
Econ 410 Supplementary Proofs

Lecture 6

Goal

We wish to prove that, in the context of a simple OLS regression model, the following
equation:

σ̂2 =

∑n
i=1 û

2
i

n− 2

is an unbiased estimator of σ2.

Proof

Note that the residual can be written as:

ûi = yi − ŷi
= (β0 + β1xi + ui)− (β̂0 + β̂1xi)

= (β0 − β̂0) + (β1 − β̂1)xi + ui

(1)

Summing this equation over all observations, dividing by n, and noting that the average
residual is equal to zero, we obtain:

0 = (β0 − β̂0) + (β1 − β̂1)x̄+ ū (2)

Subtracting equation (2) from equation (1), we get:

ûi = (β1 − β̂1)(xi − x̄) + (ui − ū) (3)

As an aside, note that solving for (ui − ū) gives us:

(ui − ū) = ûi − (β1 − β̂1)(xi − x̄) (4)

Squaring equation (3):

û2
i = (β1 − β̂1)2(xi − x̄)2 + (ui − ū)2 + 2(β1 − β̂1)(xi − x̄)(ui − ū)

Plugging in equation (4):

û2
i = (β1 − β̂1)2(xi − x̄)2 + (ui − ū)2 + 2(β1 − β̂1)(xi − x̄)(ûi − (β1 − β̂1)(xi − x̄))

= (β1 − β̂1)2(xi − x̄)2 + (ui − ū)2 + 2(β1 − β̂1)(xi − x̄)ûi − 2(β1 − β̂1)2(xi − x̄)2

= (ui − ū)2 + 2(β1 − β̂1)(xi − x̄)ûi − (β1 − β̂1)2(xi − x̄)2
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Now let’s plug this equation for the squared residual into our proposed estimator:

σ̂2 =

∑n
i=1 û

2
i

n− 2

=

∑n
i=1

(
(ui − ū)2 + 2(β1 − β̂1)(xi − x̄)ûi − (β1 − β̂1)2(xi − x̄)2

)
n− 2

=

∑n
i=1(ui − ū)2 + 2(β1 − β̂1)

∑n
i=1(xi − x̄)ûi − (β1 − β̂1)2

∑n
i=1(xi − x̄)2

n− 2

=

∑n
i=1(ui − ū)2 − (β1 − β̂1)2

∑n
i=1(xi − x̄)2

n− 2

Now we take the expected value to see if this is an unbiased estimator:

E(σ̂2|x) = E

(∑n
i=1(ui − ū)2 − (β1 − β̂1)2

∑n
i=1(xi − x̄)2

n− 2

∣∣∣∣x1, ..., xn

)

=
E [
∑n

i=1(ui − ū)2|x1, ..., xn]− E
[
(β1 − β̂1)2|x1, ..., xn

]∑n
i=1(xi − x̄)2

n− 2

=
(n− 1)E

[∑n
i=1(ui−ū)2

n−1
|x1, ..., xn

]
− σ2

SSTx

∑n
i=1(xi − x̄)2

n− 2

=
(n− 1)σ2 − σ2

SSTx

∑n
i=1(xi − x̄)2

n− 2

=
(n− 1)σ2 − σ2

n− 2

=
(n− 2)σ2

n− 2
= σ2

So this is indeed an unbiased estimator of σ2!

2


