;1/2(9)D;/f (0) — I, 2 0, in [°(©) by a slight abuse of notation.

We first show that infrep Pr({Dn'/?(0) = D, '/?(6) V6 € ©}) — 1. Fix (n,e) € N x (0,1) arbitrarily. Notice
that supycq ||D;i/2(0)f),11/2(0) — Ii|| < e implies that 6,,;(0) > 0 for all (0,j) € © x {1,...,k} which is equivalent
to D:/Q(G) being invertible V6 € O, i.e., A,,. From this, we conclude that

{SUP 1D52(0)Dy/?(6) = In]| < } C {D,'*(6) = D, '/*(0) ¥o € ©} .
€O

The result then follows from part 3. The result reveals that the matrix DY 2(9) is invertible V8 € ©, uniformly in
F € P, for n large enough.

We now show D;l/z(ﬂ)D;f(O)—Ik % 04 in 1°°(©). For any arbitrarily chosen € € (0,1) we set ¢’ = ke/(1—¢) > 0
s.t. e =¢'/(k+¢€') > 0. In this case, elementary arguments imply that

{swipz 2000 - ni<cf ¢ N fsuwlas@0r,0 -1 <}
9cO G=1,..,k \O€©
~— EI
- ﬂ {sup 6,5 (0)0r, ;(0) — 1] < E}
j=1,...k \0€©
C  Jsup||D*(0)DY*(0) — Il gs’} -
6cO

Since the arbitrary choice of € € (0,1) induced a constant ¢’ > 0, the result then follows from part 3.

Part 5. By the triangular inequality and part 2, it suffices to show that ., (6) — Q,(6) 2 0pxx in I°°(6). To show

this, consider the following argument:

Qn(0) — 2 (0) = D2 (O0)0(0) Dy 2 (0) — 0 (0)
= D, '2(0) D2 (0)2,(0) D2 (0) D M2 (0) — Q,(0)
= ((DE2(0)D;2(0) = I) + ) (0) (DE2(0) D7 2(0) — 1) + Ii) — 2 (6)
= 2(D}2(0) D12 (0) — 1) (0) + (D2 (0) D1 /2(0) — i) (0) (D2 (0) Dy, 2 (0) — I -

By the previous equation, the submultiplicative property of the matrix norm and the fact that Qn(ﬁ) is a corre-

lation matrix, it follows that

1920, (8) = (O] < 2D 2(0) D72 (0) — Iil| + |1 D32 (0) D52 (6) — I .
Fix & > 0 arbitrarily and set &' > 0 s.t. 2¢’ + (E')2 < e. Then, the previous equation implies that

{supHD;j”(e)ﬁ;/?(e) AT } c {supmn(e) —Q.0)]| < } .
0O 0cO

The result then follows from part 3 and e being arbitrarily chosen.

Part 6. Fix €, > 0 arbitrarily. By part 3 in Lemma D.1, 3{6.}5_, s.t. US_1{8 € © : ||, — 6]| < §} = ©. Based

on this, consider the following derivation:

Pr, <sup [lvn ()] > )\ns) = Pp, | max sup [|(vn(0) — v (0s)) + vn(0s)|| > Ane
6€© 555 {6co:||0.—0(|<5}
< Pp, | max sup [|vn(0) — va(0s)|| > Ane/2 | + P, <max [lon(05)]] > )\na/Q)
855 {6€O:||0:—0(|<5} 5<S
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S
< Pr, ( sup [[vn (60) — vn (6")]] > >\n€/2> + > Pr, (lon ()l > Ane/2) -

{0.07€0:(|0"~0]| <5}

s=1

Since A, = 00, Ane/2 > ¢ for all n € N and, so

lim sup Pp,, (sup [lvn (0)]] > )\ns) < limsup Pr, < sup [|lvr (8) — va(6")]] > 5)
n— 00 6co n— 0o {6,0’co:[|0’—0||<5}
5
+ ZlimsupPFn(an(Gs)H > Ang/2) .
s=1 n— o0

By taking limits as § | 0 and part 4 in Lemma D.1, we conclude that

s
lim sup Pr,, (sup [lon (0)]] > )\na) < ZlimsupPFn(an(Os)H > A\ne/2) ,
n—oo 0cO ——1 n—oo

and it then suffices to show Pg, (|[vn(0)|| > Ane/2) — 0 VO € ©. To show this, notice that Qp, — € implies
Qr, (0,0) — Q(6,0) which, in turn, implies that v, (6) KN N(0x,9(0,0)). Since A, — 00, the result follows.

