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I study the provision of incentives in dynamic moral hazard models with hid-
den actions and possibly hidden states. I characterize implementable contracts
by establishing the applicability of the first-order approach to contracting. Im-
plementable contracts are history dependent, but can be written recursively with
a small number of state variables. When the agent’s actions are hidden, but all
states are observed, implementable contracts must take account of the agent’s util-
ity process. When the agent has access to states which the principal cannot ob-
serve, implementable contracts must also take account of the shadow value (in
marginal utility terms) of the hidden states. As an application of my results, I ex-
plicitly solve a model with linear production and exponential utility, showing how
allocations are distorted for incentive reasons, and how access to hidden savings
further alters allocations.

1. INTRODUCTION

In many economic environments, there arise natural questions as to how to provide
incentives in a dynamic setting with hidden information. Some important examples in-
clude the design of employment and insurance contracts and the choice of economic pol-
icy, specifically unemployment insurance and fiscal policy.! However the analysis of dy-
namic hidden information models rapidly becomes complex, even more so when some
of the relevant state variables cannot be monitored. In this paper I develop a tractable
method to analyze a class of models with hidden actions and hidden states.

I study the design of optimal contracts in a dynamic principal-agent setting. I con-
sider situations in which the principal cannot observe the agent’s actions, and the agent
may have access to a privately observable state variable as well. One of the main diffi-
culties in analyzing such models is in incorporating the agent’s incentive compatibility
constraints. Related issues arise in static principal-agent problems, where the main sim-
plifying method is the first-order approach. This method replaces the incentive compat-
ibility constraints by the first order necessary conditions from the agent’s decision prob-

* I thank Dilip Abreu, Jaksa Cvitani¢, Narayana Kocherlakota, Nicola Pavoni, Chris Phelan, Yuliy Sannikov, Ivan
Werning, and Xun Yu Zhou for helpful comments. I also especially thank Bernard Salanié (the editor) and two anony-
mous referees for comments that greatly improved the paper.

! The list of references here is long and expanding. A short list of papers related to my approach or setting include:
Holmstrom and Milgrom (1987), Schattler and Sung (1993), Sung (1997), Fudenberg, Holmstrom, and Milgrom (1990),
Rogerson (1985a), Hopenhayn and Nicolini (1997), and Golosov, Kocherlakota, and Tsyvinski (2003).
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lem. Hence the problem becomes solvable with standard Lagrangian methods. However
it has been known at least since Mirrlees (1999) (originally 1975), that this approach is not
generally valid. Different conditions insuring the validity of the first-order approach in
a static setting have been given by Mirrlees (1999), Rogerson (1985b), and Jewitt (1988).
But there has been little previously work on the first-order approach in a dynamic set-
ting, which has hindered the analysis of such models. Working in continuous time, I
establish the validity of the first-order approach in a very general dynamic model.?

When only the agent’s actions are hidden, under mild conditions the first-order ap-
proach gives a complete characterization of the class of implementable contracts, those
in which the agent carries out the principal’s recommended action. Even in the static
setting, the conditions insuring the validity of the first order approach can be difficult to
satisfy, and they become even more complex in more than one dimension. By contrast
my conditions are quite natural, are easily stated in terms of the primitives of the model,
and apply to multidimensional settings. I simply require that effort increase output but
decrease utility, and that output and utility each be concave in effort. Thus my results
here are quite general, and easier to apply than even in static settings. I discuss the rea-
sons for this below, and show how my results relate to the static moral hazard literature.

When the agent has access to hidden states as well, I show that the first-order ap-
proach is valid under stronger concavity assumptions. As I discuss below, these assump-
tions are too strong for some typical formulations with hidden savings, although they
may apply in other hidden state models.® Nevertheless, even when the sufficient con-
ditions fail, the first-order approach can be used to derive a candidate optimal contract.
Then one can check whether the contract does indeed provide the proper incentives.*

To illustrate my methods, I study a more fully dynamic extension of Holmstrom and
Milgrom (1987) in which the principal and agent have exponential preferences, and pro-
duce and save via linear technologies. In this setting I explicitly solve for the optimal
contracts under full information, when the agent’s effort action is hidden, and when the
agent has access to hidden savings as well. I characterize how the informational fric-
tions distort the labor/leisure margin (a “labor wedge”) and the consumption/savings
margin (an “intertemporal wedge”).” Moral hazard in production leads directly to a
wedge between the agent’s marginal rate of substitution and the marginal product of la-

? Independently in concurrent research, Sannikov (2008) has given a similar proof in a simpler model with only
hidden actions. More recently (after earlier drafts of this paper), Westerfield (2006) analyzes a related model using
different techniques, and Cvitani¢, Wan, and Zhang (2006) analyze hidden action models with only terminal payments.
But there are no comparable results of my generality, and none of these papers touch on the hidden action case. There
are some related results on the first-order approach in other dynamic settings. For example, Phelan and Stacchetti
(2001) use a first-order approach to characterize optimal Ramsey taxation.

3 See Allen (1985), Cole and Kocherlakota (2001), Werning (2002), Abraham and Pavoni (2008), Kocherlakota (2004a),
and Doepke and Townsend (2006) for some alternative formulations with hidden savings. In Williams (2008), I show
that the methods developed here can be used to characterize models with persistent private information.

“Werning (2002) and Abraham and Pavoni (2008) follow similar procedures to numerically check whether the candi-
date optimal contract is implementable. In section 7 below, I do so analytically. Kocherlakota (2004a) explicitly solves
a particular hidden savings model using different means and provides a discussion.

5 See Chari, Kehoe, and McGrattan (2007) on the role of the labor and intertemporal (or investment) wedges in
fluctuations. Kocherlakota (2004b) shows how intertemporal wedges result form dynamic moral hazard problems.
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bor. Moreover, the dynamic nature of the contracting problem leads to a wedge between
the agent’s intertemporal marginal rate of substitution and the marginal product of cap-
ital. If the principal can control the agent’s consumption (or tax his savings), the contract
will thus have an intertemporal wedge. However with hidden savings, the agent’s con-
sumption cannot be directly controlled by the principal. Thus there is no intertemporal
wedge, but instead a larger labor wedge. Finally, I show how the contracts can be imple-
mented by a history-dependent, performance-related payment and a tax on savings.

My analysis builds on and extends Holmstrom and Milgrom (1987) and Schattler and
Sung (1993), who studied incentive provision in a continuous time model. In those pa-
pers, the principal and the agent contract over a period of time, with the contract speci-
fying a one-time salary payment at the end of the contract period. In contrast to these in-
tertemporal models, which consider dynamic processes but only a single transfer from the
principal to the agent, in my fully dynamic model transfers occur continuously through-
out the contract period.® In such a dynamic setting, the agent’s utility process becomes
an additional state variable which the principal must respect. This form of history depen-
dence is analogous to many related results in the literature, starting with Abreu, Pearce,
and Stacchetti (1986)-(1990) and Spear and Srivastrava (1987).

As noted above, the paper closest to mine is Sannikov (2008), who studies a model
with hidden actions and no state variables other than the utility process. While there are
similarities in some of our results, there is a difference in focus. Sannikov’s simpler setup
allows for more complete characterization of the optimal contract. In contrast my results
cover much more general models with natural dynamics and with hidden states, but the
generality implies that typically I can only provide partial characterizations. However, I
do show how to use my methods to solve for optimal contracts in particular settings.

When the agent has access to hidden states, the principal must respect an additional
state variable which summarizes the “shadow value” of the state in marginal utility
terms. My results, which draw on some results in control theory due to Zhou (1996),
are similar to the approach of Werning (2002) and Abraham and Pavoni (2008) in dis-
crete time dynamic moral hazard problems. While I'm able to provide some conditions
to prove the validity of the first-order approach ex-ante (which the discrete time literature
has not), the conditions are rather stringent and thus in many cases I too must check im-
plementability ex-post (like Werning and Abraham and Pavoni). However even in such
cases, the continuous time methods here may have some computational advantages, as
we can find an optimal contract by solving a partial differential equation. Section 7 pro-
vides one case where this can be done analytically.

An alternative approach is considered by Doepke and Townsend (2006), who develop
a recursive approach to hidden states models by enlarging the state space. In their setup
the state vector includes the agent’s promised utility conditional on each value of the
unobserved state. This requires discretization of the state space, and leads to a large

® The recent paper by Cadenillas, Cvitani¢, and Zapatero (2005) studies a general intertemporal model with full
observation, and some of their results cover dynamic transfers. Detemple, Govindaraj, and Loewenstein (2005) extend
the Holmstrom and Milgrom (1987) model to allow hidden states.
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number of incentive constraints which need to be checked. While they provide some
ways to deal with these problems, their results remain less efficient than mine, albeit
requiring some less stringent assumptions.

2. OVERVIEW

In order to describe the main ideas and results of the paper, in this section I describe a
simple version of a benchmark the dynamic moral hazard model. I then summarize the
main results of the paper, and relate them to the literature. I defer formal detail to later
sections, which also consider more general settings.

2.1. A moral hazard model: hidden actions

The model is set in continuous time, with a principal contracting with an agent over
a finite horizon [0, T']. Output y; is determined by the effort e, put forth by the agent as
well as Brownian motion shocks W;. In particular:

dyt = f(@t)dt + O'th, (1)

where the f is twice differentiable with f' > 0, f” < 0. Later sections allow for more
complex specifications, as current output is allowed to depend on time, its own past
values, current consumption or payments, and other state variables. As in the classic
moral hazard literature, I focus here on the case where output is the sole state variable
and it is observed by the principal, while he cannot distinguish between effort and shock
realizations. Later I discuss cases when the agent observes some states that the principal
cannot. The principal designs a contract that provides the agent consumption s, and
recommends an effort level ¢,. The agent seeks to maximize his expected utility:

E |:/0TU(St,€t)dt +v(sr)|, (2)

where u is twice differentiable with u. < 0, u.. < 0. Later I consider more general
preferences, allowing time dependence (for discounting) as well state dependence.

