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1 Introduction

In this paper, we theoretically analyze the so-called deflationary equilibrium of the New
Keynesian model with an effective lower bound (ELB) constraint on nominal interest rates.
In particular, we explore how uncertainty about the future course of the economy affects
allocations under the deflationary equilibrium, paying particular attention to the steady-
state allocation. The steady state of a model without uncertainty is often referred to as
the deterministic steady state, whereas the steady state of a model with uncertainty is often
referred to as the risky steady state (Coeurdacier, Rey, and Winant (2011)). It is well known
that the deterministic steady state of the deflationary equilibrium features the binding ELB
constraint and a below-target rate of inflation (Benhabib, Schmitt-Grohe, and Uribe (2001)
and Bullard (2010)). We are interested in examining how the risky steady state of the
deflationary equilibrium differs from its deterministic steady state.

We find that the rate of inflation is higher at the risky steady state than at the determin-
istic steady state in the deflationary equilibrium. This result arises because the distribution
of future inflation is asymmetric if the variance of shocks driving fluctuations in the model
is sufficiently large. When a negative shock hits the economy under the deflationary equilib-
rium, inflation declines, but the policy rate remains at the ELB. When a positive shock hits
the economy under the deflationary equilibrium, inflation increases. If the size of the positive
shock is sufficiently large, the policy rate also increases and partially offsets the increase in
inflation. This asymmetry breaks the certainty equivalence and creates a discrepancy be-
tween the risk steady state and the deterministic steady state. Interestingly, this effect of
uncertainty on the steady state of the deflationary equilibrium is the opposite of that on the
steady state of the target equilibrium examined in Hills, Nakata, and Schmidt (2019).

We propose a novel concept, the risk-adjusted Fisher relation, to visualize the effect of
uncertainty on the steady-state inflation rate and the policy rate. The standard Fisher
relation is the relationship between the rate of inflation and the policy rate implied by the
Euler equation in the absence of any exogenous shocks. The risk-adjusted Fisher relation
is the relationship between the rate of inflation and the policy rate implied by the Euler
equation when there are exogenous shocks in the economy but their realized values are zero.
That is, even though realized shock values are zero, agents in the model are aware that shocks
can hit the economy in the future and form expectations accordingly. The risky steady states
are given by the intersection of the risk-adjusted Fisher relation and the truncated Taylor
rule, whereas the deterministic steady states are given by the intersection of the standard
Fisher relation and the truncated Taylor rule. We show that the risk-adjusted Fisher relation
lies below the standard Fisher relation, which implies the result described in the previous
paragraph.

When the target rate of inflation set by the central bank is positive, our result implies that

the rate of inflation can be—somewhat paradoxically—positive at the risky steady state of



the deflationary equilibrium if the degree of uncertainty is sufficiently large. This situation is
consistent with the Japanese economy in the 2010s when the rate of inflation hovered around
a slightly positive level while the policy rate was constrained at the ELB.

We also find that the policy rate can be positive at the risky steady state of the defla-
tionary equilibrium, contrary to the conventional image associated with the steady state of
the deflationary equilibrium featuring the binding ELB constraint. We also find that the
ELB constraint can bind at the risky steady state of the target equilibrium, contrary to the
conventional image associated with the steady state of the target equilibrium featuring a
positive policy rate. All in all, our conventional images about the deflationary and target
equilibria may not be valid once we take uncertainty into account.

We use a New Keynesian model with a three-state shock in the main body of the paper.
We derive both analytical and numerical results. However, all the qualitative results also
hold in the model with an AR(1) shock. The results from the model with an AR(1) shock
are discussed in the Appendix.

The steady-state inflation analysis is important because we still do not know much about
the determinants of the long-term behavior of inflation. For example, in the U.S., inflation
was persistently below the target rate of 2 percent in the 2010s. Even when the economy
was strong and the unemployment rate was hovering below 4 percent in the last few years of
the 2010s, the rate of inflation struggled to move up to the target rate, making policymakers
concerned about the possibility that the long-term inflation expectations were anchored at
a level below the target rate of 2 percent. This concern eventually led to the adoption of
the flexible average inflation targeting framework in the summer of 2020 after the Federal
Reserve concluded its first Strategic Review.

As another example, in Japan, the rate of inflation hovered well below the target rate of
2 percent in the 2010s even with a highly accommodative monetary policy and a sustained
period of low unemployment rates. Such economic development led to the concern that long-
term inflation expectations had become firmly anchored at around zero percent in Japan, a
concern that has been dispelled only by strong inflationary pressures in the aftermath of a
once-in-a-century-type pandemic.

In the standard New Keynesian model without uncertainty, the rate of inflation eventually
returns to either the target rate set by the central bank—if the economy is in the target
equilibrium—or a negative rate consistent with the inverse of the subjective discount factor
of the household—if the economy is in the deflationary equilibrium. Thus, the standard model
is unsatisfactory in explaining the long-term trend in inflation observed in some advanced
economies—even if the theory is often useful in explaining the deviation of inflation from
the long-run trend. Our paper shows that uncertainty can help bridge the gap between the
model and reality in terms of the long-term trend of inflation.

Our paper is related to the literature analyzing the interaction of uncertainty and the
ELB. See, for example, Basu and Bundick (2017), Evans, Fisher, Gourio, and Krane (2015),



Nakata (2016), Nakata (2017), Plante, Richter, and Throckmorton (2018), among others.
Adam and Billi (2007) and Nakov (2008) also discussed the interaction of uncertainty and
the ELB in their early prescient work on optimal policy—though that was not their main
focus. Our paper is closest to Hills, Nakata, and Schmidt (2019) who analyze how uncertainty
affects the steady state of the target equilibrium. They find that the rate of inflation at the
risky steady state of the target equilibrium is lower than that at the deterministic steady
state—which corresponds to the target rate of inflation set by the central bank—and showed
that the model can quantitatively explain the below-target rate of inflation in the U.S. in
the second half of 2010s. Our paper is different from these papers because we study the
interaction of uncertainty and the ELB in the deflationary equilibrium. We also formalize a
novel concept—the risk-adjusted Fisher relation—which was only casually alluded to in Hills,
Nakata, and Schmidt (2019).

We contribute to the literature on the deflationary equilibrium in the New Keynesian
model. Some researchers analyze what policies may (or may not) eliminate this LT (Alstad-
heim and Henderson (2006); Armenter (2017); Benhabib, Schmitt-Grohe, and Uribe (2002);
Coyle and Nakata (2020); Nakata and Schmidt (2022); Schmidt (2016); Schmitt-Grohe and
Uribe (2013); Sugo and Ueda (2008); and Tamanyu (2022)). Others focus on the dynamics
in and out of this LT (Aruoba, Cuba-Borda, and Schorfheide (2018); Bilbiie (2022); Cuba-
Borda and Singh (2019); Hirose (2007); Hirose (2020); Mertens and Ravn (2014); Mertens
and Williams (2021); Schmitt-Grohe and Uribe (2017). Our paper differs from these pa-
pers because we focus on the interaction of uncertainty and the ELB in the deflationary
equilibrium.

Our analysis shares the same spirit of—and complements—the analysis of Takahashi and
Takayama (2025). They point out that the lack of (sizable) deflation in Japan while the ELB
was binding is inconsistent with the deflationary steady state of the standard New Keynesian
model and show that a perpetual-youth monetary model can help bridge the gap between the
model and the data. We point out that a positive inflation rate in Japan during the 2010s
is inconsistent with the standard deflationary steady state and show that the introduction of
uncertainty can help bridge the gap between the model and the data.

We also contribute to the empirical literature measuring the long-term or underlying
trend in inflation. Examples include Bryan and Cecchetti (1994), Chan, Clark, and Koop
(2018), Clark and Doh (2014), Cogley, Primiceri, and Sargent (2010), Chan, Koop, and Potter
(2013), Kozicki and Tinsley (2012), Mertens (2016), Nason and Smith (2021), Rudd (2020),
and Stock and Watson (2016), among many others. These papers often find a persistent
deviation of the long-run trend in inflation from the target rate set by the central bank or
the inverse of the household’s discount factor. We contribute to this literature by providing
a theoretical model that can account for such a persistent deviation.

The rest of the paper is organized as follows. Section 2 presents the model and defines

key concepts. Section 3 discusses the main results. Section 4 defines and analyzes the risk-



adjusted Fisher Relation. Section 5 discusses a few interesting configurations of inflation and

the policy rate at the risky steady state. Section 6 concludes.

2 Model and Key Concepts

2.1 Model

We use a standard New Keynesian model formulated in discrete time with an infinite horizon
(Woodford (2003) and Gali (2015)). We work with the equilibrium conditions of the model
in a loglinear form, except for the nonlinearity associated with the ELB constraint in the
policy rate. The use of this semi-loglinear form allows us to derive analytical results and to
emphasize that the effect of uncertainty analyzed is solely driven by the ELB constraint, not
by other nonlinear features of the original New Keynesian model. The equilibrium conditions

of the model are given by:

Yo = Ee[yer1] — o [ie — Eufmega] — (r" + 64)] (1)
7 = Kyt + BE¢[mi11] (2)
iy = max [0, 7" + 7] (3)

Yy, T, and 7y are the output gap, the inflation rate, and the nominal interest rate on the
one-period risk-free government bond. We will refer to this interest rate as the policy rate.
Equation (1) is the Euler equation, equation (2) is the Phillips Curve, and equation (3) is
the truncated Taylor Rule.

B € (0,1) denotes the subjective discount factor of the representative household. o > 0
is the intertemporal elasticity of substitution in consumption; & is the slope of the New
Keynesian Phillips Curve; r* is the long-run natural rate of interest; ¢, is the coefficient
on inflation in the truncated Taylor Rule. §; is an exogenous shock. We assume that the
distribution of J; is symmetric so as to analyze the effect of a mean-preserving spread of the
shock on the economy. In the main analysis, we assume that §; is i.i.d. and takes three
values. Specifically, it takes the values of ¢, 0, and —c in the high, middle, and low states,

respectively:

dg=c, Opy=0, 6, = —c (4)

The assumption of i.i.d. means that the transition probabilities are given by the following:



Prob (d =¢) = ! _2pM (5)

Prob (0 =0) = py (6)

Prob (0 = —¢) = ! _2pM (7)

2.2 Target and Deflationary Equilibria

The recursive equilibrium of the model is defined in the standard way as a set of policy
functions for the output gap, the inflation rate, and the policy rate satisfying the Euler
equation, the Phillips curve, and the truncated Taylor Rule. These policy functions are
functions of the exogenous variable. We use {i(-), 7(), y(:)} to denote them. In the model
where the exogenous shock takes three values, the recursive equilibrium is given by a vector,
{ym, TH, tH, Y7, T, M, YL, TL, i1}, which satisfies the Euler equation, the Phillips curve,
and the truncated Taylor rule in H, M, and L states.