Part 7. Fix € > 0 arbitrarily. By definition, 9,(6) = b;l/z(H)D;f(H)vn(Q) VO € © and, so the next derivation

follows:

Pro (500 15.(0)11> Az ) = Pr, (sup (D7 2(O)D}20) ~ 1)+ 10 (0)] > e
0O 0cO

< P, (Sup 1D, 1/2(0) DY.?(6) — Ik sup [[vn (8)]] > An€> + P, <sup |lvn (0)]] > /\ne)
0ce dco )

< Pr, <sup ||l§;1/2(9)D1722(9) —Ii|| > \/)\na) + P, (sup [lvn (0)]] > \/)\ne) + P, <sup [lvn (0)]] > )\na) .
0O 00 00

By parts 4 and 6, the three terms on the RHS converge to zero, concluding the proof.

Part 8. This result follows from a modification of van der Vaart and Wellner (1996, Theorem 3.6.2) to allow for
drifting sequences of probability measures {F,, € P},>1. The original result proves that three statements are equal:
(i), (ii), and (iii). For the purpose of this part, it suffices to prove that (i) still implies (iii) in the case of drifting
sequences of probability measures. In order to complete the proof, one could follow the steps of the original proof:
(i) implies (ii), and (i) plus (ii) imply (iii).

Provided that the assumptions of the original theorem are valid uniformly in F' € P, then it is natural that
the conclusions of such theorem are also hold uniformly. Based on this argument, we limit ourselves to show that
condition (i) is uniformly valid. First, part 2 of Lemma D.1 indicates that M(F") is Donsker and pre-Gaussian, both
uniformly in F' € P. Second, Assumption A.3 is a finite (2 + a)-moment condition uniformly in F € P. O

D.2 Auxiliary results on S

Lemma D.3. Let the set A be defined as follows:
— P k—p . . _ .
A= {w €RY ) x R"F : max {j:l,a:).{,p{[x]]i}’s:£?¥.4,k{‘ms‘}} 1} . (D-3)
Then, inf(x’g)eAX\p S(.T, Q) > 0.
Proof. First, notice that (z,) € Ax ¥ implies that either z; < 0 for j < p or zs # 0 for s > p, and so S(z,) > 0. So

suppose not, i.e., suppose that inf(; oyeaxw S(x, Q) = 0. Then, I{(z,, ) € A x U},>1 (and so, S(zn, ) > 0) s.t.
limy, s 0 S(%n, Q) = 0. By taking a further subsequence {an}n>1 of {n}n>1, {(Zan, Qa, ) }n>1 converges to (z,Q) €
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cl(Ax W) = AxW¥ and so S(Z,2) > 0. This implies that (zq,,, 24, ) — (%, Q) and lim,— . S(Za,,, e, ) =0 < S(z,Q),

which is a contradiction to the continuity of S on Rf_mo] x RF=P x W, O

Lemma D.4. There exists a constant w1 > 0 s.t. S(z,2) < 1 and Q € ¥ implies x; > —w for all j < p and
|zs| < w1 for all s > p.

Proof. Let (z,Q) € Rf, ; x R*™P x U be arbitrary s.t. S(z,Q) < 1. Set & = ({[xj]_}le,{xs}f:pH) and note
that z; > —e for all j < p and |zs| < € for all s > p is equivalent to max;—1,.. % |Z;| < e. Since S((z1,z2),%) is
non-increasing in x1 € RY, ; and {z;}]_; > {[z;]-}j_;, it follows that S(z,Q) < S(&,€). Thus, it suffices to find
w1 > 0 s.t. S(%,Q) < 1 implies that max;=1, & |[Z;| < 1. If maxj=1 .k |T;] = 0, the result trivially follows so

consider the case where max;—1,.. x [Z;| > 0. In this case, the maintained assumptions on S imply that

.....

~ X X
1>8(z,Q)=S8 (#,Q) ( max |53]|> > inf  S(z,Q) ( max |5ij\> ,
max;=1,..k |Z;] J=1,..k (2,Q)EAXT Gl k

where the set A is as in Eq. (D-3). Lemma D.3 then implies that

—1/x
( inf  S(z, Q)) ,
=1,k (z,Q)EAXT

and the result then holds for @ = (inf(, 0)eaxw S(2, Q)" Vx> 0. O

Lemma D.5. There exists a constant we > 0 s.t. (z,Q) € Rﬁm] X R¥"P x W with ©; > —ws for all j < p and
|zs| < w2 for all s > p implies S(z,2) < 1.