In section 4, I apply a stochastic maximum principle due to Bismut (1973) to charac-
terize the agent’s optimality conditions facing a specified contract.” Similar to the de-
terministic Pontryagin maximum principle, the stochastic maximum principle defines a
Hamiltonian, expresses optimality conditions as differentials of it, and derives “co-state”
or adjoint variables. Here the Hamiltonian is:

H(e) = ’Vf(e) + u(s, 6)7 3)

" The basic maximum principle is further exposited in Bismut (1978). More recent contributions are detailed in
Yong and Zhou (1999). Bismut (1975) and Brock and Magill (1979) give early important applications of the stochastic
maximum principle in economics.
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See equation (16) below for the more general case. The agent’s optimal effort choice e is
given by the first order condition:

Vf/(e*) = _ue(876*>7 (4)

where equation (20) below provides the more general case.

From the literature starting with Abreu, Pearce, and Stacchetti (1986)-(1990) and Spear
and Srivastrava (1987), we know that in a dynamic moral hazard setting a contract
should condition on the agent’s promised utility. Here the promised utility process ¢
plays the role of a co-state. In particular, the co-state follows:

dg; = —u(se, e;)dt + yodWy, qr = v(sr). ®)

This follows from the more general (17) below, and its solution can be expressed:

T
g =F {/ u(sy, €)dt +v(sr)
t

7.

Thus ¢, is the agent’s optimal utility process, the remaining expected utility at date t when
following an optimal control e*. Here v, gives the sensitivity of the agent’s promised
utility to the fundamental shocks, and is the key for providing incentives. Note from (4)
that under our assumptions on u and f we see that v > 0. Therefore the agent’s promised
utility increases with positive shocks (positive movements in ;).

One of the main results of the paper, Proposition 5.1, establishes that the first-order ap-
proach to contracting is valid in this environment. In particular, I show that if a contract
{s¢, €} is consistent with the evolution of (5) —a “promise-keeping” constraint —where
Y = —uc(se, é)/f'(é) from (4) —a local incentive compatibility constraint —then the
contract is implementable. That is, the agent will in find it optimal to choose ¢, when fac-
ing the contract. Moreover all implementable contracts can be written in this way, and
the results hold for much broader specifications than outlined in this section. The key
restrictions are the natural monotonicity and concavity assumptions on preferences and
production. As mentioned in the introduction, this result is far stronger than what has
been shown in discrete time or even in static settings. I next try to provide some intuition
as to why the results are so strong here.

2.2. Relation with previous results
2.2.1.  Sufficient conditions for the first-order approach in static models
As discussed in the introduction, it is well-known that the first-order approach only
holds in a static environment under rather stringent conditions, as spelled out by Mir-
rlees (1999), Rogerson (1985b), and Jewitt (1988). However these conditions are much
easier to satisfy when an action by the agent has a (vanishingly) small effect on distribu-
tion of output.® For this argument, I embed a static model in a dynamic framework. In

8For contemporary discussions of the first-order approach in static models, see chapter 4 of Bolton and Dewatripont
(2005). The argument in this section was suggested by Bernard Salanié, the editor.
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particular, let 7' = 1 and suppose that effort is constant at ¢, over the interval [0, 1]. Then
output at date 1 is given by:

y1 = f(eo) + Wi.

Apart from the timing, this is a static model where W, is a standard normal shock with
density ¢, thus output has the density ¢(y — f(e)) and the normal distribution function
®(y — f(e)). The sufficient conditions for the first order approach are the monotone-
likelihood ration property (MLRP) and the convexity of the distribution function con-
dition (CDFC). In this setting the MLRP holds under the natural assumption that the
production function is strictly increasing:

i |:¢e(y - f(e))
dy | o(y — f(e))

However the CDFC can’t be assured, as we have:

Pec(y — f(e) = ¢'(y — f(e))f'(e)* — by — f(e))f"(e).

As Jewitt (1988) notes, if f(e) = e then the CDFC only holds (®.. > 0) if the density ¢ is
increasing everywhere (¢’ > 0), which clearly is not the case for the normal density. In
cases like this it is difficult to guarantee in advance that the first-order approach is valid.

Now divide the time interval [0, 1] into N different sub-intervals of length A and sup-
pose that the agent may choose different effort levels for each sub-interval. In this case,
output is given by:

} = f'(e) > 0.

N-1
Y1 = Z flea) A+ Wi
=0

This is a discretized (and integrated) version of equation (1) with o = 1. For each choice
er, t € {0,A,--- (N —1)A = T} we now show that the sufficient conditions hold for
small enough A. The MLRP continues to hold for all A, as we have:

a [% (v - T flead)
W1 oy flear)

But now for the CDFC we have:

= f'(e))A > 0.

1

.. <y -y f(em)A> ~ (y -y f(em)A> flepat—o (y -y f(em)A> Flena.

=0

While this can’t be guaranteed to be positive in general, for small enough A the second
term dominates, and so the CDFC will hold if f is concave.

Thus by passing to the limit in which the agent takes frequent actions, with each action
having a diminishingly small effect on the distribution of output, we can insure that the
first-order approach is valid. The first-order conditions use only local information, and
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when an action is relevant for a very short horizon such information is sufficient. This
paper shows that this logic extends to much more general dynamic environments.

2.2.2.  Models with two performance outcomes

While the preceding argument is informative, the argument in this paper is fairly dif-
ferent, and has similarities with simpler static models where output can take on only
two values.” In particular, a key step in my analysis uses the fact that we can express the
agent’s utility under the contract with a target effort policy {é;} as:

T T
/ u(sy, é)dt +v(sp) = Es {/ u(sy, é)dt +v(sr)| + Vr
0 0

where E;[Vr| = 0, and where the expectations are conditional on employing {é;}. This
simply states that the realized utility is equal to expected utility plus a mean zero shock.
Due to the special structure of the Brownian information flow, we can further express the
“utility shock” V7 as a stochastic integral:

Vp = /0 YedW; = /0 Ye(dy, — f(é;)dt), (6)

for some process {v;}.!° This representation is what allows me to depict the utility pro-
cess as in (5) above, and to tie the utility sensitivity v, to the optimality conditions.

Similar results hold in a static model, again with effort fixed at e, on the interval
[0,1]. For this argument, it is convenient to work with separable preferences, so assume
u(sy, er) = u(e;). Then we can write:

u(éo) +v(s1) = Elu(éo) + v(s1(y1))|eo] + Vi(yn),

where we emphasize that 1} and s; are dependent on the realization of y;, and E[V;|éy] =
0. For an arbitrary output distribution we cannot say much more. But now suppose that
y1 = 1 with probability f(eg) and y; = 0 with probability 1 — f(ey), where we of course
assume 0 < f(e) < 1.1 In this case it is easy to verify that we can express the "utility
shock” in a way similar to (6):

Vi(yr) = v(y1 — f(éo)),

where the sensitivity term 7 is the difference in the utility of consumption across output
realizations: v = wv(s1(1)) — v(s1(0)). With this representation, we can then write the
agent’s problem given a contract as:

max Elu(e) +v(s1(y1))|e] = meaxu(e) +v(s1) — v(y1 — f(e)).
The first order condition for the optimal effort choice is:

Vf(e) = —u'(e”),

9The discussion of two performance outcome models follows chapter 4.1 of Bolton and Dewatripont (2005).
10gee Theorem 4.15 and Problem 4.17 in Karatzas and Shreve (1991), which also state the required conditions.
'Moreover, to obtain an interior solution we assume that f(0) = 0, lim.—. f(e) = 1, and f'(0) > 1.



8 NOAH WILLIAMS

which is directly parallel to (4), the first-order condition in the dynamic model. In addi-
tion, this first-order condition is sufficient when f” < 0 and u” < 0, the same conditions
as in my dynamic setting.

While the ease of analysis of the static two outcome case has been known, it is strik-
ing to see how much of it carries over to more complex dynamic environments.!> Even
though the diffusion setting of my dynamic model has a continuum of outcomes, and
there may be general temporal dependence in output, the key local properties are simi-
lar to this static binary model with i.i.d. shocks.

2.3. A more complex case: hidden states

While thus far I have discussed models in which all states are observed, I also consider
a more complicated environment in which the agent has access to a hidden state variable.
In such situations, a recursive representation of the contract needs to condition on some-
thing more than just the promised utility. I use a first-order approach to show that, at
least in some cases, it is sufficient to condition on the “shadow value” of the hidden state
in marginal utility terms.

In particular, suppose that the agent’s consumption ¢; cannot be observed, and that it
influences the evolution of a hidden state m,, which evolves as:

dmt = b(mt, St, Ct)dt.

The agent’s preferences are as in (2), but now with ¢, replacing s, and terminal utility
v(cr, mr). My motivating example is a model of hidden savings which has:

dmt = (Tmt + S¢ — Ct>dt, (7)

where m, is the agent’s hidden wealth, which earns a constant rate of return r, gets in-
flows due to the payment s, from the principal, and has outflows for consumption. The
more general specification of b also captures the persistent private information specifica-
tion in Williams (2008), where m is the cumulation of the agent’s past misreports of his
privately observed income. More general cases are considered in (12) below.