Given that there are three states and that the ELB either binds or does not bind in each
of the three states, there are eight potential equilibria. As we will show later, the number of
equilibria is either zero, one, or two, depending on the parameter values. In our paper, our
focus is on situations where there are two equilibria. Comparing the inflation rate across the
two equilibria, one equilibrium features a higher inflation rate than the other equilibrium. We
will call the equilibrium with a higher inflation rate the target equilibrium and the equilibrium
with a lower inflation rate the deflationary equilibrium. We will denote the target equilibrium
by {iTE(.), #TE(.), yTF ()} and the deflationary equilibrium by {iPF(.), #PE(.), yPE()}. In

the three-state model, we will also denote them by {yEE , WEE , z%}E , yﬂE , WZZ\ZE , ’L%}E , ny ,

TE ;TE DE DE DFE DE DE DFE DFE DE DFE
AR }and{yH s THg Py s Yy > Tar > Uy s YL, T }

2.3 Deterministic and Risky Steady States

Deterministic Steady State: Generically speaking, a deterministic steady state of the model
is where the economy is at in the absence of any exogenous shocks. In our model with the
three-state shock, a deterministic steady state of the model is given by the output gap, the
inflation rate, and the policy rate if ¢ = 0. If ¢ = 0, the values of these variables are identical
in all three states. To highlight the difference with the risky steady state, it is useful to
characterize a deterministic steady state as {yas, mas, ias} when ¢ = 0.

When there are two equilibria, there are two deterministic steady states: one associated
with the target equilibrium and one associated with the deflationary equilibrium. We will
denote the deterministic steady state associated with the target equilibrium by {ygg g ng g9
ilT)]gS}. We will denote the deterministic steady state associated with the deflationary equi-
librium by {yggs, ngs, iggs}. Because the deterministic steady state is identical to the

value of the model’s variables in the middle state, we can also state that the deterministic



steady states associated with the target and deflationary equilibria are given by {yM , WEE ,

TEY and {yDF, »DF iDE} when ¢ = 0.

Risky Steady State: Generically speaking, a risky steady state of the economy is a point
at which the economy eventually converges when exogenous shocks exist and are at its steady
state values (Coeurdacier, Rey, and Winant (2011)). The key difference with the deterministic
steady state is that even though the exogenous shocks are at their steady-state values, agents
in the model are aware of the possibility that they may take other values in the next period
and optimize accordingly. In a model in which there is no endogenous state variable, a risky
steady state of the model is given by policy functions evaluated at exogenous shocks taking
their steady-state values. In our model, that means the output gap, the inflation rate, and
the policy rate in the M state when § =0 ({yar, 7ar, tasr})-

When there are two equilibria, there are two deterministic steady states: one associated
with the target equilibrium and one associated with the deflationary equilibrium. We will
denote the risky steady state associated with the target equilibrium by {y%LE, nLEq, iEE 1.
We will denote the risky steady state associated with the deflationary equilibrium by {yggs,
wggs, iggs}. Because the risky steady state is identical to the value of the model’s variables
in the middle state, we can also write the deterministic steady states associated with the

target and deflationary equilibria by {yTF, #1F TEY and {yDF, #DF iDFY.

3 Results

3.1 Allocations without Uncertainty

When there is no uncertainty, it is straightforward to compute allocations for the target
and deflationary equilibria—which correspond to the deterministic steady states of those two

equilibria. The allocations in the target equilibrium are given by

TE TE TE o«
Ypss =0, 7pss =0, ipgg=r (8)

and the allocations in the deflationary equilibrium are given by

DE (1 - j) DE DE
Ypss =~ TDs§ = —r*, ipgs =0 9)

3.2 Allocations with Uncertainty

We now examine the effect of uncertainty on steady-state allocations by comparing allocations
with varying degrees of uncertainty.

The upper panels in Figure 1 show the policy functions for the output gap, inflation, and
the policy rate in the deflationary equilibrium. Solid black and dashed blue lines represent

the case of low and high uncertainty, respectively.



Figure 1: Policy functions: Moderate ¢,
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When the degree of uncertainty is low, the policy functions are symmetric. The magni-
tudes of the increases in output and inflation when § rises from 0 to ¢ are the same as those
when § declines from 0 to —c. This symmetry arises because the policy rate remains at the
ELB in all three states. The policy rate is still at the ELB even in the high state because
the increase in inflation is small when ¢ is small. As a result, the allocations in the middle
state—the risky steady state allocations—are identical to those in the deterministic steady
state, which are indicated by thin black horizontal lines. Note that the expected inflation is
identical to the actual inflation when the economy is in the middle state in this symmetric
case.

When the degree of uncertainty is high, the policy functions are asymmetric. When 9 rises
from 0 to ¢, output and inflation increase. If the increase in inflation is sufficiently large, the
Taylor rule implies a positive policy rate. Thus, the policy rate also increases and partially
offsets the increase in inflation. When § declines from 0 to —c¢, output and inflation decline.
Because the policy rate is bounded below by the ELB in the middle state, the declines in
output and inflation are not met by a reduction in the policy rate no matter how large the
shock size is.

Due to this asymmetry, certainty equivalence breaks down. In particular, all else equal,

the introduction of a high degree of uncertainty pushes down the expected inflation in the



middle state. In the deflationary equilibrium, a decline in the expected inflation—somewhat
paradoxically—increases the actual inflation, as pointed out by Bilbiie (2022), Mertens and
Ravn (2014), and Nakata and Schmidt (2022). In a rational-expectations equilibrium, an
increase in the actual inflation pushes up inflation expectations, which further pushes up the
actual inflation. All told, the rate of inflation in the middle state—which is equivalent to the
rate of inflation at the risky steady state—is higher than that at the deterministic steady
state in the deflationary equilibrium.

This effect of uncertainty in the steady-state inflation in the deflationary equilibrium is
the opposite of that in the target equilibrium analyzed by Hills, Nakata, and Schmidt (2019).
As shown in the lower panels of Figure 1—which shows the policy functions for the target
equilibrium—the introduction of a high degree of uncertainty breaks certainty equivalence:
When § rises from 0 to ¢, output and inflation increase. However, their increases are partially
offset by the corresponding increase in the policy rate. When § declines from 0 to —c¢, output
and inflation decline. If the decline in inflation is sufficiently large, the policy rate faces the
ELB constraint. This asymmetry pushes down the expected inflation, which in turn lowers
the actual inflation rate in the target equilibrium.

We can also theoretically prove these effects of uncertainty on the state-state inflation

numerically described above.

Proposition 1. When c is sufficiently small, the rate of inflation at the risky steady state
coincides with that at the deterministic steady state in the deflationary equilibrium. When
¢ is sufficiently large, the rate of inflation is higher at the risky steady state than at the

deterministic steady state in the deflationary equilibrium.

Proposition 2. When c is sufficiently small, the rate of inflation at the risky steady state
coincides with that at the deterministic steady state in the target equilibrium. When c is suf-
ficiently large, the rate of inflation is lower at the risky steady state than at the deterministic

steady state in the target equilibrium.

The proofs for these propositions are in Appendix B.

4 Risk-adjusted Fisher Relation

4.1 Heuristics

It is common to visualize the deterministic steady states of the New Keynesian model using
the Fisher relation and the truncated Taylor rule (Benhabib, Schmitt-Grohe, and Uribe (2001)
and Bullard (2010)). The Fisher relation is a relationship between the rate of inflation and
the policy rate in the absence of uncertainty. If there is no uncertainty in our three-state

model, the Euler equation in the middle state is given by



ym = Ely] — o [inr — En[r] — 7] (10)

In the absence of uncertainty, the expected output gap and the expected rate of inflation are
identical to yas and myy, respectively. As a result, the Euler equation above can be written

as

iy =1+ (11)

We call this relationship the Fisher relation. The intersections of the Fisher relation and the
truncated Taylor rule are the model’s deterministic steady states.

If we take uncertainty into account and if the degree of uncertainty is sufficiently large,
the policy functions are asymmetric. As a result, the expected output gap and the expected
rate of inflation are no longer identical to the output gap and the rate of inflation in the
middle state. Let’s denote the wedge between the actual rate of inflation and the expected

rate of inflation as

_|_
hy = 2L 5 Loy (12)
hy = w — T (13)

Due to this wedge, a relationship between the rate of inflation and the policy rate is different

from the Fisher relation described above. Specifically, the Euler equation becomes

ym = Ely] — o [ing — Ep[r] — 7]

+ . g+ 7
= pmym + (1 —PM)% -0 |:ZM - <pM7TM+ (1 —pM)H2L> —r*}

=pmym + (1 —pm)(ym + hy) — o ling — (o + (1 — par)(mar + he)) — 1]
=ym + (1 —pm)hy —olivg — (mar + (1 — paur)hr) — 7]

‘ “ 1
ivg =17+ + (L= pa)(~hy + ha) (14)

We call this relationship between 7y, and i5s as the risky-adjusted Fisher relation. The risky
steady states of the model are given by the intersections of the risk-adjusted Fisher relation
and the truncated Taylor rule.

To formally define the risk-adjusted Fisher relation is a bit complicated. The Fisher
relation—whether standard or risk-adjusted—gives us possible combinations of 7y and is
that can constitute a steady state. It has to be defined for all values of m,;. Except for one
or two values of 7y, all other values are not consistent with either the target or deflationary

equilibrium. Yet, to compute the wedge between the actual and expected rates of inflation

10



and the wedge between the actual output gap and the expected output gap, we need to
compute policy functions for inflation and output that are consistent with values of wy; that
do not materialize in equilibrium. Because the policy functions depend on the value of mys,
the wedge term in the risk-adjusted Fisher relation also depends on the value of 7.

In what follows, we formally define the risk-adjusted Fisher relation, examine its proper-

ties, and illustrate it numerically.

4.2 Definition

The risk-adjusted Fisher relation is defined as follows:
. I —1 h,ﬂ']\/[ ! _ h,T('M ! _
ing = 1" ma ot (Bl ()10 = 0] = yar) + (B ()]0 = 0] = mag)  (15)

y"™ (.) and 7™M (-) are hypothetical policy functions for output and inflation that would
prevail if 7™ (§ = 0) = 7p;—that is, if the rate of inflation at the risky steady state is 7p;—
and that satisfies the relative Fuler equation—relative to the Euler equation in the middle

state—the Phillips curve. The relative Euler equation is defined for all x # 0 and is given by
YT (6 = @) =y (8 = 0)
— B[y (8)[6 = a] — Ely"™ (8)]8 = 0] — o[ (5 = 2) — 7 (6 = 0)]
to (E[ﬂh’”M(é’)]& = 2] — Exhm (§7)]6 = 01) . (16)

In other words, the relative Euler equation is what we obtain when we subtract the Euler

equation at 6 = 0 from the Euler equation at § # 0.