Proof. Suppose not. If so, for any sequence {&,;}m>1 with £, | 0, we can find a sequence {(zm,m) € R . X

[+o0]
RF=P x U}, 51 with T > —em for all § < p, |Tm,s| < em for all s > p, and S(xm, 2m) > 1. By definition, then,
liminfym o0 S(@m, Qm) > 1. Since (RY, ; x R*™P x W, d) is compact, we can always consider a subsequence {am }m>1
of {m}m>1 s.t. limm—oo d((Tap,, Qan, ), (,2)) = 0 for some (x,Q) € Rﬁw] x R*¥~P x . By the behavior of the limits,

(z,Q) € R  x{0,_,} x ¥. By continuity of S, limm—oo S(%a,,; Qan,) = S(x, ) = 0, which is a contradiction. [

am

Lemma D.6. Let {(2m,Qm) € Rfioo] X W}n>1 be a sequence s.t. iminf,, o0 Tm,; > 0 for j < p andlimp—oe Tm,j =
0 for j > p. Then, limy—oo S(Tm, ) =0.

Proof. Suppose not, i.e., suppose that liminf,, 00 S(Zm,2m) > 0. Since (]Rf“im] x W,d) is compact, there is a
subsequence {am}m>1 of {m}m>1 s.t. limm— oo d((Zay, Qar )s (2,2)) = 0 for some (z,9Q) € Rﬁ[oo] x ¥. By the
behavior of the limits, = € Rﬁoo] x{0k—p} C Rﬂoo] x RF¥™P. By continuity of S, limm—e0 S(a,,, Qa,.) = S(z,Q) =0,
which is a contradiction. O

am

D.3 Auxiliary results on subsequences

Lemma D.7. Let Assumption A.4 hold. For any arbitrary {Fn € Pln>1, there exists a subsequence {un}n>1 of
{n}n>1 st Au, BN, AL Fu, B A", and Qr,, - Q for some (Q, A, A*) € C(07) x S(O x Rfioo])Q, where Ay r

Un,

and A}, . are defined in Eqgs. (3.6) and (A-3), respectively.

Proof. By Assumption A.4, {Qr(0,0") € C(0%)}rep is an equicontinuous family of functions. Since {Qr, (6,0")}n>1
is a bounded sequence in R¥** and its closure is compact. Then, by the Arzela-Ascoli theorem (see, e.g., Royden
(1988, page 169)), there is a subsequence {an}n>1 of {n}n>1 and Q € C(©?) s.t. Qp,, — .

Since (© X ]Rf“ioo],d) is a compact metric space, Aq,,F,, € © X Rfioo], and the fact that any closed subset of a
compact space is compact (see, e.g., Royden (1988, page 156)), cl(Aa, F,, ) is a compact subset of © x Rfioo], ie.,
cl(MAa, F,, ) € S(O X Rf“ioo]). By Corbae et al. (2009, Theorem 6.1.16), S(© X Rﬁ:w]) is compact under the Hausdorff
metric. As a consequence, there is a subsequence {by, }n>1 of {an}n>1 and A € S(© foioo]) s.t. du(cl(Av,,, R, ), A) —
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0. To conclude, it suffices to show that dg (Abn,an ,A) — 0, which follows from dg (Abmpbn , cl(Abn,an )) = 0 and the
triangular inequality.

*
Cn 7Fc-,L

the one used before. The proof is then concluded by setting {un}n>1 = {cn}n>1. O

As a next step, we define a subsequence {cp}n>1 of {bp}n>1 s.t. A X A* using an identical argument to

Lemma D.8. For any arbitrary {F, € Pln>1, let Xn(0) : Q — 1°°(0) be any stochastic process s.t. X, 2 0 in

1°°(©). Then, there exists a subsequence {Un}n>1 0f {N}n>1 s.t. Xy, 230 in 1°°(0).