With the hidden state, the agent’s Hamiltonian now becomes:

H(m,e,c) = (v + Qm)f(€) + pb(m, 5, ) + u(c,e). ®)
Optimizing (8) by choice of c yields:
—be(m, s,¢")p = uc(e*, ). )

While v is once again the sensitivity of the utility process (5), p is a second co-state vari-
able and () is its sensitivity:

dpr = —bm(my, st, cr)pedt + QrodWy, pr = Um(cr, mr). (10)

See equation (18) below for the more general case.

12Gimilar binomial approximations have been widely used in asset pricing (see Cox, Ross, and Rubinstein (1979) for
an influential example), and Hellwig and Schmidt (2002) study such approximations in a setting like mine.
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The interpretation of p; is most apparent in the hidden savings model (7). In that case
b. = —1 and thus (9) shows that p is the marginal utility of consumption. Moreover since
b, = r, the solution to (10) can be written:

p=F [67'(T_t)vm(cT,mT)| ft] )
By the law of iterated expectations, this implies that an Euler equation holds, as for s > t:
uc(cy,e) = F [e’“(s*t)uc(cs, es)‘ F] .

The agent’s optimality conditions pin down the expected evolution of the marginal util-
ity of consumption, while the contract influences the volatility of marginal utility ;.

The paper’s main result with hidden states, Proposition 5.2, provides necessary and
sufficient conditions for the first-order approach to be valid in this environment. In par-
ticular, I show that necessary conditions for a contract to be implementable are the lo-
cal incentive compatibility constraints (4) and (9), the promise-keeping constraint (5),
and the “extended promise keeping” constraint (10). These conditions are also sufficient
when the Hamiltonian (8) is concave in (m, e, ¢). As I discuss in more detail in section 5.3
below, this concavity restriction is stringent and in fact fails in the hidden savings case.
Nevertheless a constructive solution strategy when the sufficient conditions fail is to use
the first-order approach to derive a candidate optimal contract, and then check ex-post
whether solution is indeed implementable. Werning (2002) and Abraham and Pavoni
(2008) do this numerically in their models, and I pursue this strategy in an example in
section 7 below, where it can be done analytically.

2.4. Overview of the rest of the paper

The next several sections fill in the formal detail behind the results in this section. In
section 3, I formally lay out the general model, and then discuss how a change of vari-
ables is useful in analyzing it. Section 4 derives optimality conditions for the agent facing
a given contract, and then section 5 characterizes the set of implementable contracts. I
briefly discuss the principal’s choice of a contract in section 6. Then I turn to a fully solved
example in section 7, where I find the optimal contracts under full information, hidden
actions, and hidden savings, and illustrate the implications of the information frictions
in a dynamic environment. Finally, section 8 provides some concluding remarks. An
appendix provides proofs and technical conditions for all of the results in the text.

3. THE MODEL

3.1. The general model

The environment is a continuous time stochastic setting, with an underlying probabil-
ity space (2, F, P), on which is defined an n,-dimensional standard Brownian motion.
Information is represented by a filtration {F;}, which is generated by the Brownian mo-
tion W, (suitably augmented). I consider a finite horizon [0, 7] which may be arbitrarily
long, and in the application in section 7 below I let T" — oc.

The actions of the agent and the principal affect the evolution of an observable state
v € R™ called output and a hidden state m; € R. I assume that the hidden state is scalar
for notational simplicity only. The agent has two sets of controls, e, € A C R™ which
affects the observable state y;, and will be referred to as effort, and consumption ¢, € B C
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R which affects the unobservable state m,. The principal takes actions s; € S C R™,
referred to as the payment. The evolution of the states is given by:

dy, = f(tayhmt’etust)dt+0—(tvyt73t)th (11)
dm; = b<t7yt;mtactast)dt (12)

with yy, mo given. Note that the agent does not directly affect the diffusion coefficient
0. Due to the Brownian information structure, if the agent were to control the diffusion
then his action would effectively be observed. Later results make regularity assumptions
on f, b, and o. The principal observes y; but not e, or W;. Moreover he knows the initial
level mo but does not observe ¢; or {m; : ¢ > 0}. Since there is no shock in (12), even
though the principal cannot observe m,, if he were to know agents” decisions he could
deduce what it would be."

Let C™ be the space of continuous functions mapping [0, 7] into R™. I adopt the con-
vention of letting a bar over a variable indicate an entire time path on [0, 7]. Note then
that the time path of output y = {y; : t € [0,7]} is a (random) element of C"¥, which
defines the principal’s observation path. I define the filtration {);} to be the completion
of the o-algebra generated by y, at each date. A contract specifies a set of recommended
actions (é;, ¢;) and a corresponding payment s, for all ¢ as a function of the relevant his-
tory. In particular, the set of admissible contracts S is the set of );-predictable functions
(s,6,¢) : [0,T] x C™ — S x A x B.M Thus the contract specifies a payment at date ¢
that depends on the whole past history of the observations of the state up to that date
(but not on the future). The recommended actions have no direct impact on the agent,
as he is free to ignore the recommendations. Since the agent optimizes facing the given
contract, the set of admissible controls A for the agent are those F;-predictable functions
(e,¢): [0,T] x C"™ — A x B. Iassume that the sets A and B can be written as the count-
able union of compact sets. A contract will be called implementable if given the contract
(s,é,c¢) the agent chooses the recommended actions: (¢,¢) = (€, ¢).

3.2. A change of variables
For a given payment s(t, i) the evolution of the state variables (11)-(12) can be written:

dyy = f(t> Yy my, e)dt + o (t,y)dWs, (13)
dmt = b(t, g, my, Ct>dt,

where the coefficients now include the contract: f(¢,y,m, e;) = f(t,ye, My, €4, 8(t,y)) and
so on. The history dependence in the contract thus induces history dependence in the
state evolution, making the coefficients of (13) depend on elements of C"v. This depen-
dence is also inherited by the agent’s preferences, as we see below. Such dependence
would complicate a direct approach to the agent’s problem, as a function would be a
state variable.

As in Bismut (1978), I make the problem tractable by taking the key state variable to
be the density of the output process rather than the output process itself. In particular,

13 With some additional notational complexity only, an observable shock to m; could be included. However I
exclude the more general settings with partial information where some random elements are not observed. Detemple,
Govindaraj, and Loewenstein (2005) consider an intertemporal partial information model.

!4 See Elliott (1982) for a definition of predictability. Any left-continuous, adapted process is predictable.
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let W be a Wiener process on C", which can be interpreted as the distribution of output
resulting from an effort policy which makes output a martingale. Different effort choices
by the agent change the distribution of output. Thus the agent’s effort choice is a choice
of a probability measure over output, and I take the relative density I'; for this change of
measure as the key state variable. Details of the change of measure are given in Appendix
A.1, where I show that the density evolves as:

dFt = Fta-_l(t7 g).]?(tv g) my, et)thov (14)

with T'y = 1.1 The covariation between the observable and unobservable states is also a
key factor in the model. Thus is it also useful to take z; = I';m, as the relevant unobserv-
able state variable. Simple calculations show that its evolution is:

dry = Tib(t, §, x4 /Ty, cr)dt + 25 (6, 9) f(t, §, 2 /Tty e0)dWY, (15)

with zy = mg. By changing variables from (y,m) in (13) to (', z) in (14)-(15) the state
evolution is now a stochastic differential equation with random coefficients. Instead
of the key states directly depending on their entire past history, the coefficients of the
transformed state evolution depend on y which is a fixed, but random, element of the
probability space. This leads to substantial simplifications, as I show below.

4. THE AGENT’S PROBLEM

4.1. The agent’s preferences
The agent has standard expected utility preferences defined over the states, his con-
trols, and the principal’s actions. Preferences take a standard time additive form, with
flow utility v and a terminal utility v. In particular, for an arbitrary admissible control
policy (€,¢) € A and a given payment s(¢, y), the agent’s preferences are:

T
V(é> 5) = Fe [/ u(t,yt,mt,ct,et,st)dt—l- U(?JTJ”T)}
0
T
- Eé |:/ ﬂ‘(thqj? my, Cg, et)dt + U(yT7mT):|
0

T
= kK [/ Fta(tv g) my, Cg, et)dt + FTU(yT) mT):| .
0

Here the first line uses the expectation with respect to the measure P; over output in-
duced by the effort policy €, as discussed in Appendix A.1. The second line substitutes
in the contract and defines u(t, g, my, ¢, e) = u(t, y, my, ct, €, s(t, 7)), and the third uses
the density process defined above. The agent’s problem is to solve:

sup V(e c)
(e,c)eA
subject to (14)-(15), given s. Any admissible control policy (e*, ¢*) that achieves the max-
imum is an optimal control, and it implies an associated optimal state evolution (I'*, z*).

15 Gimilar ideas are employed by Elliott (1982), Schattler and Sung (1993), and Sannikov (2008) who use a similar
change of measure in their martingale methods. Their approach does not apply in the hidden state case however.
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4.2. The agent’s optimality conditions
Under the change of variables, the agent’s problem is one of control with random
coefficients. I apply a stochastic maximum principle from Bismut (1973)-(1978) to derive
the agent’s necessary optimality conditions. Analogous to the deterministic Pontryagin
maximum principle, I define a Hamiltonian function H as follows:

H(t,y,m,e,c,v,p,Q) = (v+ Qm)f(t,y,m,e)+ pb(t,y,m,c) + a(t,y,m,c,e). (16)

Here v and @ are n, dimensional vectors, and p is a scalar.