4.3 Properties

We can analytically show that the risk-adjusted Fisher relation takes the form of a piecewise

linear function:

Proposition 3. The risk-adjusted Fisher relation is the following piecewise linear function:

T*+7TM if7TM<7TLB

. ™+ A+ Bry  if mpp <y < 7B
i = (17)
™ +C+ Dry if g < 7wy < 7muB

r* + Ty if7TUB<7TM

where

r* + kproc r* o=+ Ko (r* —c)
——— TR I=——, YR ‘= —
B UB roon 1

TLB = —

11



and

A= %(pM —1) <7°* + Kkoc + /iff(ll——i_(ﬁ;i(;: — C)>
1 (6 = 1)(1 = par)
B_2<pM+1_ L+ Koon >

C=-(1-pu)(l+ko) (r* — %c)

[ NCY S

D= -¢-(1=pu)(1+ ko) +1

\V]

Proof. See Appendix C. O

Note that mp is the rate of inflation at which the policy rate implied by the Taylor rule is
exactly zero.

According to this proposition, when 7 is sufficiently away from this 7, the risk-adjusted
Fisher relation is identical to the standard Fisher relation. This result arises for the following
reasons. Given an arbitrary shock size, ¢, if m; is sufficiently below 7p, then a positive
realization of the shock would not push the rate of inflation by a sufficiently large amount
to cause the policy rate to become positive. Thus, the distribution of future inflation is
symmetric. Thus, the expected inflation and output terms in the Euler equation are the same
as the inflation and output in the middle state, making the risk-adjusted Fisher relation the
same as the standard Fisher relation.

Similarly, if 7,z is sufficiently above 75, a negative shock would not push down inflation by
a sufficiently large amount to cause the policy rate to face the ELB, implying the symmetric
distribution in future inflation and output. Accordingly, the risk-adjusted Fisher relation is
the same as the standard Fisher relation.

When 7, is sufficiently close to mp, the risk-adjusted Fisher relation diverges from the
standard Fisher relation. When 7, is below wp but above 7y 5, the policy rate is at the ELB
in the middle and low states, but above the ELB in the high state, if the size of the shock—
c—is sufficiently large. This asymmetry in the policy function for the policy rate means
asymmetry in the policy functions for output and inflation. Thus, the expected output and
inflation differ from output and inflation in the middle state. Accordingly, the risk-adjusted
Fisher relation diverges from the standard Fisher relation.

Similarly, when m,; is above mp but below 7yp, the policy rate is above the ELB in
the middle and high states, but at the ELB in the low state if the size of the shock—c—is
sufficiently large. This asymmetry breaks certainty equivalence, making the expected output
and inflation differ from output and inflation in the middle state. Accordingly, the risk-

adjusted Fisher relation diverges from the standard Fisher relation.

12



4.4 Numerical Illustration

Figure 2 shows the risk-adjusted Fisher relation with various degrees of uncertainty—various
values for c—together with the truncated Taylor rule—shown by the solid red lines. When
there is no uncertainty—when ¢ = 0—the risk-adjusted Fisher relation is identical to the
standard Fisher relation, as shown by the solid black line. The risky steady states are identical
to the deterministic steady states in this case, as shown by the red and black diamonds in the
figure. With ¢ = 0.005, the risk-adjusted Fisher relation diverges from the standard Fisher
relation, but only near the threshold value of 7, as shown by the dashed black line. In this

case, the risky steady states are also identical to the deterministic steady states.

Figure 2: Risk-adjusted Fisher Relation
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With ¢ = 0.01, the risk-adjusted Fisher relation shifts down further—shown by the dah-
dotted line—from the standard Fisher relation. In this case, the risky steady states are no
longer identical to the deterministic steady states. In particular, the risky steady state of
the deflationary equilibrium—denoted by the black diamond—features a higher inflation rate
than the deterministic steady state of the deflationary equilibrium. The risky steady state
of the target equilibrium—denoted by the red diamond—features a lower inflation rate than
the deterministic steady state of the target equilibrium. These results are consistent with the
analytical results discussed in the previous section.

With ¢ = ¢jaz, the risk-adjusted Fisher relation touches the truncated Taylor rule at the
threshold value of 7. In this case, there is only one equilibrium in the model. If ¢ increases
further, the risk-adjusted Fisher relation does not intersect the truncated Taylor rule at all,

which corresponds to the case with no equilibrium.
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5 Interesting Cases

5.1 Positive Inflation in the Deflationary Equilibrium

The graphical illustration based on the risk-adjusted Fisher relation suggests that the risky
steady state inflation rate of the deflationary equilibrium may take any values between —r*
and mg—the “bottom part” of the truncated Taylor rule. In models where the target rate of
inflation is positive, the threshold value can be positive. As a result, if the degree of uncer-
tainty is sufficiently large, the risky-steady-state inflation rate of the deflationary equilibrium

becomes—somewhat paradoxically—positive.

Figure 3: Risk-adjusted Fisher Relation with Positive Inflation Target
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Figure 3 describes this case. In this example, the target rate of inflation is set to 2
percent, which is consistent with a positive threshold value of the inflation rate. Thus, with a
sufficiently high degree of uncertainty, the inflation rate at the risky steady state is positive.
The policy rate is still at the ELB, as in the standard example demonstrated in the previous
section.

This configuration of the inflation rate and the policy rate is consistent with the Japanese
economy in the 2010s. Since the late 1990s when the Bank of Japan first lowered the policy
rate to the ELB, the Japanese economy has been described as being stuck in the deflationary
equilibrium (Bullard (2010)). Such a description might have been adequate in the 2000s, but
might not have been so in the 2010s. As shown by Figure 4, various measures of inflation rates
in Japan hovered around a level slightly above zero percent in the 2010s, while it hovered
around a level slightly below zero percent in the 2000s.

Figure 5 shows the scatter plot of the inflation rate and the policy rate together with the
risk-adjusted Fisher relation and the truncated Taylor rule. Here, in computing these two
theoretical constructs, we set r* to 0.25 percent (annualized)—close to the upper estimate of

the neutral rate in Nakano, Sugioka, and Yamamoto (2024). This figure reinforces the idea
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Figure 4: Inflation in Japan: 2000s and 2010s
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Figure 5: Risky Steady States and Inflation in Japan
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that the fluctuation around the risky steady state of the deflationary equilibrium—the black
dot—may be a better description of the Japanese economy than the fluctuation around the

deterministic steady state of the deflationary equilibrium—the red dot.

5.2 Positive Policy Rate in the Deflationary Equilibrium

Not only the target rate of the inflation examined above, the responsiveness of the policy rate
to the inflation rate in the truncated Taylor rule—captured by the coefficient on inflation—
affects the inflation rate of the risky steady state in interesting ways.

Figure 6 shows the case in which the coefficient on inflation is low. In this case, when the
degree of uncertainty is sufficiently large, the risky steady state of the deflationary equilibrium

can be at the part of the truncated Taylor rule featuring a positive policy rate and a below-
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target rate of inflation. We often associate the deflationary steady state with the binding

ELB constraint. This example suggests that such an association is not warranted.

Figure 6: Risk-adjusted Fisher Relation:
Positive Policy Rate in the Risky Steady State of the Deflationary Equilibrium
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It is interesting to note that the risky steady state of the target equilibrium typically
features the positive policy rate and a below-target rate of inflation, as discussed in detail
by Hills, Nakata, and Schmidt (2019) and reiterated in Section 3. Thus, the configuration
of a positive policy rate and a below-target rate of inflation itself does not tell whether the

economy is at the target equilibrium or the deflationary equilibrium.

5.3 Binding ELB in the Target Equilibrium

The example above uncovered an interesting configuration of the policy rate and the inflation
rate at the risky steady state of the deflationary equilibrium when the policy rate does not
strongly respond to the rate of inflation. An interesting configuration can also emerge for
the risky steady state of the target equilibrium when the policy rate strongly responds to the
rate of inflation.

Figure 7 shows the case in which the coefficient on inflation is high. In this case, when the
degree of uncertainty is sufficiently large, the risky steady state of the target equilibrium can
be at the bottom part of the truncated Taylor rule featuring the binding ELB constraint and
a below-target rate of inflation. We often associate the steady state of the target equilibrium
with a positive policy rate. This example suggests that such an association is not warranted.

The risky steady state of the deflationary equilibrium typically features the binding ELB
constraint and a below-target rate of inflation, as discussed in Section 3. Thus, the configura-
tion of the binding ELB constraint policy rate and a below-target rate of inflation itself does

not tell whether the economy is at the target equilibrium or the deflationary equilibrium.

16



Figure 7: Risk-adjusted Fisher Relation:
Binding ELB in the Risky Steady State of the Target Equilibrium
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6 Conclusion

In this paper, we analyzed how uncertainty about the future course of the economy affects
allocations under the deflationary equilibrium, paying particular attention to the steady-state
allocation. We find that the rate of inflation is higher at the risky steady state than at the
deterministic steady state in the deflationary equilibrium. When the target rate of inflation
set by the central bank is positive, our result implies that the rate of inflation can be—
somewhat paradoxically—positive at the risky steady state of the deflationary equilibrium if
the degree of uncertainty is sufficiently large. This situation is consistent with the Japanese
economy in the 2010s when the rate of inflation hovered around a slightly positive level while
the policy rate was constrained at the ELB. Along the way, we also proposed a novel concept,
the risk-adjusted Fisher relation, to visualize the effect of uncertainty on the steady-state
inflation rate and the policy rate.

The long-run trend rate of inflation is either the target rate set by the central bank or
the inverse of the subjective discount factor of the household in the New Keynesian model
if we abstract away from uncertainty. Many researchers find that the long-run trend rate of
inflation can deviate persistently from these two possibilities in reality. Our analysis shows
that uncertainty can help bridge the gap between the model and reality in terms of the

long-term trend of inflation.
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Technical Appendix for Online Publication

A Proofs Related to Equilibrium Existence

A.1 Equilibrium Conditions: State-by-State

Before we proceed to various proofs, it is useful to spell out the equilibrium conditions of our
three-state model state-by-state.

yu = Elytr1] — o fig — 7" — E[mq1] — ¢ (A1)
ym = Elys1] — o [ing — 7" — E[m41]] (A2)
yr = Elysp1]) — o lip — " — E[mepa] + (A3)
= kyg + BE[m41] (A4)

v = kYym + PE[T41] (A5)

mp = kyr + BE[m41] (A6)

ig = max[0,r" + ¢ mp] (AT)

ing = max [0, 7" + drmag] (A8)

i = max [0,7" + ¢r7r] (A9)

where E[z41] = 1_§M:BH + pypea + 1_§M:L‘L and = € {y,n}.

A.2 Candidate Equilibria

There are 8 (= 23) possible equilibria in our model because the ELB constraint either binds
or does not bind in each of the three states.

Definition A.1. Let the equilibrium 1 be an equilibrium in which the ELB does not bind in
any state.