Proof. Throughout this proof, we consider an arbitrary sequence {e, € R4 },>1 with &, | 0. Then, for arbitrary
d > 0 and arbitrary subsequence {u,}n>1 of {n}n>1, it follows that:

{limsup {sup [| Xw, (6)]] > aun}} = {liminf {sup [| Xw, (8)]] < sun}} C {liminf {sup [| Xw, (0)]] < 5}} .
n— o0 6co n—0o0 6co n—00 6co

Then, in order to complete the proof, it suffices to construct a subsequence {un }n>1 of {n},>1 (solely dependent on

{En S R++}n21) s.t.
P (hmsup {sup [| Xw, (6)]] > Eun}> =0.
n— 00 0co

Consider the following elementary argument:
P (o1 {umen {sup 10, @)1 > 0 | )
0cO

P (timsup {sup 1., 0)] > =, } )
n—oo 0ce
lim sup P <{Um2n {sup [| Xk, (0)]] > skm}})
n—oo 6cO

lim sup Z Pr, ({21618 [| Xk, (0)]] > Skm}> . (D-4)

n— oo
m>n

IN

IN

It suffices to show that we can construct a subsequence {uy}n>1 of {n}n>1 (solely dependent on {e,}n>1) s.t. the
limit supremum on the RHS of Eq. (D-4) is zero.

Set up = 1. By the fact that X,, 2 0 in [°°(©) and for each n € N, we can find u, > maz{n,u,—1} s.t.

1
Pro, (51X, 01> 2, ) < o
* \oco 2

As a corollary of this, we would have constructed a subsequence {uy }n>1 of {n}n>1 s.t.

> Pr,, (Sup [| X, (0)]] > €m> <00
6O

m>1

It follows that the RHS of Eq. (D-4) is zero, completing the proof. O

D.4 Auxiliary results on sufficient conditions for our assumptions
In this section we present some sufficient conditions for the assumptions in section B to hold.

Lemma D.9. Let ¢ : RY Rﬁ:o’;] X ¥ — Rﬁw] take the form @(&) = (v1(&1)s .-, 0p(&p),0k—p) and be s.t., for

allj=1,...,p,

d. ;&) has finitely many discontinuity points and &5 = 0 is not one of them.
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Then, ¢ satisfies Assumption A.5.

Proof. Consider the following argument Vj = 1,...,p. If ¢; is continuous, then set ¢} (&;) = max{yp;(§;),0} for all
&j € R[4oo). Otherwise, we split the constructive argument into the following cases.

First, suppose that all its points of discontinuity are negative. In this case, define ¢} (&;) = 0 for all {; < 0 and
05 (&) = ;&) for all £ > 0. It is now easy to verify that this function satisfies all the desired properties.

Second, suppose not all points of discontinuity are negative. By condition (d), zero is not a discontinuity point
and we can find the minimum discontinuity point, which we denote by £*. It follows that ¢;(£;) is a continuous
function for all &; € [0,&5*). By continuity at zero, 3¢5 € (0,£;™) s.t. for some real number § > 0, |¢;(&;)| < 0 for all
& €[0,£5]. We divide the rest of the proof into two cases.

Case 1. 36 € (0,1) s.t. |p;(0&5)| > 0. In this case, define the following constants: A = (G(6) —4)/(1 — ) and
B = 6/|¢;j(6&5)|, where G : Rj1o) — [0,1] is the function defined in Eq. (A-1). Since 6 € (0,1), it follows that
A€ (0,1) and B > 1. In this case, define

0 if £ € [—00,0)
ey — L B0 e € 0,65)

GTHAE /& + (1= A) if & € [0¢],€7)

00 if & € [£], 00

It is now easy to verify that this function satisfies all the desired properties.

Case 2. A6 € (0,1) s.t. [p;(6E7)] > 0, i.e., p;(&5) =0V €[0,£). In this case, define:

0 if & € [—00,0)
0i(&) = G/ (26)) +1/2) it & €[0,€))
o0 if §; € [£5, o]
It is now easy to verify that this function satisfies all the desired properties. O

Lemma D.10. Let Assumption A.8 hold. Then, for any {F, € Po}n>1, v € (0,1), and {6, € O (Fy)}n>1 for

Nn = I ki, there is a subsequence {un}n>1 of {n}n>1 and a sequence {f., € OYn>1 s.t. ||0u, — O, || — 0 and

W /uno (0u,)Er,, [m;(W,0u,)] > lim &7 /inop, (0u,)Er,, [m; (W, 0.,)] for j <p,
n’ v n— oo Un n

n—oo

lim Vg, 5 (0u,)Ery, (W, 0u,)] = lim Vi, 5 (0u,) Er,, [m;(W,0,)] for j > p . (D-5)

Proof. By definition, {0, € ©7" (Fy)}n>1 implies that S(vnDy'/?(0,)Er, [m(W, 0,)], Qr, (0n)) < 7 and, therefore,
Qr, (0n) = S(D;i/2(€n)EFn [m(W,0,)], Qr, (0,)) < (ne/X/\/n)X — 0, where the convergence occurs by 7, = In .
By this and Assumption A.8(a), it follows that