As in the deterministic theory, optimal controls maximize the Hamiltonian, and the
evolution of the adjoint (or co-state) variables is governed by differentials of the Hamil-
tonian. The adjoint variables corresponding to the states (I';, z;) satisfy the following;:

dgy = — [f(t) = (v + Qume) frn(t) + (b(t) — b (t)) e +( (t) = U (t)my)] dt + yeo (t)dW

) u
= [(v + Qeme) fn(t) — (b(t) — b (t)me)pe — (A(t) — T (t)m4)] dt + 7,0 (£)dW, (17)
ar = U(?meT) - Um<yT7mT)m}“ B
dpy = — [b(t)pe + (v + Qumy) fr(£) + Quf (1) + U (2)] di + Qo (t)dW;

U (1

)
= — [bin(®)pr + (e + Qeme) fon(t) + U ()] dt + Quor(£)dW, (18)

pr = Um(yT,mT)-

For a given (e, ¢), I use the shorthand notation b(t) = b(¢, y, m, ¢;) for all the functions,
and (17)-(18) use the change of measure from W} to W¢. The adjoint variables follow
backward stochastic differential equations (BSDEs), as they have specified terminal con-
ditions but unknown initial values.'®

In the following, I say that a process X; € L* if E fOT X2dt < oo. The first result
gives the necessary conditions for optimality. As with all later propositions, required
assumptions and proofs are given in Appendices A.2 and A.3, respectively.

PROPOSITION 4.1. Suppose that Assumptions A.1, A.2, and A.3 hold, and that u also sat-
isfies Assumption A.2. Let (e*,c*,I'*, x*) be an optimal control-state pair. Then there exist F;-
adapted process (qi, Vi) and (py, Q) in L* (with o (t) and Q.o (t) in L?), that satisfy (17) and
(18). Moreover the optimal control (e*, c*) satisfies for almost every t € [0, T almost surely:

H(tvgam:7€:76:77tuptth> ( I?EEZXXBH(t yvmt767677tapt7Qt) (19)

Suppose in addition that A and B are convex and (u, f, b) are continuously differentiable in (e, c).
Then an optimal control (e*, ¢*) must satisfy for all (e,c) € A x B, almost surely:

H6<t,g7m:,6:,0:,*}%7]%,@15)(6—€t) = 0 (20)
HC(t7gam:7 e;tk?C;fka")/tapta Qt)(c - Ct) § 0

16 See El Karoui, Peng, and Quenez (1997) for an overview of BSDEs in finance. In particular, these BSDEs depend
on forward SDEs, as described in Ma and Yong (1999).
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I stress that these are only necessary conditions for problem. As discussed above, first
order conditions such as (20) may not be sufficient to characterize an agent’s incentive
constraints, and so the set of implementable contracts may be smaller than that char-
acterized by the first order conditions alone. However, I establish the validity of my
first-order approach in the next section.

5. IMPLEMENTABILITY OF CONTRACTS

Now I characterize the class of controls that can be implemented by the principal by
appropriately tailoring the contract. I focus first on settings when there are no hidden
states, which is simpler and where my results are stronger. Then I add hidden states.

5.1. Hidden actions

With no hidden states, we can dispense with m and the separate control c for the agent.
Thus a contract specifies a payment and a recommended action (s, €). I focus on interior
target effort policies, and build in the incentive constraints via the first order condition
(20) which thus reduces to an equality at é. Here (20), the generalization of (4), leads to a
representation of the target volatility process 4;:

Y =3t G e, 8) = —tc(t, 7, 6)f. (8,7,6) (21)
= _ue(t7 Yt éta S(t7 g))fe_l(ta Yt étv S<ta g))

Here the first line introduces notation for the target volatility function and then applies
(20), assuming that f. is invertible, while the second uses the definitions of f and .

If the agent were to carry out the recommended actions, he would obtain the expected
utility V' (é,¢). I assume that the agent has an outside reservation utility level Vj, and
thus the contract must satisfy the participation constraint V (€, ¢) > V;. Further, I say that a
contract satisfies promise-keeping if (s, €) imply a solution ¢ of the BSDE (5) with volatility
process 4; given by (21). This simply ensures that the policy is consistent with the utility
evolution. Such contracts lead to a representation as in (6) above:

T T
U(yT) = qAT = (20 - / U(t, Yt éta St)dt + / '%U(t, Yt st)thev (22)
0 0

for some ¢y > V;, which builds in the participation constraint.
Similarly, with the specified volatility 4, the Hamiltonian from (16) can be represented
explicitly in terms of the target effort e:

H*(ta 6) = &(ta Yt éta St)f(t7 Yt, €, St) + U(t, Ut €, St)' (23)

I say a contract (s, €) is locally incentive compatible if for almost every (¢,y;) € [0,T] x R™
the following holds almost surely:

H*(t,é;) = max H*(t, e). (24)

ecA

This is a direct analogue of the maximum condition (19) with the given volatility pro-
cess 7. It states that, with the specified adjoint process, the target control satisfies the
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agent’s optimality conditions. With these definitions, I now have my main result, which
establishes the validity of the first-order approach in this case.

PROPOSITION 5.1. Inaddition to the assumptions of Proposition 4.1, suppose that f.(t,y, e, s)
is invertible for every (t,y,e,s) € [0,T] x R™ x A x S, so that 4, in (21) is well-defined. Then
a contract (s,é) € S is implementable in the hidden action case if and only if it: (i) satisfies the
participation constraint, (ii) satisfies promise-keeping, and (iii) is locally incentive compatible.

I now give some sufficient conditions which simplify the matter even further by guar-
anteeing that the local incentive compatibility condition holds. Natural assumptions are
that v and f are all concave in e and that u. and f. have opposite signs, as increased
effort lowers utility but increases output. These assumptions, which I state explicitly as
Assumptions A.4 in Appendix A.2, imply that the target adjoint process 4 from (21) is
positive. This allows me to streamline Proposition 5.1.

COROLLARY 5.1. In addition to the conditions of Proposition 5.1, suppose that Assumptions
A.4 hold and the function H* from (23) has a stationary point in A for almost every (t,vy;). Then
a contract (s,€) € S is implementable in the hidden action case if and only if it satisfies: (i) the
participation constraint and (ii) promise-keeping.

Under these conditions, implementable contracts are those which condition on the
target utility process, which in turn builds in incentive compatibility through 4; and par-
ticipation through ¢,. Moreover, the key conditions are the natural curvature restrictions
in Assumptions A.4, and thus my results here are quite general.

5.2. Hidden states

When there are hidden states, the principal must forecast them. The initial m, is ob-
served, but from the initial period onward the principal constructs the target as in (12):

dm; = b(t7 Mg, Y, Cr, St)dt- (25)

Now the principal cannot directly distinguish whether m deviates from .

Proposition 4.1 above implies that the agent’s optimality conditions in this case in-
clude two adjoint processes, and so a contract s must respect both of these. Thus a
contract satisfies the extended promise-keeping constraints if (s, é,¢) and the implied tar-

~

get hidden state m imply solutions (¢,4) and (p, )) of the adjoint equations (17)-(18).
These constraints ensure that the contract is consistent with the agent’s utility process,
as well as his shadow value of the hidden states. Thus I extend my representation of the
Hamiltonian (16) with these particular adjoint processes as in (23):

H™(t,m,e,c) = (% + th)f(t, Yi, M, e, S¢) + pib(t, yp, m, ¢, 8¢) + ult, ys, m, c, e, s;).(26)
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Then parallel to (22) above, a contract which satisfies the extended promise-keeping con-
straints has the representation:

T T
o(yr ivr) = Gr + prme = do + pomo + / dg + / d(pm); 27)
0 0
T T R A
= (jo +ﬁ0m0 - / [u(tvytamhétaéhst)]dt + / [,S/t + tht]g(taytyst)dwte~
0 0

So now we require V' (é, ¢) = ¢y + pomo > Vj for participation.

For almost every (¢,v;) € [0,7] x R™, the local incentive compatibility constraint now
requires:

H**(t,mt,ét,ét) = mnax H**(t,mt,e,c), (28)
(e,c)eAXB

almost surely. This states that given the specified adjoint processes, if the agent has
the target level of the hidden state then the target control satisfies his optimality condi-
tions. However I also must rule out cases where the agent would accumulate a different
amount of the hidden state and choose different actions. These cases are ruled out by
the assumption that the Hamiltonian H** is concave in (m, e, ¢). This is analogous to the
condition which insures the sufficiency of the maximum principle in Zhou (1996). Unfor-
tunately, this concavity assumption is somewhat high-level, and is too strong for many
applications as mentioned in section 2. I discuss this in more detail in section 5.3 below.

The main result of this section characterizes implementable contracts in the hidden
state case. The necessary conditions are those from the first-order approach, which be-
come sufficient under the concavity assumption.

PROPOSITION 5.2.  Under the assumptions of Proposition 5.1, an implementable contract
(s,é,¢) € Sin the hidden state case with target wealth m satisfies (i) the participation constraint,
(ii) extended promise-keeping, and (iii) is locally incentive compatible. If in addition, the Hamilto-
nian function H** from (26) is concave in (m, e, ¢) and the terminal utility function v is concave
in m, then any admissible contract satisfying the conditions (i)-(iii) is implementable.

As above, simple sufficient conditions imply that the local incentive compatibility con-
dition holds. In addition to the previous assumptions, it is natural to assume that u. and
b. have opposite signs, as for example consumption increases utility but lowers wealth.
Assumptions A.5 state this, along with requiring that u(c, ¢) be separable.

COROLLARY 5.2. In addition to the conditions of Proposition 5.2 (including the concavity
restrictions), suppose that Assumptions A.4 and A.5 hold and the function H** from (26) has a
stationary point in A x B for almost every (t,y,). Then a contract (s, é,¢) € S which satisfies (i)
the participation constraint and (ii) extended promise-keeping is implementable.