Definition A.2. Let the equilibrium 2 be an equilibrium in which the ELB binds only in the
low state.

Definition A.3. Let the equilibrium 3 be an equilibrium in which the ELB binds only in the
middle state.

Definition A.4. Let the equilibrium 4 be an equilibrium in which the ELB binds only in the
high state.

Definition A.5. Let the equilibrium 5 be an equilibrium in which the ELB binds in the low
and middle state but does not bind in the high state.

Definition A.6. Let the equilibrium 6 be an equilibrium in which the ELB binds in the low
and high state but does not bind in the middle state.
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Definition A.7. Let the equilibrium 7 be an equilibrium in which the ELB binds in the
middle and high state but does not bind in the low state.

Definition A.8. Let the equilibrium 8 be an equilibrium in which the ELB binds in all three
states.

A.3 Non-existence of Some Equilibria

Proposition A.1. Candidate equilibria 3, 4, 6, and 7 do not exist for any ¢ > 0.

Proof. To begin, we can rewrite our system of nine equations and nine unknowns into a
system of three equations and three unknowns. Our three unknowns will be {mg, 7y, 71}
To do so, rewrite the Phillips Curve as

m; — BE[T41]

yj = p

for j € {H, M, L}. Substitute the above equation and the Taylor rule into the Euler equation.
We now have a system of three equations and three unknowns. To check if this is a valid
equilibrium, we will construct the shadow policy rate as follows.

-shadow __ % *
i =17+ ¢r7;.

where 77 is the solution to the system of linear equations. If i?h‘ld"w is at odds with the

equilibrium condition we assumed, then this cannot be a valid equilibrium.
In the remainder of the proof, we will consider these four candidate equilibria one by one.

Equilibrium 3

By solving a system of linear equations defining the model’s equilibrium conditions, inflation
in Equilibrium 3 is given by

*

=0 (pmo (" 4+ c) k4 (1" 4+ ¢) prr — €) Kox — 0 (pur™ 4 ¢) K — pyr

L= (14 (kpypo +payr — 1) éx) (Koo + 1)
- _(kproto(pu —1) K +pu)r”
L+ (kprpo +py — 1) ¢
o — —ok (pyo (r* —c)k+ (r* —c)py +¢) ¢pr — o (pyr™ — ¢) kK — pyr™

(1 + (kprpo +py — 1) Or) (Kpro + 1)

and the shadow policy rate evaluated at ¢ = 0 is given by:

ishadow _ r* (¢7F - 1) (HQZSTI—O' + 1)
- (1 + (vparo + par — 1) 6r) (Rro + 1)
i%l[adow _ _ r* (¢W - 1) (/i(bwa' + 1)

1+ (kparo +par — 1) o
ishadow — T (¢7'l' - 1) (H(ﬁﬂ—a' + 1)
" (1 + (kpai0 + par — 1) 6r) (Rmo + 1)
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Suppose that (kppro + par — 1) ¢ + 1 > 0. Then, i399°% (¢ = 0) < 0. We can show that

8,isLhadow _ H,QSﬂ-O' —0
dc Kpro + 1

Thus, isLhad"w < 0 for any ¢, which contradicts the equilibrium condition that ELB does not

bind in L state.
Suppose that (kparo +payr — 1) ¢ +1 < 0. Then, i‘?\i}adow(c =0) > 0. We can show that
8i§\i}adow

oc =0

Thus, ij}“d"“’ > 0 for any ¢, which contradicts the equilibrium condition that ELB binds in
the M state.

Equilibrium 4

By solving a system of linear equations defining the model’s equilibrium conditions, inflation
in Equilibrium 4 is given by

—02¢, (r* +2¢) (par — 1) K% — o ((r* +2¢) par — 1) b + pur™ — 1* — 2¢) k — r* (pag — 1)

e (kom0 + 1) (06r (pas — 1) 5 — 2+ (par + 1) br)
o m V(R (" ) dr ) (R + 1)

M (koro +1) (=2 + ((par — 1) ok + par + 1) 1)
S —((=2r* = 2¢) ¢x + (ppr + 1) r* + 2¢) ok — r* (par — 1)

obr (pvr — 1)k =2+ (pvr + 1) ¢

and the shadow policy rate evaluated at ¢ = 0 is given by:

isLhadow — 2 ((lsﬂ' B 1) r*

((pp — 1) ok +py +1) dr — 2
i%}adow — 2 ((lsﬂ' B 1) r*

((py — 1) ok +py +1) dr — 2
iﬂmd"w _ 2r* (¢ — 1) (ko + 1)

((pvr = 1) ok + par + 1) o — 2
Suppose ((par — 1) 0k + par + 1) o —2 > 0. Then, i579%% (¢ = 0) > 0. We can show that

ishadow _ 2(¢pr — 1) Km0 -
dc ((pm — 1) ok +pur +1) o — 2

Thus, i?adow > 0 for any ¢, which contradicts the equilibrium condition that ELB binds in
H state.
Suppose that ((pas — 1) ok + par + 1) ¢ — 2 < 0. Then, i3299°% (¢ = 0) < 0. We can show
that
ishadow B (ork +1) (pp — 1) Kog?

dc (=24 ((pm — Dok +pu + 1) dr) (kpro + 1) <0
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Thus, iﬁ“d"w < 0 for any ¢, which contradicts the equilibrium condition that ELB does not
bind in the M state.

Equilibrium 6

By solving a system of linear equations defining the model’s equilibrium conditions, inflation
in Equilibrium 6 is given by

—co®dr (pyr — 1) K — ((epmr — %) dr + pur* — ) ok —7* (par — 1)

e 00r (prr — 1) 5+ prrds — 1
S r(ck+1) (ppr — 1)
—1+4 (o (pm — 1)K+ pu) én
S co?pr (par — 1) K2 — ((—epar — %) G + ™ +¢) ok — 7% (par — 1)

¢ (P — 1) K+ pryédr — 1

and the shadow policy rate evaluated at ¢ = 0 is given by:

Z-ihadow — r* ((Z)ﬂ' — 1) (K(Z)ﬂ'o- + 1)
—1+(o(pm — 1)K +Dpum) P

i}e\?adow — " (d)Tr — 1)
—1+(o(pm — 1)K +Dpum) Pr

Z-Z;Ladow — r* (¢7r — 1) (K(,bﬂ—()' + 1)

—1+(o(pm — 1)K+ prr)

Suppose that (o (pas — 1) & + par) ¢ — 1 > 0. Then, i5#99°% (¢ = 0) > 0. We can show
that

8Z'shadow
H

50 = Kpro >0

Thus, iﬁmdow > 0 for any ¢, which contradicts the equilibrium condition that ELB binds in
H state.

Suppose that (o (pa — 1) 5+ par) ¢ — 1 < 0. Then, i5399°% (¢ = 0) < 0. We can show
that

-shadow
i3y

Jdc =0

Thus, ifé}adow < 0 for any ¢, which contradicts the equilibrium condition that ELB does not
bind in the M state.

Equilibrium 7

By solving a system of linear equations defining the model’s equilibrium conditions, inflation
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in Equilibrium 7 is given by

—o (pyr* +2c+1r*)k —r* (par + 1)
odr (py + 1) k+2+ (pyr — 1) ¢
o(co(py — 1)Kk +pyc—2r* —c) kpr —r* ((par — 1) ok + par + 1)
2+ (c(pm+ D)k +py —1) Pr
B 2 K2parpno? — o ((—2parc + 2¢ 4 20%) e + puyr™ — 7% — 2¢) K — 1 (par + 1)
e 06 (P + 1)K+ 2+ (par = 1) 6

T =

™ =

and the shadow policy rate evaluated at ¢ = 0 is given by:

7;ihadow _ 2r* ((z)ﬂ' — 1)
24+ (c(pm+1)k+pv —1) o
i%}adow _ 2r” ((Z)ﬂ' — 1) (/ﬂz)ﬂ'o- + 1)
24+ (o(pm+1)k+pm —1) ¢
igzadow _ 2r* ((Z)ﬂ' — 1) (/ﬂz)ﬂ'o- + 1)
24+ (oc(pm+1)k+pu —1) ¢

Suppose that 2+ (o (pas + 1) & + par — 1) ¢ > 0. Then, 57490 (¢ = 0) < 0. We can show

shad
oigrador 2G50

<0
oc 24+ (c(pmy+ D) k+pym—1) dn

Thus, isLhadow < 0 for any ¢, which contradicts the equilibrium condition that ELB does not
bind in the L state.

Suppose that 2 + (o (pas + 1) 5+ par — 1) ¢ < 0. Then, 529 (c = 0) > 0. It can be
shown that

dighadow okd2 (ok+1) (par — 1)
oc 2+ (c(pm+ 1) k+pym—1) s

>0

Thus, iﬁi}“d‘)w > 0 for any ¢, which contradicts the equilibrium condition that ELB binds in
the M state. O

A.4 Existence of Other Equilibria

Unless otherwise noted, we will assume that ?ﬂ < ¢r < ¢, where

o, = &

& OKkpyM — 0K +par + 1
— —2

T okpytok+py—1

We will also assume that pys > (ok — 1) /(oK + 1).
Proposition A.2. FEquilibrium 1 exists when ¢ < ¢ where

r* (kpro + 1)

¢ =
KGro
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Proposition A.3. Equilibrium 2 exists when ¢ < ¢ < ¢ where ¢ is defined in the previous
proposition and

2r* (¢7r - 1) (’{ﬁbﬂo' + 1)
k(ok+1)(1—pur)og2

&=

Proposition A.4. Equilibrium 5 exists when ¢ < ¢ < ¢ where ¢ is defined in the previous
proposition and

r* (¢r — 1)

CcC =
B KGro

Proposition A.5. Equilibrium 8§ exists when ¢ < ¢ where ¢ is defined in the previous propo-
sition.

Proposition A.6. There are two equilibria when ¢ < ¢. There is one equilibrium when ¢ = ¢.
There is no equilibrium when ¢ > €.

Proof of Proposition A.2.: By solving a system of linear equations defining the model’s
equilibrium conditions, inflation in Equilibrium 1 is given by

_ Ko
L= 7/1¢7ra—|—1c
vy =0

_ KO
= /{¢ﬂ0+1c

When ¢ =0, 7 = mpr = m, = 0. According to the truncated Taylor rule, iy = iy = ip = r*.
Thus, Equilibrium 1 exists when ¢ = 0. when ¢ > 0, n;, < w7 < mg. Accordingly, to find the
maximum value of ¢ for which this equilibrium exists, we only need to check when z’sLh“d"w is

at odd with our equilibrium condition.

z‘sLhadow consistent with 7, above is given by
: KOO
,Lihadow — _7”6 + r*
Kpro +1

If we find the value of ¢ such that isLh“dow = 0, that is the maximum degree of uncertainty
consistent with this equilibrium. Accordingly, Equilibrium 1 exists when ¢ < €.