O [VY) = ¢ Qr, (0n) 2 min{s,_int 00 = BI}* = 0 ~ull < O ¥m) . (D6)
I\F'n

for some sequence {#, € ©1(F,)}n>1. By the convexity of © and Assumption A.8(c), the intermediate value theorem

implies that there is a sequence {6;, € ©},>1 with 6}, in the line between 6, and 0, s.t. for all v > 0,

K VDR (00) B, [m(W, 0)] = G, (07) 0 V/A(0n — 0n) + 5 V0Dt (00) Er, [m(W, 0,)] -

Define 6, = (1- K;"’)én + K, 0, or, equivalently, O, — 0, = Kn '(6n — 0,,). We can write the above equation as

G, (03)V1(0n — 0,) = 870D (00) Br, (W, 0,)] — k7' V/nDg " (0,) Er, [m(W, 6,)] . (D-7)
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By convexity of © and k7 — 0, {0, € O}n>1. By Eq. (D-6), v/n(0n — 0,) = /nky " (0n — 0,) < O(k;, s/ X) = O(1).
Notice that this implies that ||6, — 6,|| — 0. Also, notice that this also implies that ||0, — 0,]] = 0 as /nk,” — 0o
because of < 1. Since 6}, is in the line between 6,, and 6,, this also means that ||6}; — 0,| — 0.

By using the intermediate value theorem once again, there is a sequence {6;," € ©},,>1 with 6;," in the line between
én and 9~n s.t.
VnDe 2 (00)Er, [m(W,0,)] = G, (05 )Vn(0n — 02) + vVnDg > (00) Er, [m(W, 0,)]

Gr, (05)Vn (0 — 0,) + VDR ?(0,) Er, [m(W,0,)] + €10, (D-8)

where the second equality holds by €1 », = (G, (05°)—Gr, (05))v/1(0n—6,). Since 65" is in the line between ,, and 6,
and ||0, —0,|| — 0, this means that ||0:* —0,|| — 0. Then, we conclude that ||05* —0%|| < ||05* — 0. ||+ |6, — 0| — 0.

Combining Eqgs. (D-7) and (D-8) we get
VD2 (00) Er, [m(W,0.)] = k"D g ?(0,) Er, [m(W, 0,)] + €10 + €20 , (D-9)

where €2, = (1 — n;”)\/ﬁD;;/Q(én)EFn [m(W,0,,)]. From {0, € O1(Fn)}n>1 and k;7 — 0, it follows that €, ; > 0
for j < pand €z,n,; =0 for j > p. Moreover, Assumption A.8(c) implies that ||GF, (0;,") — Gr, (0;,)|| = o(1) for any
sequence {F, € Po}n>1 whenever ||05* — 0%|| — 0. Using v/n(0,, — 0,) = O(1), we have

llernll = G r, (6077 = G (621 X Val[fn — 6l = 0(1) - (D-10)

Finally, since (Rﬁ:oo] ,d) is compact, there is a subsequence {un }rn>1 of {n}n>1 s.t. ,/unD;j/z (éun)EFun [m(W, 0.,)]

n

and /f;j\/unD;j/Q(Hun)Epun [m(W, 6.,)] converge. Then, from Egs. (D-9), (D-10), and the properties of €3, we
conclude that

lim unog, 0u,)Er,, [mi(W,0u,)] > lim_ .7 Vunog, ;(0u,)Er,, m;(W,0.,)] for j <p.,
n—oo Lm > n n—oo n Un > n

Um /unopr (0u,)Er,, [mj(W,0u,)] = lim &, Vunopr, (0u,)Er,, [m;(W,04,)] for j > p .
n’ " n—oo Un > n

n—o0
To conclude the proof, notice that |6, — 0, || < ||0n — On|| + ||6n — 0n]| — 0. O

Lemma D.11. Let {F, € Po}n>1 be s.t. Anr, — A and A}, . = A* for some A,A* € S(© x Rfioo]). Then,
Assumptions A.5 and A.8 imply Assumption A.6.

Proof. Let 1, = Ink,. By definition, (*,£*) € A* implies that there is a (sub)sequence {(0n,fn) € A}, r, }n>1 s.t.
d((On, £n), (0°,€7)) — O with €, = k5" /Dy (00)Er, [m(W,0,)]. The fact that (0, €,) € A} g, , implies that
0, € O} (Fy) or, equivalently, S(v/nDy'"*(0n)Er, [m(W,0,)], 2(02)) < 1n. By Lemma D.4, 3wy > 0 s.t.