5.3. The sufficient conditions in the hidden state case
Many applications lack the joint concavity in the hidden state and effort necessary for
H** to be concave, and thus for implementability to be guaranteed in the hidden state
case. Assuming the necessary differentiability, it is easy to see that the Hessian of the H**
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function in (26) with respect to (m, e) is given by:

{H;“fm Hm] _ {ﬁ@mm(t) () Qefelt) + tmel?)
He, Hel Qrfe(t) + Ume(t) (3 + Qumy) fue(t) + tee(t) |

where I assume for simplicity fy;, = fen = 0. In a standard hidden savings model like
(7), b is linear and u is independent of m. Hence the upper left element of the matrix is
zero. It is clear that in this case this matrix typically fails to be negative semidefinite."”

The only possibility would be @, = 0, in which case the savings decision and effort
decision would be completely uncoupled. But when the payment to the agent depends
on the realized output, as it of course typically will in order to provide incentives, we

have @); # 0. At a minimum, the sufficient conditions require that at least one of the drift
or diffusion of the hidden state or the preferences be strictly concave in m. Moreover the
curvature must be enough to make the determinant of the Hessian matrix non-negative.

While the concavity of H** is restrictive, it is stronger than necessary. In particular, I
show in Appendix A.3 that the following condition is sufficient:

Ee [ (3l (6o me) = F(@urring) = fnlées i) ] + Qmlf e, me) — f(énrin)]  (29)

—~Quinlf(ex, 1) = F(E0, 1) + fa(E, 1) )+ pulblme, c0) = b, e0) = b, @) ) ) dt]| <0,

where I suppress the arguments of f and b which are inessential here. This expression
can be used to insure the validity of the first order approach in certain special cases. For
example, in the permanent shock model in Williams (2008), f is a constant, b(m,c) = ¢,
and m = 0. Thus the left side of (29) is identically zero, and so the sufficient conditions
hold. In addition, in the hidden savings case of (7) the inequality (29) reduces to:

T
E, { / Oume (fler) — f(@0)dt| <. (30)
0

This condition cannot be guaranteed in general, as it depends on the relationship be-
tween wealth and effort under the contract. However, I show in section 7 that with ex-
ponential utility the agent’s optimal choice of ¢, is independent of m, under the optimal
contract. Thus f(e;) = f(é;) so (30) holds, and the contract is implementable.

Although my results cover certain applications of interest, the sufficient conditions are
rather stringent. But even when my sufficient conditions fail, the methods can be used
to derive a candidate optimal contract. Then one can check ex-post whether the contract
is in fact implementable, as I do for my example in section 7 below.

6. THE PRINCIPAL’S PROBLEM

I now turn briefly to the problem of the principal, who seeks to design an optimal
contract. Since there is little I can establish at this level of generality, I simply set up
and discuss the principal’s (relaxed) problem here. In designing an optimal contract,

17 A similar problem in a related setting appears in Kocherlakota (2004a).
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the principal chooses a payment and target controls for the agent to maximize his own
expected utility, subject to the constraint that the contract be implementable. For a given
contract (5, €, ¢) in S the principal has expected utility preferences given by:

T
J(s,e,¢) =F [/ U(t, yi, my, ¢, €4, S¢)dt + L(yr, mr)
0

This specification is quite general, which matters little since we simply pose the problem.
Assuming that Proposition 5.2 holds, the principal’s problem is to solve:

sup J(s,é€,0)
(5,6,0)€S

subject to the state evolution (11)-(12), the adjoint evolution (17)-(18), and the agent’s
optimality conditions (20). Here (yo,m) are given, and (qo,po) are to be determined
subject to the constraints:

qo + pomo = V(€,¢,5) > Vo, qr = v(yp, mr) — v (yr, mp)me, pr = vm(yr, mr).

In general, this is a difficult optimization problem, which typically must be solved nu-
merically. In the next section I analyze an example which can be solved explicitly.

7. A FULLY SOLVED EXAMPLE

In this section I study a model with exponential preferences and linear evolution that
is explicitly solvable. This allows me to fully describe the optimal contract and its imple-
mentation, as well as to characterize the distortions caused by the informational frictions.

7.1. An example

I now consider a model in which a principal hires an agent to manage a risky project,
with the agent’s effort choice affecting the expected return on the project. The setup is
a more fully dynamic version of Holmstrom and Milgrom (1987). In their environment
consumption and payments occur only at the end of the period and output is i.i.d., while
I include intermediate consumption (by both the principal and agent) and allow for per-
sistence in the underlying processes. In addition, mine is a closed system, where effort
adds to the stock of assets but consumption is drawn from it.!® T also consider an exten-
sion with hidden savings, where the agent can save in a risk-free asset with a constant
rate of return. In this case, my results are related to the discrete time model of Fudenberg,
Holmstrom, and Milgrom (1990), who show that the hidden savings problem is greatly
simplified with exponential preferences. Much of the complications of hidden savings
comes through the interaction of wealth effects and incentive constraints, which expo-
nential utility does away with. However my results are not quite as simple as theirs, as

!8The preferences here also differ from Holmstrom and Milgrom (1987), as they consider time multiplicatively sep-
arable preferences while I use time additively separable ones.
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in my model the principal is risk averse and the production technology is persistent.'
Nonetheless, hidden savings affects the contract in a fairly simple way.

I assume that the principal and agent have identical exponential utility preferences
over consumption, while the agent has quadratic financial costs of effort:

2

u(t,c,e) = —exp (—pt )\ (c - %)) L Ut d) = — exp(—pt — Ad).

Thus both discount at the rate p, and d is the principal’s consumption, interpreted as a
dividend payment. For simplicity, I consider an infinite horizon version of the model,
thus letting 7" — oo in my results above. The evolution of the asset stock is linear with
additive noise and the agent may have access to hidden savings as in (7):

dy; = (ry; + Bey — s¢ — dy) dt + odW, (31)
dmy = (rmy + sy — ¢;)dt.

Here s, is the principal’s payment to the agent, r is the expected return on assets in the
absence of effort and also the return on wealth, and B represents the productivity of
effort. In this case the agent’s saving is redundant, as all that matters are total assets
y: + my. Without loss of generality I can have the principal do all the saving, and thus
have the target 77, = 0 and so ¢; = ;.2

Since I consider an infinite horizon problem, it is easiest to work with the agent’s
discounted utility process (still denoted ¢,), which follows:

2
dg; = {P% + exp (—)\ (ct — %))] dt + yiodW,.

I now successively solve for the optimal contract when the principal has full information,
when the agent’s effort choice is hidden, and when the agent’s savings are hidden as well.

7.2. Full information

Although not considered above, the full information case can be analyzed using my
methods as well. Ilet J(y,q) denote the principal’s value function, where the agent’s
promised utility only matters because of the participation constraint. The principal can
freely choose the volatility term v, as he need not provide incentives. The principal’s
Hamilton-Jacobi-Bellman (HJB) equation can thus be written:

pJ(y, q) = max {—exp(=Ad) + J,(y, q) [ry + Be — ¢ — d] + Jy(y, q)[pq + exp(=A(c — €?/2))]
1

1
+_Jyy(y> Q)UQ + qu<y, Q>702 + 2

5 Jaq(y, Q)’YZUQ}

9In their model Fudenberg, Holmstrom, and Milgrom (1990) show that there are no gains to long term contracting,
and that an optimal contract is completely independent of history. The first result relies on the risk neutrality of the
principal, while the second relies on technology being history independent as well. Neither condition holds in my
model, and I find that the optimal contract is history dependent and that hidden savings alter the contract.

20This relies on risk being additive. Otherwise varying m may affect the risk of the total asset stock y + m, and the
principal would face a portfolio problem.
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The first order conditions for (d, ¢, e, y) are then:

Aexp(—=Ad) = J,
Aexp(—A(c—€*/2)) = —J,/J,
Aeexp(—=A(c—¢€?/2)) = —BJ,/J,

V= —Jya/ g

Taking ratios of the conditions for (c, ) gives e = B.
Due to the exponential preferences and linear of the evolution, it is easy to verify that
the value function is the following;:

J
J(y,q) = EO exp(—rAy),

where the constant J is given by:

1 (2(7" —p)  AB? 02)\27’)

Jo=— —
0 r2exp r 2 + 4

The optimal policies are thus:

- . rA
efl = Ba Vfl(Q) = __q7

Y

2

; B?* logr log(—q)

fi - = _ —

c'la) = 5 —— ;)

, log(J; log(—
dfz(% ) = — og(Jor) i og(—q) try.
A A

The agent’s optimal effort is constant and his consumption does not depend directly

on output, but instead is linear in the log of the utility process (which however is a func-

tion of output). The principal’s consumption is linear in the log of the agent’s utility

process and also linear in current output. These policies imply that the state variables
evolve as follows:

2 _ 2
ay = |20 =P A
A 4
oAr
dg, = ( - 7d)qtdt - —Qtth

Thus output follows an arithmetic Brownian motion with constant drift, while the utility
process follows a geometric Brownian motion. The expected growth rate of utility is
constant and equal to the difference between the subjective discount rate p and the rate
of return parameter r.