Proof of Proposition A.3.: By solving a system of linear equations defining the model’s
equilibrium conditions, inflation in Equilibrium 2 is given by

(ko (r* = ¢) ¢x +17) (0x +1) (1 — pur)

L T ar — Dor tpu  Dom—2 o)
(ko =) et 1) (ox + 1) (1 par)
M7 (kro +1) (((par — 1) ok + par + 1) 6 — 2)
KrOC
7TH:7TM+m

When ¢ > 0, mpy < wmg. Thus, to find the minimum and maximum on ¢ which can be
supported by this equilibrium, it suffices to find the value of ¢ where isLh“dow =0and iﬁadow =
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0, respectively. ii’wdow and iSMhadow consistent with 77, and my; above are given by

,ishadow — 2 (¢ﬂ B 1) (’{O- (’I"* B C) ¢ﬂ‘ + T*)

g (pm — 1) ok +pym +1) dr —2

jshadow _ K (co(par — 1)k + (par — 1) ¢+ 2r*) 0¢2 + (2r* — 267%0) e — 2
e (((par = 1) ok +par + 1) b — 2) (KGro + 1)

If we find the value of ¢ such that isLh“d"w = 0, that is the minimum degree of uncertainty
consistent with this equilibrium. If we find the value of ¢ such that iﬂadow = 0, that is the
maximum degree of uncertainty consistent with this equilibrium. Accordingly, Equilibrium
2 exists whene <c¢ <e¢.

Proof of Proposition A.j.: By solving a system of linear equations defining the model’s
equilibrium conditions, inflation in Equilibrium 5 is given by

T = T) — ROC
—(co(ppr — 1) K+ pyc+2r* —c)okgr — (0 (p — 1) K +par + 1) 7"
2+ (c(pm+ 1)k +py — 1) én

™M —

T — ko (r* —c)
1+ koo,

TH —

When ¢ > 0, 7, < mp. Thus, to find the minimum and maximum on ¢ which can be
supported by this equilibrium, it suffices to find the value of ¢ where iSMhadow =0and z'gmdo“’ =

0, respectively. ijﬁ}“dow and iﬁmdow consistent with 7y and 7y above are given by

if\?adow _ - (co(par — 1)k + (par — 1) e+ 2r*) ko g2 + (26r*0 — 21%) ¢ + 21*
2+ (o(ppy+ V) k+py —1) dr

ishadow — (200’% — 2T*) ¢7r + 2r*

. 2+ (o (par + 1) K +par — 1) 6r

If we find ¢ such that i‘j\ﬁ}“dw = 0, that is the maximum degre of uncertainty consistent
with this equilibrium. If we find ¢ such that i‘}fmd"w = 0, that is the minimum degree of un-

certainty consistent with this equilibrium. Accordingly, Equilibrium 5 exists when ¢ < ¢ < é.

Proof of Proposition A.5.: By solving a system of linear equations defining the model’s
equilibrium conditions, inflation in Equilibrium 8 is given by

L = —r" — Koc
Ty = —r*
T = —r" + Koc
When ¢ = 0, g = w1y = 7w, = —r*. According to the shadow policy rate, iﬁf[md"w =

if\f}“d"“’ = 'j’;h“dow = 0. Thus, Equilibrium 8 exists when ¢ = 0. When ¢ > 0, 7y, < w7 < 7H.
Accordingly, to find the maximum value of ¢ for which this equilibrium exists, we only need
to compute when iSLhad"w is at odds with our equilibrium condition.

z‘fﬁ?adow consistent with 7y above is given by

ishadow — (ke —1%) g + 1
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If we find ¢ such that iﬁmd"w = 0, that is the maximum degree of uncertainty consistent with
this equilibrium.

Proof of Proposition A.6.: When ¢ < ¢rc<c holds. By Proposition A.2 to Proposition
A5 ¢ < ¢ < é According to Proposition A.2-A.5, Equilibrium 1 and Equilibrium 8 exist
when ¢ < ¢, Equilibrium 1 and Equilibrium 5 exist when ¢ < ¢ < ¢, Equilibrium 2 and
Equilibrium 5 exist when ¢ < ¢ < é. When ¢ = ¢, Equilibrium 2 and Equilibrium 5 coincide.
Accordingly, there is one equilibrium. When ¢ > ¢, there is no equilibrium.

B Proofs of the Main Propositions

Proposition 1. When c is sufficiently small, the rate of inflation at the risky steady state
coincides with that at the deterministic steady state in the deflationary equilibrium. When
¢ is sufficiently large, the rate of inflation is higher at the risky steady state than at the
deterministic steady state in the deflationary equilibrium.

Proposition 2. When c is sufficiently small, the rate of inflation at the risky steady state
coincides with that at the deterministic steady state in the target equilibrium. When c is suf-
ficiently large, the rate of inflation is lower at the risky steady state than at the deterministic
steady state in the target equilibrium.

In what follows, we will denote w7 in Equilibrium 2 and Equilibrium 5 as 71']%4 and Trf/[M ,

respectively.

Proof of Proposition 1: By Proposition A.6, Equilibrium 1 and Equilibrium 8 exist when
¢ < ¢. Then, Equilibrium 8 is the deflationary equilibrium. Thus, rate of inflation at the
risky steady state coincides with that at the deterministic steady state when ¢ < c.

By Proposition A.6, Equilibrium 1 and Equilibrium 5 exist when ¢ < ¢ < ¢, Equilibrium
2 and Equilibrium 5 exist when ¢ < ¢ < é. When ¢ = ¢, Equilibrium 2 and Equilibrium 5
coincide. Accordingly, Equilibrium 5 is deflationary equilibrium when ¢ < ¢ < ¢é.

ﬂ']\L/[M evaluated at ¢ = ¢ is —r*, which coincides with the rate of inflation at the determin-

istic steady state. It can be shown that

8771%4]‘/1 B (ck+ 1)(1 — par) kOO

= >0
dc 2+ (o(pm + D)k +pyp — 1) ér

Therefore, the rate of inflation is higher at the risky steady state than at the deterministic
steady state in the deflationary equilibrium when ¢ < ¢ < ¢.

Proof of Proposition 2: By Proposition A.6, Equilibrium 1 and Equilibrium 8 exist when
¢ < ¢, Equilibrium 1 and Equilibrium 5 exist when ¢ < ¢ < ¢. Then, Equilibrium 1 is the
target equilibrium when ¢ < ¢. Thus, the rate of inflation at the risky steady state coincides
with that at the deterministic steady state when ¢ < €.

By Proposition A.6, Equilibrium 2 and Equilibrium 5 exist when ¢ < ¢ < ¢. When
¢ = ¢, Equilibrium 2 and Equilibrium 5 coincide. Accordingly, Equilibrium 2 is the target
equilibrium when ¢ < ¢ < ¢.
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WJI\’/[ evaluated at ¢ = ¢ is 0 which coincides with the rate of inflation at the deterministic

steady state. It can be shown that
orl, k(ok +1)(py — 1)odr “0
Oc (kpro+ 1) (((ppr — D)ok +payr + 1) o — 2)

Therefore, the rate of inflation is lower at the risky steady state than at the deterministic
steady state in the target equilibrium when ¢ < ¢ < ¢.

C Proofs Related to the Risk-Adjusted Fisher Relation

Proposition 3. The risk-adjusted Fisher relation is the following piecewise linear function:

r* + Ty if my < mrB
. T*+A+B7TM Zf?TLBSﬂ'MSﬂ'B
InM — . (17)
r* +C 4+ Dmyy Zf?TBSﬂ'MSﬂ'UB
r* + T if tup < Ty
where
r* + KprocC r* % + ko (r* —c)
g =—————, T '= ——, TYB ‘= —
LB O b O vB KOG + 1
and

A= 5w 1) (5" 4 nge+ ST 20

2
(¢7r -1 _pM)>
1+ kooq

1

B== 1—
2<pM+

1 7r
C= 5(1 —pm)(1 + ko) (r* — %c)

D = %%(1 —pm)(1+ ko) +1

Proof. As discussed in Section 4, given mwys, we need to compute the risk-adjustment term
based on hypothetical policy functions that would prevail if 7™ (§ = 0) = 73, and that
satisfy the relative Euler equations, the Phillips curve, and the truncated Taylor rule.

For any given s, we will first solve for such hypothetical policy functions and then
compute the risk-adjusted Fisher relation consistent with them. We will do so separately for
each of the four ranges of myr: (1) mar < mrp, (i) 7o < Ty < mp, (iii) 75 < 7y < 7UB,
and (iv) myp < mpr.

(l) ™ < TLB
We construct the hypothetical policy functions consistent with 7, in the following four steps.

Step 1: Construct the hypothetical policy function of inflation.
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Substituting the Phillips Curve and the truncated Taylor rule into the relative Euler equation,
we obtain

(5 = ¢) =y + Koe

T (§ = —¢) =y — Koe
7™M (§ = 0) is given by
™M (§ = 0) = Ty
Step 2: Express the expected inflation as a function of 7.

Using 7™ (§ = ¢) and 7"™ (§ = —c), we obtain

1- 1-—
Ehmwwm5:m:;—fMHMMw:@+mMﬂmw5:m+AifMHMMw:—@
:7’['M

Step 3: Construct the hypothetical policy function of output gap.

Substituting 7™ (§ = ¢), 7™ (§ = —c), and E[x"™(§')|6 = 0] into rearranged Philips
curves, we obtain

7 (§ = ¢) — BE[xh (87)[8 = 0]

h77TM — e
y (0=rc) o
1—
= /87TM + gcC
K
h, 7 p — _ hyma (57 —
g (5 — ) — T8 =0) = Bl (30 =0
1-3
= M
K
i} T (§ = —c) — BE[xh™ (§)5 = 0
YT (§ = —c) = ( : K et
1-p
= 7TM —OocC
K

Step 4: Construct the hypothetical policy function of policy rate.

According to the truncated Taylor rules, the policy function of the policy rate is given by

i"TM(§ =) =0
M5 =0) =0
T = —¢) =0

To summarize, the hypothetical policy functions are given by
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ThTM(§ = ¢) =y + Koe
(5 = 0) = T
LY (6 = —c¢) =mp — Koc
1—
YT (§ = ¢) = T+ oc
1 _
Yy (6 = 0) = - /BWM
1 —
y™ (6=—c)= TN — OC
(5 =¢) =0
(5 =0) =0
ey (6=—-¢)=0

By construction, they satisfy the relative Euler equation, the Phillips curve, and the truncated
Taylor rule and 7™ (§ = 0) =

Now that we have obtained the hypothetical policy functions consistent with s such
that mpp < 7wy < g, we can compute the risk-adjusted Fisher relation.

iv=r"4+my+o ! (]E[yh’”f(é’)\é =0] — yM>

v <E[wh’”M(6’)](5 =0] - WM)

1-— 1-—
= o 4 s < 2pMyh,7TM (5 _ C) +pMyh’”M(5 =0)+ 2pMyh,7rM(5 =—¢)— yM>

1-— 1-
+ (2171\/1 T TM(§ = ¢) + pam™ (5 = 0) + 72pM T (§ = —c) — 7TM>

=r"+ap+ (Y —ymr) + (Tar — ™)

=r*+7p

(ii) mrp <7mm < 7p

We first construct the hypothetical policy functions consistent with 7, in the following four
steps.