Ko ng = K Vnog) (00)Er, [mi (W, 0,)] > =k, "0/ Yo = 0, for j <p,
ko gl = K VROE) (00)Br, [ (W, 60)]] < k! X1 — 0, for j > p, (D-11)
where v € (0,1) is as in Lemma D.10 and the convergence occurs by 7, = Ink,. By the previous equations, v < 1,
and the fact that d(¢n, (") — 0, we conclude that £* € R, ; x {Ox—p}.
Lemma D.10 implies that Eq. (D-5) holds. By combining this with Eq. (D-11), we conclude that there is a

subsequence {un}n>1 of {n},>1 and a sequence {6, € O},>1 s.t. |0u,, — B, || — 0 and

lim \/unalzj j(éun)EFu [m;(W,0,,)] > lim ky "4y, ,; >0, for j <p,
n— oo n> n n

n— oo
lim \/una;ul j(éun)EFu [m;(W,0,,)] = lim sy "0y, ; =0, forj>p.
n— 00 n’ n 00 n

We define /,, = \/ﬁD;j/z(én)Epn [m(W, 0,,)] and notice that, by definition, (6, %,) € An,r,. By the compactness
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of (© x Rf“ioo]7d)7 there is a subsequence {kn}n>1 of {tn}tn>1 s.t. d((Ox, ,ex,), (0,0)) — 0. Finally, since A, r, —

A eSO x Rfcioo]), we conclude that (6,¢) € A. We can summarize the previous construction as follows:

éj = lim ékn,j 2 lim K,lci’yéknd‘ 2 0, for ] S P,

n

n— o0 n—oo
. n . 1— .
L = nh_)n;o b, ; = nler;O Ky Lk, =0, forj>p. (D-12)

To conclude, we show that (6, /) satisfies the requirements in Assumption A.6. First, d((0x,,, %, ), (0,£)) — 0
and ||ékn — 0, || = 0 and imply that lim, ékn = limy, 00 0,, = 0. Second, for 7 > p, Eq. (D-12) implies that
£; = lim, o0 lx, ; = 0. Next, consider j < p for which we know that 0; € Rijoo. If £5 = 0, then ¢} (¢) =0 by
Assumption A.5. Eq. (D-12) then implies £; > 0 = ¢} (¢;). If £; > 0, then Iii:’ygkn’j — oo and so Eq. (D-12) implies
£; = oco. It follows that £; > ¢*(£7) in this case as well. O

D.5 Auxiliary results on é[

Lemma D.12. Let {F, € Po}n>1 be a (sub)sequence of distributions s.t. QF, — Q for some Q € C(62). For any
arbitrary sequence {\, € Ryy}n>1 s.t. Ay — 00, A\ tinfaco Qn () 20.

Proof. Fixn € N arbitrarily. By definition, F,, € Py implies that 6,, € ©(F},), which implies that Er, [m; (W, 6,)] > 0
for j < p and Er, [m;(W,0,)] =0 for 5 > p. Therefore

0 <AL" inf Qn(6) < A7 Qn(0n) = SO XV (0n), Sn(0n)) < SO X0 (0n), O (00))

where the first two inequalities are elementary, the first equality is by definition of @, and by the fact that S is
homogeneous of degree x, and the second equality follows from monotonicity properties of S and 6,, € ©(F3,), which
implies that Er, [m;(W,6,)] > 0 for j < p and EF, [m;(W,6,)] =0 for j > p.

The proof is completed by showing that S(A;l/xvn(ﬁn), Qn(en)) 2 0. Suppose not, i.e., 3¢ > 0 s.t.

limsup Pr, ()S(A;l/xvn(en),ﬂn(en))] >&)>0. (D-13)

n—00

Based on this, notice that

limsup Pr, ()su;l/xun(en),@n(en))] > g) = lim Pp,, (’S(/\;nl/xva" (6a,), e, (9%))‘ > é)

n—oo n—00

= 1im Pr, (|SOG %0, 05,), 90, 8,))] > 2) (D-14)

n—o0

where the first equality holds for a subsequence {an}n>1 of {n},>1 that achieves the limit supremum, the second

equality holds for a subsequence {by }n>1 of {an }n>1 8.t. Q(6s,) — Q*. By Lemma D.2 (parts 5 and 6) and /X = o0,

we conclude that )\;nl/van (6s.,,) 2 04 and an (6b,,) — ., (0s,,) 2 0,. This, combined with ©(6s,,) — 2° — 0 and
assumed properties of S, implies that S()\b_nl/van (6,), Q,, (05,)) 5 S(0x, Q") = 0. As a result, the RHS of Eq.
(D-14) is zero, contradicting Eq. (D-13). O