7.3. The hidden action case

I now turn to the case where the principal cannot observe the agent’s effort e;,. Note
that the sufficient conditions from Corollary 5.1 above are satisfied. Therefore the agent’s
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effort level is determined by his first order condition (20), which here is:
vB = Xeexp(—A(c — €2/2)). (32)

The principal must now choose contracts which are consistent with this local incentive
compatibility condition. The principal’s HJB equation now becomes:

pJ(y,q) = max {—exp(=Ad) + Jy(y, q) [ry + Be — c — d] + Jy(y, q)[pq + exp(=A(c — €?/2))]
1

1
"—_Jyy(y, Q>02 + qu(y> q)’}/(C, €>U2 + 2

: o (e

where I substitute v = (¢, e) using (32). The first order conditions for (d, ¢, e) are then:

Aexp(—Ad) = J,,
—J, — J A exp(—=A(e — €2/2)) — Jy,0°Ay(c, e) — Juqo?My(c,e)? = 0,

51+ Xe? o1+ Ae? )

JyB + Jeexp(—A(c — 1/2¢%)) + J,.0 v(c,e)® = 0.

v(c,e) + Jy0

A special feature of this example is that the value function and the optimal policies
take the same form as the full information case, albeit with different key constants. In
particular, the value function is of the same form as above,

J
J(y,q) = j exp(—7y)

for some constant .J;. The optimal policies are thus:

Ae*kq
B ?

e = e, A" (q) =

hay v _ (€)% loghk log(—q)
c (q) - 2 )\ )\ 9
log(J log(—
d(y. ) = — og(tr) | log(~q) +ry,

A A

where (e*, k, J;) are constants. In appendix A.4.1, I provide the expressions that these
constants satisfy. Under the optimal contract, the evolution of the states is now:

k—2
dy, = u+02)\<g_

rA
ole*k

*/{7 *2/{72
ek (e7)

IR )] dt + odW,

dg; = (p— k)qudt — qdW;.

While the form of the policy functions is the same as in the full information case, the
constants defining them differ. Solving for the values of the constants is a simple nu-
merical task, but explicit analytic expressions are not available. To gain some additional
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insight into the optimal contract, I expand e* and k in ¢? around zero. From (A.6) and
(A.7) I have the following approximations:

A
e = B— 02% + o(c*)

k= r—o*?\? +o(c?).
In turn, substituting these approximations into ¢"*(q) gives:

"(q) = c'"(q) + o(").

Thus the first order effects (in the shock variance) of the information frictions are a re-
duction in effort put forth, but no change in consumption. I also show below that & is
the agent’s effective rate of return, and thus this return decreases with more volatility.
Moreover, effort varies with the parameters in a simple way: a greater rate of return pa-
rameter r or risk aversion parameter A or smaller productivity values B lead to larger
reductions in effort. Below I plot the exact solutions for a parameterized version of the
model and show that the results are in accord with these first order asymptotics. Thus
the information friction leads to a reduction in effort, but has little effect on consumption.

7.4. The hidden saving case

When the agent has access to hidden savings, some of the analysis is altered as we
must consider the dynamics of m and the agent’s choice of c. The agent’s (current-value)
Hamiltonian becomes:

H=(y+Qm)(ry+ Be —s—d)+p(rm+ s —c) — exp(—A(c — €/2)),
and thus his optimality conditions for (e, ¢) are:

(1 +Qm)B = Aeexp(~Alc — ¢2/2))
p = dexp(=X(c—e?/2)).

For the same reasons as discussed in section 5.3 above, the agent’s Hamiltonian is not
concave in (m, e, c). Thus the sufficient conditions of Proposition 5.2 fail, and I cannot
be sure the first-order approach is valid here. However I use it to derive a contract, and
verify below that the candidate optimal contract is indeed implementable. The agent’s
optimality conditions determine the following functions:

e e? log(p/A)
7(6729) - Ea C(G,p) - E - T
Thus we also have u(c(e, p), e) = —p/A. The evolution of the discounted marginal utility

state, the discounted version of (18), is simply:

dps = (p — 7)pedt + QrodWV;.
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TABLE 1.

Comparison of the policies for the optimal contracts under full information, hidden actions, and hidden savings.

Full Information ‘ Hidden Action ‘ Hidden Saving
* 3T 02 T * 3T 0'2 7‘2
EffOI't, € B € (k) = 22712(7)2\?]65 € (T) = ]133’27j»20/;f7'2
2 — E* 2 (o] - E* T 2 T (o] -
Consumptionlc %,b%,w %7@7¥ %,%,#
Dividend, d _log(;or) + 10g()\—q) +ry _10g(/\JlT) + log()\—tZ) +ry _log(F()\—AT)T) + 108()\-@) +ry

For a given p, the principal’s value function J(y, ¢, p) solves the HJB equation:

pJ =max{—exp(=Ad) + J, [ry + Be — c(e,p) — d] + Jolpg + /A + Jp(p — )p

1 1 1
+o? (§Jyy + qu’Y(@ap) + Jyp@ + §Jqq7<e>p)2 + Jqpv(e,p)Q + EJPPQQ) } (33)

where I substitute v = (e, p) and ¢ = c(e, p) and suppress arguments of J. Then if the
value function is concave in p, the optimal initial condition pj is determined by:

Jo(y,q,p5) = 0.

Due to the proportionality of utility and marginal utility with exponential preferences,
the value function can be written in the form:

J(y,q,p) = % exp(—rAy)

for some univariate function F. In appendix A.4.2, I show that F' is the solution of a
second-order ordinary differential equation, and derive the principal’s optimality condi-
tions in terms of this function. Thus in general the contract depends upon p;/qg;, the ratio
of promised utility to the current marginal utility of consumption. However I also show
in appendix A.4.2 that the optimal choice of initial marginal utility is p; = —Argy. With
this initialization, the key ratio remains constant over the contract: p;/q: = p{/q0 = —Ar
for all t. Thus the contract does not need to condition on the additional marginal utility
state. This is a consequence of the absence of wealth effects, and thus special to expo-
nential utility. The policy functions are once again very similar, with only the constants
differing. As discussed in more detail below, hidden savings limits the ability of the prin-
cipal to provide intertemporal incentives, by requiring that the agent’s effective return on
assets be equated to the risk-free rate r.

7.5. Comparing the different cases

Table 1 summarizes the optimal contracts under full information, hidden actions, and
hidden savings. As we’ve seen, the policy functions bear a strong resemblance to each
other. In each case, effort is constant, consumption is linear in the log of the promised
utility ¢, and the principal’s dividend is linear in log(—¢) and the current assets y. The
consumption policies also depend negatively on the agent’s effective rate of return on
assets, which is r with full information, & with hidden actions, and r with hidden sav-
ings. As we’ve already seen, the main effect of the hidden action case relative to full
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FIGURE 1. The agent’s effort and consumption policies for different noise levels o.

information is the reduction of effort. We’ve also seen that to first order there is no effect
on consumption. This can be seen in the consumption policies, as effort falls but so does
the effective return as k < r, leading to at least partially offsetting effects.

The main difference between the hidden saving and the hidden action cases is the
effective rate of return on the agent’s savings. If the return on the agent’s saving were k
then the optimal policies in the hidden action and hidden savings cases would coincide.
But the access to hidden saving limits the ability of the principal to provide intertemporal
incentives. If k < r < 4k then effort is decreasing in %, and hence consumption is as
well.?! Since for small shocks we’ve seen that & is smaller than r by a term proportional
to the shock variance, this will certainly hold for small shocks. Moreover ¢ (q; k) is
decreasing in k if e*(k) is, as effort falls but the effective return rises. Thus at least for
small enough o, with hidden savings the agent puts forth less effort and consumes less
than with hidden actions alone.

The analytic results are also borne out numerically. In Figure 1 I plot the consumption
functions for effort and consumption in the full information, hidden action, and hidden
savings cases for a particular parameterization of the model. Iset r = 0.15, B = 0.5,
p = 0.1, A\ = 2, and show the results for varying o. In particular, the left panel plots effort
versus o, while the right panel plots consumption (evaluated at ¢ = —1) versus o. Clearly
as 0 — 0 the cases all agree, as the information friction vanishes. Compared to full
information, both effort and consumption fall under hidden actions. Moreover, for small
o effort falls but consumption is relatively unaffected, as the approximations suggest.
When the agent has access to hidden savings, consumption and effort fall further. In
addition, these effects are all monotone in o.

The policy functions also provide explicit expressions for the inefficiency “wedges,”
discussed by Kocherlakota (2004b) and others. These measure how the information fric-
tions lead the consumption and labor allocations to be distorted for incentive reasons. In

21Simple calculations give

de*(k) _ o?B*rA(r — 4k) — 20" Br\’k
dk (B2r + 202\k2)2 ’
which is clearly negative if r < 4k.
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FIGURE 2. The labor and intertemporal wedges for different noise levels o.

particular, suppose that the agent were able borrow and lend at the same risk free rate
r as the principal. When the agent’s saving is observable, the principal is able to tax it
and drive its return down to k. Thus in the hidden action case, the contract introduces an
intertemporal wedge 7%, a gap between the intertemporal marginal rate of substitution
and the marginal return on assets. This is simply given by the tax rate which drives the
after-tax rate of return down to k:

5 (k) :1—;.

However if the principal cannot observe the agent’s savings, then of course he cannot tax
it, so 75 (r) = 0.

By varying the payment to the agent for incentive reasons, the optimal contract also
induces a labor wedge 7" —a gap between the marginal productivity of effort and the
marginal rate of substitution between consumption and effort. As the marginal product
of effort is B and the marginal rate of substitution is e*(k), the labor wedge is simply:

Thus in the hidden saving case, the labor wedge increases relative to the hidden action
case, as 7X(r) > 7L (k) for k < r < 4k.

Both the intertemporal and labor wedges are constant, and are shown in figure 2 for
varying o. The labor wedge is especially significant for this parameterization, as for o >
1.5 it is comparable to labor income tax rates of more than 30% under hidden actions and
roughly 40% under hidden savings. The intertemporal wedge is smaller, of course being
identically zero under hidden savings and flattening out for large o near an effective tax
rate of 13% under hidden actions.

