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Abstract

We develop a model of joint wage and mobility outcomes with two-sided heterogeneity. The
framework extends the finite mixture approaches of Bonhomme, Lamadon, and Manresa (2019) and
Lentz, Piyapromdee, and Robin (2023) by allowing worker types to evolve according to a hidden
Markov process that may depend on the firm type the worker is matched with. We estimate
the model using a variational expectation maximization (VEM) algorithm that jointly classifies
worker and firm types using the full likelihood of wages and mobility outcomes, yielding substantial
improvements in latent type classification relative to existing approaches.

The model is identified on Italian register data. We estimate it using administrative matched
employer—employee data from the Veneto region of Italy covering 1982-2001. The model fits key
features of the data, including employment rates, life-cycle wage growth, and the evolution of wage
dispersion. Worker heterogeneity accounts for the largest share of wage dispersion, while sorting
between worker and firm wage types also contributes. Sorting increases over workers’ careers, but
this increase is driven primarily by firm-type-dependent worker type dynamics rather than by worker
mobility across firms. Workers experience stronger wage-type growth when employed at high wage-
type firms, implying that the correlation between worker and firm wage types rises even without
substantial reallocation; once this mechanism is accounted for, job mobility tends to dampen sorting.

Worker type dynamics also shape life-cycle wage growth and dispersion. Initial conditions explain
about 60 percent of wage variation at labor market entry and decline to roughly 50 percent after
twenty years. Worker wage type growth accounts for more than 85 percent of wage growth with
experience, and the doubling of wage variance over the first twenty years of a career is almost entirely
driven by increased worker wage type dispersion. Periods of non-employment generate persistent
scarring effects by slowing or reversing worker type progression, with particularly large impacts for

workers previously matched with high wage-type firms.
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1 Introduction

This paper develops a framework for the analysis of wage dynamics that integrates worker het-
erogeneity, firm heterogeneity, and employment mobility within a unified model. We formulate a
model of wages and employment transitions with two-sided heterogeneity in which worker types
evolve over time according to a hidden Markov process that may depend on the type of firm with
which the worker is matched. This structure allows wages to reflect both sorting across firms
and the evolution of workers’ latent productivity within and across matches.

We build on the contributions of two influential literatures that study earnings dynamics
using distinct empirical frameworks. One literature, based on matched employer—-employee
data, emphasizes rich cross-sectional heterogeneity in worker and firm wage components. It
includes Abowd, Kramarz, and Margolis (1999), Card, Heining, and Kline (2013), Sorkin (2018),
Kline, Saggio, and Solvsten (2020), Bonhomme, Lamadon, and Manresa (2019), and Lentz,
Piyapromdee, and Robin (2023). In this approach, latent worker and firm types are identified
from wage outcomes combined with worker mobility across firms to deliver match partner vari-
ation within worker and firm histories. For the inclusion of labor market frictions as a factor, it
is complemented by analyses such as Postel-Vinay and Robin (2002), Lise, Meghir, and Robin
(2016), Hagedorn, Law, and Manovskii (2017), and Bagger and Lentz (2019). Because worker
heterogeneity is typically treated as fixed, wage changes are largely interpreted as shocks or as
the result of the worker mobility process across firms.

A second literature such as Moffitt and Gottschalk (1995), Meghir and Pistaferri (2004),
Browning, Ejrnaes, and Alvarez (2010), Altonji, Smith, and Vidangos (2013), Lochner and Shin
(2014), Arellano, Blundell, and Bonhomme (2017), and Guvenen, Karahan, Ozkan, and Song
(2021) takes a more reduced form time series perspective, modeling earnings as stochastic pro-
cesses with permanent and transitory components, often represented as random walk or ARMA-
type processes. Using worker side panel data, this literature characterizes the persistence and
volatility of earnings shocks and provides a flexible description of the covariance structure of
earnings over the life cycle, including extensions that allow for heteroskedasticity and state de-
pendence. While this approach captures rich within-individual dynamics, it abstracts from the
structure of worker—firm matches and from the role of sorting across heterogeneous firms. In
particular, it does not benefit from allowing earnings dynamics innovations to depend on the
worker’s current employer type.

These two approaches offer complementary but incomplete views of earnings dynamics. The
matched employer—employee literature provides a detailed account of heterogeneity and sorting
but attributes most dynamics to mobility across matches, leaving limited scope for the evolution
of worker productivity within matches. In contrast, the stochastic process literature captures
persistent within-individual variation but treats heterogeneity in a reduced-form manner and
abstracts from the employment mobility structure in generating wages.