Lemma D.13. Assume Assumptions A.1-A.J and let @}“ "r(Fy) be as in Definition 4.3. Then,

lim inf Pp (én C @nrn (F)) =1.

n—oo FEPy

Proof. Throughout this proof, let

OV ={0€0:Qu0) <Vink,} ={0€0:5(nk,) D, ?(0)m(6),Q2.(0)) <1},

where the equality relies on the definition of @, (f) and the maintained properties of S.
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Step 1. Show that infrep, PF(C:)I C C:)?B) — 1. Fix (n,F) € N x Py arbitrarily. By definition, 75, < v/Inky
implies é[ - é[UB and, thus, it suffices to show that infrep, Pr(Tn < vInk,) — 1. To show this, notice that:

lim inf 1nf PF(T <Vlnkp) = hm Pr, (Ta, <+/Inka,) =1,

n—oo

where the first equality holds for a subsequence {an}n>1 of {n}n>1 that achieves the limit, the infimum, and is s.t.
Qr, = Q for some Q € C(60?) (which can be found by Lemma D.7), and the second equality holds by Lemma D.12.

an

Step 2. Show that infrep, Pr(OYF C ©" " (F)) — 1. Fix (n, F) € N x P, arbitrarily. By Lemma D.5, there

exists oy > 0 s.t.

Or " (F) ={0 € ©: S((lnrn) ™ *VnEr[m(W,0)],Zr(0)) < 1}

{06 @:{ {1055 (0) Er[m;(W,0)] > —wa(In k) /X}7_,N }} .
- (Vo5 (0)|Er[m; (W, 0)]| < wa(Inrn)' X}y

It then follows that

V]

nopl rlmi(W,0)] > —wa(Inky,) VX3P,
for7 cormm) 2! N {{f Py (O Brlms(W,0)] > —wa(insn) X}, n}

st LAV O)|Eplms (W, 60)]| < wa(ln ) XY,
I

{infycoun Vo R (0)Er[m; (W, 0)] > —wa(Ink,) ™ /X}_N
{supgeoun vnop; (0)|Er[m; (W, 0)]] < ws(ln ko) XY

2 {,max sup |vno; (60 )EF[mj(W0)1|<Wz(lnfin)”X} :
= kocoUn

In turn, this implies that

n—oco FEPg n—oo FEPy Jj=1,. keeeUB

liminf inf Pp(OY” C OF" (F)) > liminf inf PF< max  sup |f0F]( YEr[m; (W, 0)]| SWQ(lnnn)l/X> .

The proof is completed by showing that the RHS is equal to one.

By Lemma D.4, there exists w1 > 0 s.t.
B {9 e0: S(Vinra) Y XVaDy 2(0)m(0), 0n(0)) < 1}

AV, (0)my (0) > —wn (Inkn) /P00
- {9 €O: { {fA,1(9)|mJ( )| < wl(lnﬁn)l/u)‘)}?:p_‘_l }} . (D-15)

Now, fix (n, F,0,5) € N x Py X oY x {1,...,k} arbitrarily. By definition,
Vo (0)Er[m; (W, 0)] = —va;(0) + v/nd, 5(0)m;(0)0 5 (0)60.,5(0) -
In the case of j < p, § € OYF C O, and Eq. (D-15) then implies that

inf ngJ( )Er[m;(W,0)] > —sup |vn ;(0)] — @1 (Inka)" ) sup |o75(0)F4m,;(0)] .
96y feo dco

In the case of j > p, the same argument implies that

sup /nop;(0)Er[m;(W,0)] <

: D [vn,5(0)] + @1 (In )/ @ sup |07} (0)6m,5 ()] -
0coYB S)

su
oe deco
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One can combine the information Vj € {1,...,k} to deduce that

max  sup_ |ViaorL(0)Erlms(W,0)]| < sup llun(@)] + w1 (1o wn) /@ sup || DE2 @) DY2(0)]|
]_l’m’kQGC:‘)IUB dco 6co