Step 1: Construct the hypothetical policy function of inflation.

Substituting the Philips curve and the truncated Taylor rule into the relative Euler equation,
we obtain
mr — ko (% —¢)

1+ koo,

mhmm (6 = —c) =mpy — Koe

T (§ = ¢) =
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7™M (§ = 0) is given by
V(5 = 0) = Ty
Step 2: Express the expected inflation as a function of 7);.

Using 7™ (§ = ¢) and 7™ (§ = —c), we obtain

1-— 1-
E[r"™ (§')]5 = 0] ::72”” T (§ = ¢) + pym™T™ (8 = 0) + ifM M (§ = —c)

1/ 1-py 1—py (ko(r* —c)
——(=—" _
2<1+I€O‘¢)ﬂ-+ +pM>7TM 2 (l—i—magbﬂ e

Step 3: Construct the hypothetical policy function of output gap.

Substituting 7™ (§ = ¢), "™ (§ = —c), and E[z"»™(§)|6 = 0] into rearranged Philips
curves, we obtain

hoyv(§ = ¢) — Byt (S8 —
Y (6 = ¢) = v (6 =c¢) 523[% (6")]0 = 0]

1 B( 1—pu
= (0 (15 (T 1w ) )~ 0e ) o

+(1_pM)5U( roc +c>—a(r*—c)

2 1+ Kkogr
yh,ﬂ’]w (6=0) = ol (6=0)— BE[ﬂh’ﬁM (5/)‘6 = 0]
K
_ (B (L= (1—pm)Bo ([ —c
_/{<1 2(1+/{0¢ﬂ+1+pM>>7TM+ 2 1—|—mf¢)ﬂ+c
yh,ﬂ'M (5 — 70) — ﬂ-hyﬂ-M (6 = _C) B BE[WhJM (6/)|5 = O]
K
1 B 1-pm (1—pm)Bo [ 1" —c B
_/{<1 2<1+n0¢ﬂ+1+pM>>ﬂM+ 2 1—|—/€0(;5,,+c oc

Step 4: Construct the hypothetical policy function of policy rate.

Substituting 7™ (§ = ¢) into the truncated Taylor rule, we obtain

iMTV(§ = ¢) = 1%+ eV (6 = )

. Ty — ko (r* —¢)
- +¢ﬂ< 14+ koor )

According to the truncated Taylor, i»™ (§ = 0) and "™ (§ = —c) are given by

iMTM(§ = 0) =0
PTM(§ = —¢) =0

To summarize, the hypothetical policy functions are given by
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7rh’7rM((5 =c) =

™M (§ = 0)

Ty — ko (r* —c)
1+ koo,

:7TM

mhmm (6 = —c) =mpy — Koc

YT (S =) =

1 B 1-pum
(3 (15 (T, # 1 0) ) —o0m)

(11@1\4)@7(1 roc +C>_a(r*—0)

2 1+ kop,

1 B —Pm (L—py)Bo [ " —c

G (S ey (s |

n< 2<1+/@a¢>7r+ +pM)>7TM+ 2 1+ rodn
1 B( 1—pu (1 —=pnm)Bo [ r* —c

Sl R (e S

m( 2 <1+I~€O’¢ﬂ- + +pM)>7TM+ 2 1+ Kkoor +

ihﬂrM((g =c)=r"+ Or (mrr — KO(r* —¢))

1+ kopr

(5 =0) =0
(5 = —¢) =0

By construction, they satisfy the relative Euler equation, the Phillips curve, and the truncated

Taylor rule and 7™M (§ = 0) = 7).

Now that we have obtained the hypothetical policy functions consistent with s such

that mpp < 7wy < 7w, we can compute the risk-adjusted Fisher relation.

v mar o (Bl (816 = 0] =y )

+ (E[wh’”M (8)|6 = 0] — WM)

1- 1—
r 4+ ot < PM yh ™ (§ =c) +pMyh TM(§=0) + ﬂyh’”M (6 =—c)— yM)

2

1- 1-—
pMﬂ_hﬂTlM(d — c) +pM7Th7TI']M(5 — 0) 4+ M pM h7rM (5 —c) - '/TM>

1— o T —/wr—c
T*+7TM+O'_1<yM—(pM)<T*+¢ (s >_yM>

1+ koor

2 14+ koo,

1—opup 1 —py ko r*—c
p+1+pM>7rM—( 1;) <1+/~w¢> +c>—7TM
™

r*—i—%(pM—l) <7“*—|—f<mc+ ro(l = én)(r” _c)> +% (pM—i—l— (¢ = (1 = pm

1+ koo,

r* + A+ By

(iii) 7p < mm < B

We construct the hypothetical policy functions consistent with 7, in the following four steps.
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Step 1: Construct hypothetical policy functions of inflation.

Substituting the Philips cure and the truncated Taylor rule into the relative Euler equation,
we obtain

_roe
1+ kogr
oM (0 = —c) = (14 kodz)mar + ko (r* —c)

TthrM((; — C) =N +

7™M (§ = 0) is given by
7Th’7TM(5 =0)=mpy
Step 2: Express the expected inflation as a function of 7.

Using 7™ (§ = ¢) and 7"™ (§ = —c¢), we obtain

E[xh (5|5 = 0] LT PM b (6 = ¢) + pya™ (6 = 0) + 1=pym rhm(§ = —¢)

2 2
1—pym 1—pym . f@202¢5ﬂc
—(1 _ v T T
( + 5 fmqbﬂ) v+ 5 (mor e

Step 3: Construct the hypothetical policy function of output gap.

Substituting 7™ (§ = ¢), 7™ (§ = —¢), and E[x"»™(§)|6 = 0] into rearranged Philips
curves, we obtain

7T (§ = ¢) — BE[rh™M (§)|6 = 0]

Yy (S = c) = -
_(1=8 (1 —pm)Booxr (1 —pm)Bo [ Kopre . oc
_< ko 2 >”M+ 2 <1+ma¢ﬂ_r>+1+ﬂa¢ﬂ
st (5 = gy = T (0= 0) = PE[rh T (§)]3 = 0]
K
_(1-8 (1—pu)Bod, (1 —pm)Bo [ Kopre .
_< PR 2 >WM+ 2 <1+/<aagbﬁ_r>
yhﬂr]\/j (5 — _C) — ﬂ'h,ﬂ—]w (5 = _C) B 5E[ﬂ-h’ﬂ-]w (5/)’5 - O]
K
1 — 1 - T 1 - ™ * *
= < - B I p]g)ﬁffd) + Ugb,r) ™ + ( ];M)ﬁg <1i0f02ﬂ —r ) +o(r* —c)

Step 4: Construct the hypothetical policy function of policy rate.

Substituting 7™ (§ = ¢) into the truncated Taylor rule, we obtain
hTM (S — f) — hoa (§ —
i (0=c)=1"+ a7 (0=c¢c)

‘1 n Koc
=T T S
m\"M 1+ koo,
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According to the truncated Taylor rule, i»™ (§ = 0) and "™ (§ = —¢) is given by
PPTM(§ = 0) = 1 + ppmas
i (0=—-¢)=0
To summarize, the hypothetical policy functions are given by

KROC

T (S = ¢) = T + 1+ koo
™

™M (§ = 0) = Ty

oM (0 = —c) = (14 kodz)mar + ko (r* —c)

hani(s oy (1=B  (1—pu)Bods (L—pm)Bo ( KoOpzc | oc
4 (5_6)_< K 2 >7TM+ 2 (1—1—&0(% 7“>+1—i-/<ca¢7r
h,pr _ _ 1— ﬁ . (1 _pM)BG¢ﬂ (1 _pM)BO- ’{Ugbﬂ’c ok
Y (5_0)_< K 2 )WJr 2 <1+m¢,r r)
1 - ]. - T ]- - ™ * *
Y (§ = —c) = ( ﬂﬁ | m;)ﬂocé +a¢7r> T + ( pzM)BU (1’1‘72; —r ) +o(r* —¢)

Z-h,7rM(5 =¢) =1+ én <7TM + Hjij;i(b>
™

PPTM(§ = 0) = 1 + ppmas
P (§ = —¢) =0
By construction, they satisfy the relative Euler equation, the Phillips curve, and the truncated
Taylor rule and 7™ (§ = 0) = 7).

Now that we have obtained the hypothetical policy functions consistent with ma; such
that mp < myy < wyp, we can compute the risk-adjusted Fisher relation.

ing =" 4 mag 4 0 (Bl ()]0 = 0] - )
+ (E[wh’”M (8)|6 = 0] — WM)
2

1-— 1-—
— by o] (pM Y6 =€) + pagyT (6 = 0) + — P2yt (5 = —) - yM>

1-— 1-—
+ ( 2pM T (6 = c) _"_pMﬂ.hﬂT]M (5 =0)+ 2PM v (5 — —c) _ WM)

1-— oc
=r* 4y +ot <yM + P <0‘¢7r7TM +o(r*—c)+ ) - yM>

2 1+ Kkop,
1—opup 1—opup K202d e
+ <1 + 2p K/O'(bﬂ—> T M —+ 2p (K/O’T* — :H—/q/;b'%r — M

= 4 %(1 —pu) (1 + ko) <r* _ ma + (;(1 —pm)(1+ ko)pr + 1) ™™

:T*+C+D7TM

(iV) TUB < M
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We construct the hypothetical policy functions consistent with 7, in the following four steps.
Step 1: Construct the hypothetical policy function of inflation.

Substituting the Philips curve and the truncated Taylor rule into the relative Euler equation,
we obtain

s 0 s 2
™

ﬂ_hJT]\/[ (5 — —C) — T — - +/€Z'§¢
™

7™M (§ = 0) is given by
Wh’WM((S =0)=mpy
Step 2: Express the expected inflation as a function of ;.

Using 7™ (§ = ¢) and 7™ (§ = —c), we obtain

1-— 1-—
E[ﬂ_h,ﬂ'M (8)]6 = 0] := 2pM7Th,71'J\/[ (6 =c) +pM7Th,WM (6 =0)+ QPM o (6= —c)
:7’[‘M

Step 3: Construct hypothetical policy functions of output gap.