Finally, reductions in the principal’s consumption provide a measure of the cost of the
information frictions. As Table 1 shows, the different informational assumptions affect d
only through the additive constants. Thus for each level of promised utility g and assets y,
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FIGURE 3. Reduction in the principal’s dividend relative to the full information case for different noise levels o.

the principal’s consumption differs by a constant amount depending on the information
structure. In Figure 3 I plot the reduction relative to the full information case in the
level of the principal’s dividend under hidden actions and hidden savings. The costs are
relatively low, flattening out near 0.025 units of consumption under hidden actions and
0.03 units under hidden savings. As an example, with y = 0 and ¢ = —1 the dividend is
exactly equal to the constant term, and these level reductions imply a 1.5-2% fall in the
principal’s dividend. Of course with greater output or lower levels of promised utility,
the proportional decline is much lower.

7.6. Implementing the optimal allocations

Thus far I have focused on the direct implementation of contracts, with the principal
assigning consumption to the agent. In this section I show how the same outcomes can
be achieved by giving the agent a performance-related payment, but then allowing him
to invest in a risk-free asset and thus to choose his own consumption. This also allows
me to verify that the contract is indeed implementable in the hidden saving case.

Suppose that the principal makes a payment to the agent of the history-dependent
form s; = s(q;#) = c"(q;; 7) where the after-tax return on saving is # = k in the hidden
action case and 7 = r in the hidden savings case. This embodies an associated target
effort e*(7) and evolution for ¢;. The contract also specifies a tax rate 7% (7) = 1 — #/r on
saving. For the agent, the state ¢, is simply part of the specification of the payment under
the contract. From his vantage point, it evolves as:

A oA

dg, = (p_T)Qtdt_#Qtth
. Ae* (1) dy; — (ry, + Be* (1) — s(qu;7) — dy)dt
:(P—T)C]tdt—a B()C]t(yt (ry (7) = 5(gi ) — do) )

ore*(r)r

~ * [ A\ A * [ A r
= [p—7—=Xe"(P)P(e; — €*(7))] qudt — B qedW;.
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Here I use the fact that W¢ is the driving Brownian motion under the optimal contract
for the principal’s information set. Moreover the agent begins with zero wealth m, = 0,
which then evolves as:

dmy = ([1 = 75()]rme + s(q; 7) — ;) dt

R 7?2 log(t log(—
(s SO2 Lol _ Y,

Thus the agent’s value function V' (¢, m) solves the HJB equation:

PV (g,m) = max { = exp(=A(e = €*/2)) + Viu(g, m) [P + s(q;7) — ¢]

) U2>\26*(,,a)2,,22 }

Vo mlalp = 7 = A ()ilec— ¢ ()] + 3 Vialem)* )

It is easy to verify that the agent’s value function is given by V(q,m) = qexp(—Arm).
Substituting this into the HJB equation, and taking first order conditions for (c, e) gives:

Aexp(—A(c—€*/2)) = V,, = —\igexp(—Aim),
Aeexp(—A(c—€?/2)) = —Xe*(#)PqV, = —Xe* (#)Pqexp(—Aim).

Taking ratios of the two equations gives e = ¢, and thus the target effort level is imple-
mentable. Since effort is independent of m, the sufficient condition (29) holds. Thus the
contract is indeed implementable.

It is also easy to directly verify implementability. The optimality condition for c gives:

e*(F)?  log? log(—q) .
5 \ \ +7rm

CcC =

Substituting this into the wealth equation gives dm; = 0. Thus, if the agent begins with
m; = 0, then he will remain at zero wealth, will consume the optimal amount under
the contract ¢ = "(¢;7), and will attain the value V(q,0) = ¢. Therefore the policies
associated with the optimal contracts can be implemented with this payment and savings
tax scheme. In particular, the contract that we derived in the hidden saving case is indeed
implementable, even though the sufficient concavity conditions do not hold.

8. CONCLUSION

In this paper I have established several key results for dynamic principal-agent prob-
lems. By working in a continuous time setting, I was able to take advantage of powerful
results in stochastic control, which led to some sharp conclusions. I characterized the
class of implementable contracts in dynamic settings with hidden actions and hidden
states via a first-order approach, providing a general proof of its validity in a dynamic
environment. I showed that implementable contracts must respect some additional state

variables: the agent’s utility process and the agent’s “shadow value” (in marginal util-
ity terms) of the hidden states. I then developed a constructive method for solving for
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an optimal contract. The optimal contract is in general history dependent, but can be
written recursively in terms of a small number of state variables.

As an application, I showed that as in Holmstrom and Milgrom (1987) the optimal
contract is linear in a fully dynamic setting with exponential utility. However now the
payment is linear in an endogenous object, the logarithm of the agent’s promised utility
under the contract. Moreover, I showed that the main effect of hidden actions is to re-
duce effort, with a smaller effect on the agent’s implicit rate of return under the contract,
which in turn affects consumption. Introducing hidden savings eliminates this second
distortion, and increases the effort distortion.

Overall, the methods developed in the paper are tractable and reasonably general,
making a class of models amenable to analysis. In Williams (2008) I apply the results in
this paper to study borrowing and lending contracts when agents have persistent private
information. Given the active literature on dynamic models with information frictions
which has developed in the past few years, there is broad potential scope for further
applications of my results.

APPENDIX

A.1. DETAILS OF THE CHANGE OF MEASURE

Here I provide technical detail associated with the change of measure in Section 3.2. I start by working with the
induced distributions on the space of continuous functions, which I take to be the underlying probability space. Thus I
let the sample space 2 be the space C"¥, and let WY = w(t) be the family of coordinate functions, and F=a{W? s <
t} the filtration generated by W7. I let P be the Wiener measure on (£, %), and let F; be the completion of F; with
the null sets of 7. This defines the basic (canonical) filtered probability space, on which is defined the Brownian
motion W7. I now introduce some regularity conditions on the diffusion coefficient in (11) following Elliott (1982).

ASSUMPTIONS A.l. Denote by 0:;(t,y, s) the (i, j) element of the matrix o(t,y, s). Then I that for all i, j, for some
fixed K independent of t and i, j:

1. 04; is continuous,
2. Joi;(t,y,8) — o3ty 8 ) S K (Jy — /| + s — &),
3. o(t,y, s) is non-singular for each (t,y, s) and |(c~ ' (t,y, 5))i;| < K.
Of these, the most restrictive is perhaps the nonsingularity condition, which requires that noise enter every part
of the state y. Under these conditions, there exists a unique strong solution to the stochastic differential equation:
dyt = 6(t7 Y, Z)thO: (Al)

with yo given. This is the evolution of output under an effort policy &° which makes f (t, g, mt, e?) = 0 at each date.
Different effort choices alter the evolution of output by changing the distribution over outcomes in C"v.
Now I state some required regularity conditions on the drift function f.

ASSUMPTIONS A.2. [assume that for some fixed K independent of t:
1. f is continuous,

2. |f(ty,m, e, 8)] < K(L+ |m[+[y] + |s]).

These imply the predictability, continuity, and linear growth conditions on the concentrated function f which are
assumed by Elliott (1982). Then for & € A I define the family of F;-predictable processes:

t _ 1 [t _
Ft(é) = exp (/ o l(”aﬂ)f(”v@? mU7eU)dW1? - 5/ |5- 1(1}7@)]"(1}7@7 m’Uve’U)|2dU> .
0 0
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Under the conditions above, I'; is an F;-martingale (as the assumptions insure that Novikov’s condition is satisfied)
with E[I'r(€)] = 1 for all € € A. Thus by the Girsanov theorem, I can define a new measure P via:
dPe
dpP

=Ir(e),
and the process W/ defined by:

rt
wWE=wp — / 7 (v, 9) f(v, §, M, e0)dv
0
is a Brownian motion under P;. Thus from (A.1), it’s clear that the state follows the SDE:
dye = f(t,5,me, e0)dt + o (t, 5)dW .

Hence each effort choice € results in a different Brownian motion. I'; defined above (suppressing €) satisfies I'; =
E[I'r|F:], and thus is the relative density process for the change of measure.

A.2. ASSUMPTIONS FOR RESULTS
Here I list some additional regularity conditions. The first is a differentiability assumption for the agent’s problem.
ASSUMPTION A.3. The functions (u,v, f,b) are continuously differentiable in m.

The next sets of assumptions guarantee that the local incentive constraint is satisfied in the hidden action and
hidden state cases.

ASSUMPTIONS A .4. The function w is concave in e, f is concave in e, and and ue fo < 0.

ASSUMPTIONS A.5. The function u is separable in e and c and concave in (e, c), b is concave in ¢, and ucb. < 0.

A.3. PROOFS OF RESULTS

Proof (Proposition 4.1). This follows by applying the results in Bismut (1973)-(1978) to my problem. Under the
assumptions, the maximum principle applies to the system with (I', z) as the state variables. I now illustrate the
calculations leading to the Hamiltonian (16) and the adjoint equations (17)-(18). I first define the stacked system:

ooz e [n) - [a)
t

Tt Dt

Then note from (14)-(15) that X satisfies (suppressing arguments):

0
dXt - Ft|:b

—17
dt+1, | 7 f} AW?
mio f

M(t)dt + S(t)dWy
Thus, as in Bismut (1978), the Hamiltonian for the problem is:
H = OM +tr(A'Y) + Ta =TH,

where H is from (16). As T’ > 0, the optimality condition (19) is the same with H or H. The adjoint variables follow:

OH
de; = —a—X(t)dt—&-Atde
o, = Trvlyr,mr))
T OXr '

By carrying out the differentiation and simplifying I arrive at (17)-(18). |
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Proof (Proposition 5.1). The result is an extension of Theorem 4.2 in Schattler and Sung (1993). The necessity of
the conditions follow directly from my results above: if the contract is implementable then it clearly must satisfy the
participation constraint, and by Proposition 4.1 it must satisfy promise-keeping and be locally incentive compatible.