From this, it follows that

liminf inf Pg (_max sup |v/nog;(0)Er[m;(W,0)]| < w2 (In Iin)l/x)

n—oo FePy j:l,m,keeéyB

n—o0o dco

> liminf inf Pg <sup |[0n (0)]| + w1ms/ @ sup ||D;1/2(9)ﬁ71/2(0)|| < wa(ln Kun)l/x>
FePo ] 6co

> timinf inf Pe (suplo. (O)] < a(ine) 1 2)
€Po

n—oo F 0cO

+liminf inf Pp (sup|\D;1/2(e)ﬁ;/2(e)|| < wz(lnﬂn)1/<2X)/(2w1)) -1
FePo 6o

n— oo
= lim Pp,, (sup||van 0] < wz(lnnan)l/x/Z)
n—r00 g 96@
+ lim Pg, (sup||D;1/2(e)b;Q2(e)|\ < WQ(lnnan)l/(QX)/(Zwl)) —1=1,
n—oo 96@ an,

where the first two inequalities are elementary, the first equality holds for a subsequence {an}n>1 of {n}n>1 that
achieves the limit, the infimum, and is s.t. Qp,  — Q for some Q € C(6?) (which can be found by Lemma D.7), and
the final equality follows from In x,,, and parts 3 and 6 of Lemma D.2. (I

D.6 Auxiliary results on consistency

Theorem D.1. Assume Assumptions A.1-A.4 and let F € P/Py be s.t. hp(0) = D1;1/2(€)E‘p[7”n(W7 0)]: © — R” is
continuous. Then,
lim Efgf7) = lim Ex[¢7°] = lim Br (675 = 1.

Proof. By Lemma 6.1, it suffices to show lim Er| EP] = 1. For any C' > 0, consider the following derivation:

PEF = 1¥0 € ©: Qu(8) > én(0,1 — )] > 1[supyeg én(f,1—a) <CNC < Ty,

where T;, = infgece Qn(6) and é,(0, 1 —a) is the (conditional) (1—«)-quantile of S(QTVQ(H)Z* +p(&n(0),2(0)), 2,(0))
with Z* ~ N(Og, It). From here it follows that

Ep[p5T] > Pr(supgee én(0,1 —a) < C) + Pp(T, > C) — 1.

To complete the proof, it suffices to find C' > 0 s.t. both expressions on the RHS are equal to one.

First, we show that Pr(supyeg én(0,1—a) < C) = 1 for some constant C. By monotonicity of S(-), &,(0,1—a) <
¢P4(0,1 — a), where é54(0,1 — a) is the (conditional) (1 — a)-quantile of S(Q/2(0)Z*, Q0 (0)) with Z* ~ N (O, Ii).
Since Q,(0) € ¥, é£4(0,1 — @) < C where C is the (conditional) (1 — a)-quantile of supgeg S(/2Z*,Q) with
Z* ~ N(0, I1). By definition, supyeg én(0,1 — @) < C € (0, 00), which implies the desired result.

Second, we show that Pr (T, > C’) — 1. To show this, consider the following derivation:

inf S(ma(6),5n(0)) = inf S(D""*(0)mn(6),2.(0) 5 inf S(DR'"(0)Er[m(W,0)),2r(8)) = inf Qr(6) >0,
(D-16)

where we use Q,() = D;'/?(0)2,(0)D;"/?(6) and Qr(0) = D,"/*(0)Sr(0)Dy'/?(0). The two equalities are
elementary, the strict inequality follows from F € P/Po, and the convergence in probability is shown in the next
paragraph. From Eq. (D-16), it follows that T,, = nX/% infpce S(mn (), £r(0)) 2 0o, which implies the desired result.
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To complete the proof, it suffices to show the convergence in probability in Eq. (D-16). The main steps of this
argument are similar to the ones used to prove Theorem 3.1. We now provide a basic sketch of the main ideas. By
part 6 in Lemma D.2 (with A, = /n) we conclude that D;"/?(-)mn(-) & Dy () Er[m(W,-)] in [(©). By part 2
in Lemma D.2 we conclude that €, % Qr in 1°°(0©). Elementary arguments in convergence in probability then imply
that (D;”Q(‘)mn(-), Q) B (D;1/2(-)EF [m(W,-)],QF) in [°°(0). Furthermore, under the assumptions of the result,
(D;UQ(-)EF [m(W,)],Qr) : © — ]R]fioo] x W is continuous function. By these findings and the extended continuous
mapping theorem (e.g. van der Vaart and Wellner (1996, Theorem 1.11.1)), the result follows. O
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