Substituting 7™ (§ = ¢), 7™ (§ = —c), and E[x"™(§')|6 = 0] into rearranged Philips
curves, we obtain

T (5 = ¢) = BE[e™ (51)]5 = 0]

h,ﬂ']v] — —
y M6 = c) p
1-p oc
S ™M e,
ahmm (§ = 0) — BE[x™m (§")|6 = 0
1-p
= M
K
h,mp I _ E h,mpg (S —
yhﬂrjw (5 _ —C) — ™ (5 C) i [ﬂ— (6 )’5 O]
1-p B oc
TR M 1+ Kkoopr

Step 4: Construct the hypothetical policy function of policy rate.

Substituting the hypothetical policy functions of inflation into the truncated Taylor rules, we
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obtain
(5 =€) = 1% 4 ¢ T™M (5 = c)

. Koc
=7r" 4+ ¢r <7TM + HWﬁ)
I
PTM(§ = 0) = r* 4 pam

(5 = —c) = 1" 4 gpm TV (6 = —c)

o _ koc
=7 +¢7r<7TM 1+I<,O'¢)7T>

To summarize, the hypothetical policy functions are given by

hear (5 — ) — KoC
T ( c)=mnp+ T+ roon
V(5 = 0) = Ty
horas S = —¢) = _ KROC
m ( ¢) =mu 14+ koor
1-p oc
h’ﬂ-M 6 = = _—
4 ( °) ™t 1+ koon
1
P =0) = =Ly
1-p oc
ham(§ = —¢) = -
4 ( °) K ™ 1+ kooq
BTN (§ — o) = Koc
1 ( c) T+¢W<WM+1—|—I€O'¢)7T

V(= 0) = r* 4 damis

KoC
TS = —c) =1 + ¢r (ﬂM 1+ koo )
s

By construction, they satisfy the relative Euler equation, the Phillips curve, and the truncated
Taylor rule and 7™ (§ = 0) =

Now that we have obtained the hypothetical policy functions consistent with s such
that myp < 7, we can compute the risk-adjusted Fisher relation.
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iy =71 +my ot (]E[yh’“M(é')\é =0] — yM)
v <IE[7rh’”M (8')]8 = 0] — WM)

11— 1-—
= ot ( SIS =€)+ pagy ™ (6 = 0) + 5y (0 = —0) = yM)

1-— 1-—
+ ( pMﬂ_hﬂrM((; — c) +pM7Th’7rM(5 — 0) + pMﬂ_hJTM (5 — —c) _ 7TM>

2 2
=7r"+ 7+ (Yym — ym) + (T — 7ar)
=r*+7p
O
D Proofs Related to Positive Inflation Target
The model with a positive inflation target can be written in the following way.
Yt = Et [yt-i—l] — 0 [Zt — Et [ﬁ't_t,_l] — (7”* + 7T*) — (5,5] (DlO)
7ATt = Ry + /BEt[ﬁ't—i-l] (Dll)
i = max|[0,r" + 7 + P (D12)
where
7ATt:7Tt—7T* (D13)

Equation (D10) is the consumption Euler equation, equation (D11) is the standard New
Keynesian Phillips Curve, and equation (D12) is the truncated Taylor rule.

Proposition D.1. Let

2(7T* + T*)((bﬁ - 1)(HU¢W + 1)
koZo(ko +1)(pm — 1)

6targ = -

There are two equilibria when ¢ < Ciarg. There is one equilibrium when ¢ = Ciqrg. There is
no equilibrium when ¢ > Ciarg

Proof. By equation D10 to D13, the system of equations with a positive inflation target is
identical to that with a zero inflation target, with 7 and r* being replaced by 7y and r* 4+ 7*,
respectively. Accordingly, this proposition is identical to A.6. O
Proposition 3: Suppose that 7* > :*_1 (> 0). If ¢ is sufficiently large, inflation at the risky
steady state in the deflationary equilibrium is positive.

Proof. Similar to the model with a zero inflation target, we define ¢;,,., as the maximum value
of ¢ for the existence of equilibrium 1. By Proposition D.1, Equilibrium 8 is deflationary
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equilibrium when ¢ < ¢,,,. Thus myy = —r* < 0. By Proposition D.1, Equilibrium 5 is
deflationary equilibrium when Crarg S € < Ctarg- ™M evaluated at Ctarg is:

v =-—-1r"<0
my evaluated at Cigrg is:

* *
x T+

TN =T — >0
o

It can be shown that

omar (ck+ 1)(1 — par)kO O
= >0
oc 24 (o(pm + 1)k +py — 1)ox

O]

Accordingly, if c¢ is sufficiently large, inflation at the risky steady state in deflationary
equilibrium is positive.

E Proofs Related to Low ¢,

In this section, we will assume that ¢, < Qﬁ. Key propositions from this subsection are as
follows.

E.1 Existence of Equilibria: Low ¢,

Proposition E.1. Fquilibrium 1 exists when ¢ < ¢ where € is defined in Section A.

Proposition E.2. Equilibrium 2 exists when ¢ < ¢ < ¢ where ¢ and ¢ are defined in Section

A.

Proposition E.3. Fquilibrium 5 exists when ¢ < ¢ < ¢ where ¢ and ¢ are defined in Section
A.

Proposition E.4. Equilibrium 8 exists when ¢ < ¢ where ¢ is defined in Section A.

Proposition E.5. There are two equilibria when ¢ < ¢. There is one equilibrium when ¢ = €.
There is no equilibrium when ¢ > €.

Proof of Proposition E.1.: By Proposition A.2, the existence of Equilibrium 1 does not de-
pend on the value of ¢,. Accordingly, Equilibrium 1 exists when ¢ < €.

Proof of Proposition E.2.: By Proposition A.3, it suffices to find the value of ¢ where iSLhadow =

0 and if\i}adow = 0, respectively. z'SLhadow and iﬁadow are given by

ishadow _ 2 (¢7T - 1) (’10’ (T* - C) (b7r + ’I”*)

g ((par — 1) ok +pas + 1) o — 2

sshadow _ (o (i = 1) k+ (pyr —1) e+ 2%) 067 + (20" — 26170) §r — 2
Mo (((par — 1) ok +par + 1) o — 2) (kg0 + 1)
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Note that the sign of the denominator is the opposite: when Qﬂ < ¢r < ¢, and when ¢ < ¢...
If we find the value of ¢ such that isLhadow = 0, that is the maximum degree of uncertainty
consistent with this equilibrium. If we find the value of ¢ such that ifé}adow = 0, that is the
minimum degree of uncertainty consistent with this equilibrium. Accordingly, Equilibrium 2
exists when ¢ < c <.

Proof of Proposition E.3.. By Proposition A.4, it suffices to find the value of ¢ where iﬁad"w =
0 and igmdow = 0, respectively. isMhadow and iﬂbadow are given by

i%}adow _ - (co(par — 1)k + (par — 1) e+ 2r%) ko g2 + (26r*0 — 21*) ¢ + 21*
2+ (oc(pp+ 1) k+py —1) dr
(2cok — 21*) pr + 21*
2+ (oc(pp+ D) k+py — 1) dx

-shadow __
yoi =

Note that the sign of the denominator is the same in both cases: when ¢ < ¢r < ¢, and

when ¢, < ¢.. If we find ¢ such that if\?“d"“’ = 0, that is the maximum degree of uncertainty
consistent with this equilibrium. If we find ¢ such that if{,‘ad‘)w = 0, that is the minimum
level of uncertainty consistent with this equilibrium. Accordingly, Equilibrium 5 exists when

c<c<ec

Proof of Proposition E.4.: By Proposition A.5, the existence of Equilibrium 8 does not de-
pend on the value of ¢,. Accordingly, Equilibrium 1 exists when ¢ < c.

Proof of Proposition E.5.: When ¢, < ¢, ¢ < ¢ < ¢ holds. According to Proposition
E.1-Proposition E.4, Equilibrium 1 and Equilibrium 8 exist when ¢ < ¢, Equilibrium 1 and
Equilibrium 5 exist when ¢ < ¢ < ¢, Equilibrium 1 and Equilibrium 2 exist when ¢ < ¢ <.
When ¢ = ¢, Equilibrium 1 and Equilibrium 2 coincide. Accordingly, there is one equilibrium.
When ¢ > ¢, there is no equilibrium.

E.2 Proof of Main Proposition: Low ¢,

Proposition E.6. Suppose that ¢, < [ If ¢ is sufficiently large, the policy rate at the risky
steady state in the deflationary equilibrium is positive.

Proof. By Proposition E.5, Equilibrium 8 is the deflationary equilibrium when ¢ < ¢. Equi-
librium 5 is the deflationary equilibrium when ¢ < ¢ < é. Accordingly, ip; = 0 when ¢ < é.
When ¢ < ¢ < ¢, Equilibrium 2 is the deflationary equilibrium. Accordingly, the policy rate
at the risky steady state in the deflationary equilibrium is positive when ¢ < ¢ <e. O

F Proofs Related to High ¢,

In this section, we will assume that ¢, < ¢.. Key propositions from this subsection are as
follows.

F.1 Existence of Equilibria: High ¢,

Proposition F.1. Equilibrium 1 exists when ¢ < ¢ where € is defined in Section A.
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Proposition F.2. Equilibrium 2 exists when ¢ < ¢ < ¢ where ¢ and ¢ are defined in Section

A.

Proposition F.3. Equilibrium 5 exists when ¢ < ¢ < ¢ where ¢ and ¢ are defined in Section

A.
Proposition F.4. Equilibrium 8 exists when ¢ < ¢ where ¢ is defined in Section A.

Proposition F.5. There are two equilibria when ¢ < c. There is one equilibrium when ¢ = c.
There is no equilibrium when ¢ > c.

Proof of Proposition F.1.: By Proposition A.2, the existence of Equilibrium 1 does not de-
pend on the value of ¢,. Accordingly, Equilibrium 1 exists when ¢ < €.

Proof of Proposition F.2.: By Proposition A.3, it suffices to find the value of ¢ where z'sLhadow =
0 and if&“dow = 0, respectively. isLh“dow and if\ZLadow are given by

,ishadow — 2 (¢ﬂ' _ 1) (HJO' (T* — C) gbﬂ' + T*)

- ((par = 1) ok +par +1) 6 — 2

jshadow _ K (co(par — 1)k + (par — 1) ¢+ 2r*) 0¢2 + (2r* — 267%0) P — 21*
M a (((pm = D)ok +py + 1) ¢r — 2) (Kpro + 1)

Note that the sign of the denominator is the same in both cases: when ¢ < or < ¢, and

when ¢, < ¢,. If we find ¢ such that i5"4°® = 0, that is the minimum degree of uncertainty
consistent with this equilibrium. If we find ¢ such that isMh“d"w = 0, that is the maximum
degree of uncertainty supported by this equilibrium. Accordingly, Equilibrium 2 exists when

c<c<e

Proof of Proposition F.3.: By Proposition A.4, it suffices to find the value of ¢ where isMhadow =
0 and iﬁ?“dow = 0, respectively. iﬁ“dow and iﬁ‘“dm” are given by

isMh“dow _ - (co(pyr — 1) K+ (par — 1) ¢+ 2r*) ko @2 + (2610 — 21%) ¢ + 2
2+ (oc(ppy+ D) k+py —1) dr
(2cok — 21*) pr + 21*
2+ (oc(ppy+ D) k+py — 1) dx

ishadow

Note that the sign of the denominator is opposite: when 9 < ér < ¢, and when ¢, < ..
If we find ¢ such that if\gadow = 0, that is the minimum degree of uncertainty consistent with
this equilibrium. If we find ¢ such that iﬁmdow = 0, that is the maximum degree of uncer-
tainty consistent with this equilibrium. Accordingly, Equilibrium 5 exists when ¢ < ¢ < ¢.