To show the converse, I verify that é is an optimal control when the agent faces the contract (s, é). Recall that the
expected utility from following é is given by V' (é) = Go. From the results above, for any & € A the following holds:

T T
V(e)-V(e) = E: / [u(t, ye, e, st) — u(t, ye, €, s¢)]dt +/ %U(Eyust)the}
L/ O 0
rorT T B
2 / [u(ta ytvet,st) —U(t,yt,ét,st)}dt-k/ %a(t,yt,st)de}
L/ O 0

T
+FEe {/0 e [f (& ye, ey 80) — f(2s ytvéfvsf)]dt]

T

Feo(t, yt, St)thé}
0

= E: :/{)T[H*(t,et)—H*(t,ét)]dt+/

IA
IS

/ "A)/tO'(t, Yt St)thé:| = 0
0

Here the first equality uses (22), the second equality uses the definitions of the change of measure between W*¢ and
W*, the third equality uses the definition of the H* function in (23), the inequality follows from the local incentive
constraint (24), and the final result uses the fact that the stochastic integral is a martingale due to the square inte-
grability of the 4.0 (t) process. Thus since € was arbitrary, the agent can achieve at most the utility V' (€) which is
greater than his reservation level by assumption. Thus é is an optimal control, and so the contract is implementable. |

Proof (Proposition 5.2). This proof combines ideas from Schattler and Sung (1993) with those in Zhou (1996). The
necessity of the conditions follows directly as in Proposition 5.1 above, as it is a consequence of Proposition 4.1.

To show the converse, I consider an arbitrary (€, ¢) which imply a process m = {m.}. Under my assumptions the
local incentive constraint (28) ensures that:

H:*(tvmtaétaét) = H:*(tamtaétaét) =0.
Thus by the concavity of H**, for any (mq, e, ¢;) we get:
H**(t7 mt,Et,Cz) - H**(t7mt7ét7ét) S <H:;:((t7mi7étyét),mt - mi> (Az)

I extend the shorthand notation above to now write b(£) = b(t, 7714, é, s¢) and so on. Then I define A; = m; — 77,
and I can write its evolution as:
dAt = [bnl(i)At =+ Oét]dt, (A3)

with Ag = 0 where I define:
ar = —bm(D)A: +b(t) — b(f)
Then we have the following relationship between p; in (18) for the target policy and A; in (A.3):

Um (T)At

T
priAr = / [Acdpr + prdA]
0

/ (e B [t Qun) i) + Qo) + ()] ) dt + / " Ao

Hence by the concavity of v I have:

Ee[o(T) = o(D)] < Belom(T)Ar] = Ee { / (e [+ Qo) D)+ )+ Qu(0) — £)] ) dt} (A4

where the final term in Q; is due to the change from the base measure P, to P: (associated with €).
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Then I proceed as in Proposition 5.1 and note that for any (e, ¢) € A I have:

V(Ed) - V(e = Es / fu(t) — u(b)dt + / B + OurindJo(8)dWF + o(T) — U(T)}
= Ee / u(®) + (e + Quine) (£(8) — £(8))dt + / (e + Qurnelo (H)dW +o(T) — v(TA)}
0 0
< e /O u( + e + Qeriu] £(£) + pecs — [(&t + Qerive) fn () + wm (£) + Qu(f(t) — f(f))] At) dt}
= E. /0 ult — um () A¢ + (5 + Qeme) (F(t) — f(B) — (B + tht)Atfm(f)> dt}
+E; { ; — b(t) — bm (1) A4]) dt} (A5)
= E: / [H**(t) — H*(t) — HpY (f)At]dt} <0

Here the first equality uses (27), while the second equality uses the definitions of the change of measure between P
and Pe. The following inequality uses (A.4), while the next equality uses the definition of «;. The following equality
uses the definition of H** in (26), and the final result follows from its concavity as in (A.2). Thus since (€,¢) was
arbitrary, we see that (¢, ¢) is an optimal control, and the contract is thus implementable.

The weaker sufficient condition (29) stated in section 5.3 uses (A.5) along with the fact that the local incentive con-
straint implies that H** (¢, 7, &, &) > H**(t,m, &, ¢). |

Proof (Corollary 5.1 and 5.2). In either case, the stated assumptions insure that H* is concave in e and H**
is concave in (e,c). This is clear from (21) in the hidden action case. The parallel first order conditions give the
result in the hidden state case, where the separability insures that I can simply look at the separate first order con-
ditions. But by assumption, each function has a stationary point on the feasible set, which is then a maximum. ||

A.4. DETAILED CALCULATIONS FOR THE EXAMPLE

A.4.1. The hidden action case

Here we provide explicit expressions for the key constants which determine the policy functions in the hidden
action case. Note that u(t,c(q),e*) = e *'kq. Using this along with the form of the value function in the first order
conditions for (e, ¢) determines the equations that e* and k£ must satisfy:

r—k+0o’rA’e*k/B — 20°\*(e*)’k*/B* = 0, (A.6)
—Br+ Xe'k — > rA(1 4+ Ae*)?)k/B — 20°Xe” (1 + A(e*)?)E* /B> = 0

These can be solved to get e*(k):
« _ DB’r+0°\Brk
T B2r +202M\k2”
then substituting this back into the first equation in (A.6) gives an expression for k. Notice that for o = 0 these
collapse to the full information solution e* = B and k = r. The constant .J; is determined from the HJB equation after
substituting in the optimal policies, which implies:

1 r+k—2p . e* a2 (T €k (e")?K?
Jl—ﬁexp(T Ae (B 5)—}—0)\ (5 B + 2T .

A.4.2. The hidden saving case
I now derive the optimality conditions in the hidden savings case. To simplify notation, I define z = p/q as the
argument of the F function, noting that z € (—oo, 0). Thus the optimality condition for pj translates to F'(z5) = 0, or
ps = (F")7*(0)qo. Using the guess of the form of the solution in the HJB equation (33), I take the first order condition

(A7)
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for the dividend, and obtain a policy function similar to the hidden action case:

d"(y,q,2) = _10g(FA’(z)r) N log(A—q)

For the volatility of marginal utility, I find it convenient to normalize Q; = Q:p:. Then the optimal choices of e and 0
are determined by the first order conditions:

+ ry.

“MrF(2)(B—e) + (F"(2)2° + 4F'(2)z + 2F(2)) < B’Z €
A (F (2)2 + F(z))LBZ — (2F'(2) + F”(z)z)QUBZ =0, (A8)
F"(2)2Q — MF'(2) — (2F'(2) + F”(z)z)%z = 0. (A9)

Thus given F, these equations determine the optimal policies as a function of z alone: e"*(z) and Q(z). Substituting
these into (33), I find that F is the solution of the second order ODE:

pF(2) =7F(2) — (F'(2)2+ F(2))(p+ 2/A) — M\ F(2) Behs(z) -

e’ (2)?  log(—rzF(2)/\)
al }

A
+(p—1)2F' (2) + (F"(2)2* + 4F'(2)z + 2F(z))% + (F'(2)z + F(Z))U)‘%j(z)z
+o? (AZT F(z) +F//(Z)z2@ — ATF/(Z)ZQ(z) _ (QF/(Z) n F,,(Z)ZQ)ES(Z);?(W) |

with the boundary conditions lim._.o F(z) = co and lim._._ F'(2) = oo. These conditions imply that the principal’s
utility falls without bound as the agent’s current consumption or future promised utility increase without bound.
Thus I have reduced the solution of the three dimensional PDE for the value function to an ODE. The ODE is
sufficiently complex that an explicit solution for arbitrary z does not seem feasible. However, I can obtain more
explicit results for the value and the policies at the optimal starting value z5. At z5 (A.8) and (A.9) imply:
) = B%r — o?Brz;
0 B2r +202(25)2/)\°

hs * *
D gy = e

Q=) =
Then using these in the ODE we get:

. = Ar — 25 — 2)p . ed roeszy  (e5zd)?
F(zo):%exp(+—)\eo (3—50)4_0-2)\2 (5_,_ ,\OBO+ /\(;"BSQ .

Note that if 25 = —\k then these results agree with the hidden action case, as ¢"*(—=\k) = e* from (A.7) and
F(—Xk) = Ji. But this is indeed the optimal choice of zp when the return on the agent’s saving differs from the
principal’s and is equal to k. This can be verified analytically by implicitly differentiating the ODE for F' and using
the expressions for ¢"*(z5) and Q(z3) to solve for z§. However in general I cannot analytically solve for the optimal
starting value, and so I numerically solve the ODE for F(z), then choose zj as the minimizing value. (These calcula-
tions are straightforward but lengthy and thus are not included here. Details can be furnished upon request.) For the
parametrization below, I find that z; = —Ar. I have also verified the same result in alternative parameterizations.

These results imply that z; is in fact constant over time, which follows from the evolution of z;:

2 hs(, 2,2 hs hs
dze = — | (ze/ A+ 1)z + oe (=) z (Q(zt) — m)] dt+ ozt (Q(zt) — M) dWs.
B B B
Using the expression for Q(z3) above, note that dz; = 0 if 25 = —\r. Therefore utility and marginal utility remain
proportional forever under the contract.
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