Proof of Proposition F.4.: By Proposition A.5, the existence of Equilibrium 8 does not de-
pend on the value of ¢,. Accordingly, Equilibrium 1 exists when ¢ < c.

Proof of Proposition F.5.: When ¢ < ¢, ¢ < ¢ holds. By Proposition F.1 to Proposition
F4,c<é<e

According to Proposition F.1-Proposition F.4, Equilibrium 1 and Equilibrium 8 exist
when ¢ < ¢, Equilibrium 2 and Equilibrium 8 exist when ¢ < ¢ < ¢, Equilibrium 5 and
Equilibrium 8 exist when ¢ < ¢ < ¢. When ¢ = ¢, Equilibrium 5 and Equilibrium 8 coincide.
Accordingly, there is one equilibrium. When ¢ > ¢, there is no equilibrium.
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F.2 Proof of Main Proposition: High ¢,

Proposition F.6. Suppose that ¢ < ¢. If c is sufficiently large, the policy rate at the risky
steady state in the target equilibrium is 0.

Proof. By Proposition F.5, Equilibrium 1 is the target equilibrium when ¢ < €. Equilibrium
2 is the target equilibrium when ¢ < ¢ < é. Accordingly, the policy rate at the risky steady
state in the target equilibrium is positive when ¢ < ¢. When ¢ < ¢ < ¢, Equilibrium 5 is
the target equilibrium. Accordingly, the policy rate at the risky steady state in the target
equilibrium is zero when ¢ < ¢ < c. ]

G Model with an AR(1) Shock

In this section, we consider the model with an AR(1) shock process:

0 = poi—1 + € (G1)

A recursive equilibrium for this stylized, semi-loglinear model is given by a set of policy func-
tions {y(-),m(-),i(-)} that satisfies the Euler equation, the Phillips curve, and the truncated
Taylor rule, as described in Section 2.

In solving the model, we approximate the AR(1) process of the exogenous shock using
Markov chains via the Rouwenhorst approximation method. With this approximation, the
model can be solved with linear algebra.

G.1 Solution Method for Policy Functions

Recall that the problem is to find a set of {y(-),n(:),i(-)} that satisfies the equilibrium
conditions:

Yt = Ee[yr+1] — o [ir — Eifmega] + 6] (G2)
T = Ky + BB [m41] (G3)
it = max [ipLp, " + ¢x(mt)] (G4)

Consider an n-state discretization of an AR(1) shock approximated via the Rouwenhorst
method. The Rouwenhorst approximation method will yield an n x 1 vector of grid points

[01,...,0,] and an n x n matrix, 7', of transition probabilities:
P11 P12 .- DPin 31
P21 P22 ... D2 to
e P I (G5)
Pn1 Pn2 --- DPnn tn

where t; is the it" row of T.
Given this n-state discretization, we are left with a series of n equations and n unknowns
to solve for:
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y1 = E1[yes1] — o [i1 — r* — Eq[meq1] + 01]

Yn = Enlyes1] — o [in — 7" — Ep[mip1] + 65
m = ky1 + BE1[m41]

Tp = KYn + /BEn[ﬂ't—l-l]

in =max [igLp, " + ¢nm]

ip = IMax [iELBa 4 ¢7r7rn]

Here, E;[-] is the conditional expectation of our policy function, given state . It is formally
defined as the t; - z, where z = [z1, - - -, 2|7, for a given policy function.

Notice that, absent the ELB constraint, we are left with a linear-system of equations and
can be solved for using basic matrix algebra. Let A be a matrix of coefficients, x be a vector
of variables, b be a vector of coefficients, where

(1] [o(r* —§1)]]

Yn o(r* —op)
Arp Arp Aigz 1 0
A= A271 A272 A273 xr = b=
A1 Azp Asgs ™ 0
il r*

and

A2’1 = —K " ]ITL A2’2 = B(Hn — T) A2’3 = O . ]:[n
A3,1 =0-1I, A3,2 =—¢, -1, A373 =1,

Here, I,, is the identity matrix of dimension n.

There are two algorithms to consider: one for the target equilibrium and the other for
the deflationary equilibrium.

The algorithm to solve for the policy functions in the target equilibrium is as follows.
Start by assuming that the ELB does not bind in any period and solve the linear system of
equations. If i, < 0 then assume that i,, = 0 and resolve the system of equations. If 7,,_1 <0
then assume that i,—1 = 0 and resolve the system of equations. Continue this process until
forall j € (1,...,n),i; > 0.

The algorithm to solve for the policy functions in the deflationary equilibrium is as follows.
Start by assuming that the ELB binds in all periods and solve the linear system of equations.
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If the implied policy rate, iimp = r* + ¢,m is higher than ig g, assume that i; # igrp and

P

resolve the system of equations. If 79 > ig; g, then assume that z;m > iprp and resolve the

system of equations. Continue this process until for all j € (1,...,n), i;mp > 0.

G.2 Solution Method for the Risk-adjusted Fisher Relation

In this section, we present the details on how to solve for the risk-adjusted Fisher relation
given a continuous AR(1) shock approximated using Markov chains via the Rouwenhorst
method.

Again, consider an n-state discretization—where n is odd—of an AR(1) shock approxi-
mated via the Rouwenhorst method. There will be an n x 1 vector of grid points [67, ..., ]
and an n X n matrix, T, of transition probabilities, where T is defined in the same way above.

To solve for the risk-adjusted Fisher relation, given the candidate mrss, we need to
compute the risk-adjustment term based on hypothetical policy functions. These hypothetical
policy functions must satisfy the following conditions: (i) 7™ (§ = 0) = mgsg, (ii) the
truncated Taylor rule, (iii) the Phillips curve, and (iv) the relative Euler equations. Unlike
the three-state shock case, we will not present a full algebraic derivation, as the goal is to
develop a general solution method for an n-state discretized shock. The goal is to re-frame
the problem in terms of a system of equations, thus allowing us to take advantage of basic
linear algebra techniques to solve for the hypothetical policy functions and the risk-adjusted
Fisher relation.

Let xs be the value a given policy function takes in the “middle state,” where M is the
(n +1)/2" position of our grid. Notice that by construction, the middle state is identical to
the risky steady state, because the (n41)/2!" position of our vector of grid points is 0. Given
this, observe that by rewriting the system in the following way we satisfy our conditions:

y1 —ynm = Erlye1] — Enelyesr] — o [iv — ing — Ea[meq1] — Englmega] + 01]

Yi —ym = Ej[yri1] — Enm([ye1] — o [ij — ing — Ejlmeia] — Eng[mera] + 6]

Yn — YM = Enfyer1] — Enrlyer1] — o [in — ine — Enlmer1] — Engmera] + 04
71 = ky1 + BE1[mi41]

Tp = KYn + /BEn[Wt—I—I]
i1 = max [ipLB, " + Gx71]

ip, = max [iELBa 4 ¢7r7rn]

for j # M. E;[-] is defined as above. Absent the ELB constraint, we are left with a linear
system of equations that can be solved using matrix algebra.Let A be a matrix of coefficients,
x be a vector of variables, b be a vector of coefficients, where
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[y1 — ynm | [—061 ]
Yi — ym —0d;
M M M
Ag,l) - A?JMJ Ag,Z) - AyM72 Ag,3) - AyM,3 Yn —00p
A= Az Az Azs L= m b=1 0
Az Az A3
T 0
’il T‘*
- in - - /’n* -

for j £ M. Ag{\f), Agg), and Ag{\g) are matrices of dimension n — 1 x n. We use the notation

Agy) to represent the matrix A; ; where M row has been removed. Similarly, A, 1, Ay, 2,

and Ay,, 3 are matrices of dimension n — 1 x n that take on the form:

xN—1 ’
Ay = [Aram, s A1
XN-—1 ’
Ayyr2 =[A12m, - s At 2]
XN-—1 ’
Ay =[A13m, s A1 3]

We use the notation A; j s to denote the M row of A;;. Here, the M row of A;; has

been repeated n — 1 times.
Ai1, Ar2, A1, Aoj, Aso, Aos, Asq, Aso, and Ags are defined as before.

G.2.1 Algorithm for the risk-adjusted Fisher relation

The algorithm to solve for the risk-adjusted Fisher relation is as follows. For the candidate
Trss = ©"™ (§ = 0), start by assuming that the ELB does not bind in any period and solve
the linear system of equations. If 7,, < 0 then assume that i, = 0 and resolve the system
of equations. If 4,,_1 < O then assume that i,_1 = 0 and resolve the system of equations.
Continue this process until for all j € (1,...,n), i; > 0.

Upon the completion of this algorithm, given the candidate s, the hypothetical policy
functions that have been solved for satisfy the following conditions needed to calculate the
risk-adjustment term: (i) 7/»™(§ = 0) = myy, (ii) the truncated Taylor rule, (iii) the Phillips
curve, and (iv) the relative Euler equations. From here, it is straightforward to compute the
risk-adjustment term and the risk-adjusted Fisher relation.

G.3 Numerical Results

Table 1 lists the parameter values used for the numerical analysis.
Figure 8 presents the policy functions for output, inflation, and the policy rate. In the fig-
ure, the top and bottom rows are policy functions for the target and deflationary equilibria,
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Table 1: Parameter Values for the Stylized Model

Parameter Description Parameter Value
153 Discount rate m

o Inverse intertemporal elasticity of substitution 1

K Slope of Phillips Curve 0.02

4007r* Annualized Natural Rate of Interest 1%

O Coeflicient on inflation in the Taylor rule 4

IELB Effective lower bound 0

P AR(1) coefficient for the demand shock 0.80

Oc standard deviation of shocks to demand shock [0, oe*]

respectively. Consistent with the model with a three-state shock, uncertainty increases (de-
creases) the rate of inflation at the risky steady state in the deflationary (target) equilibrium.
Figure 9 presents the risk-adjusted Fisher relation associated with this model.

Figure 8: Policy Functions for the Model with an AR(1) Shock
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Figure 9: Risk-adjusted Fisher Relation for the Model with an AR(1) Shock
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