This paper bridges these two literatures by embedding a structured form of within-individual
dynamics—through the evolution of latent worker types—into a model with two-sided hetero-
geneity and endogenous mobility. The hidden Markov structure provides a disciplined represen-
tation of persistent earnings dynamics, while the joint modeling of worker—firm matches preserves

the role of sorting and firm heterogeneity. In this environment, earnings dynamics arise from



both worker mobility and systematic changes in worker productivity that depend on employment
histories and firm types, linking the stochastic evolution of earnings to the underlying structure of
worker—firm interactions. It complements contributions such as Bagger, Fontaine, Postel-Vinay,
and Robin (2014), Lise and Postel-Vinay (2020), Taber and Vejlin (2020) and Gregory (2026).

Methodologically, the model builds on the finite mixture approaches used in recent work
with matched employer—employee data. In particular, we extend the framework of Bonhomme,
Lamadon, and Manresa (2019) and the classification approach of Lentz, Piyapromdee, and Robin
(2023). Our key innovation is to introduce hidden Markov dynamics for worker types and to
estimate worker and firm classifications jointly using the full likelihood of wages and mobility out-
comes. To implement this approach we develop a variational expectation—maximization (VEM)
algorithm that approximates the likelihood while allowing firm types to be estimated simulta-
neously with worker type trajectories. Unlike approaches that rely on pre-clustering firms, the
classification of both workers and firms is informed by the entire dynamic structure of the model.

We establish identification using information contained in wage realizations and employ-
ment transitions observed across consecutive employment spells. Under mild rank conditions
and with at least three observed spells per worker, the parameters governing worker type dy-
namics, employment transitions, and wage distributions are identified up to label permutations.
The identification argument exploits contrasts between wage dynamics within firms and wage
dynamics across firms of the same type, as well as transitions through unemployment.

We estimate the model using administrative matched employer-employee data from the
Veneto region of Italy covering the period 1982-2001. The model fits key features of the data,
including employment rates, wage growth profiles, and the evolution of wage dispersion over the
life cycle. Joint estimation of worker and firm heterogeneity yields substantial improvements in
the classification of latent types relative to approaches that treat the two sides separately.

The estimates reveal several notable features of wage dynamics. Worker heterogeneity ac-
counts for the largest share of wage dispersion, but sorting between worker and firm wage types is
also important. The evolution of sorting is driven primarily by worker type dynamics rather than
by mobility across firms. Workers experience stronger wage-type growth when employed at high
wage-type firms, implying that the correlation between worker and firm wage types increases over
the life cycle even without substantial reallocation across firms. Once this firm-type-dependent
worker type growth is taken into account, job mobility itself tends to dampen sorting, as moves
across firms may interrupt the worker type progression associated with high type matches.

Four additional results highlight the importance of worker type evolution. First, initial condi-
tions play a large role early in workers’ careers. For a typical entry cohort, the initial distribution
of workers across jobs explains roughly 60 percent of wage variation at labor market entry. As
workers accumulate experience, move jobs, and their latent types evolve, the importance of these
initial conditions declines to about 50 percent after twenty years. Second, the model uncov-
ers substantial and persistent scarring effects from non-employment. Periods of non-employment
slow or reverse worker type progression and generate lasting reductions in expected wages. These
effects are particularly pronounced for workers previously matched with high wage-type firms.
For such workers, employment interruptions substantially reduce the probability of returning

to high-type matches, leading to persistent earnings losses. Third, worker wage type growth



contributes more than 85% of the overall wage growth in experience with the remainder com-
ing from improved selection on firm types, and fourth: decomposing a worker wage variance by
experience reveals a doubling of variance after 20 years which is almost entirely explained by
increased worker wage type variance.

The remainder of the paper proceeds as follows. Section 2 introduces the model and the
data structure. Section 3 establishes identification. Section 4 derives the complete information
likelihood, and Section 5 presents the variational EM estimation procedure. Section 6 discusses
statistical properties of the estimators. Section 7 presents the empirical application and analyzes

the implications of the model for wage dynamics and sorting. Section 8 concludes.

2 The model

We start by describing the matched employer-employee data used in this study. Then we con-

struct a model for the data.

2.1 Data and setup

The panel starts in year ¢t = 1 and ends in year ¢t = T, a rather small, fixed value. If a worker
quits her job within a year, the employment sequence is recorded. Say that the first 4 months
are spent with the incumbent employer, the next 3 months the worker is unemployed until she
is hired by another firm for the remaining 5 months. In this case, we say that the year contains
three spells, two employed and one unemployed, and two different total earnings are recorded—one
for each employment spell.!

We thus construct for each worker ¢ € {1,...,1} in the panel a sequence of observations
indexed by the spell index s € {1,...,5;}, comprising the following information: the unique
employer 1D, total earnings EARN, the spell length D € {1,...,12} in months, together with
starting calendar time TIM E (in year and week), potential experience EX P (cumulated number
of weeks spent working since leaving school) and job tenure TEN (cumulated number of weeks
with the current employer) at the beginning of the spell. We write W = In(EARN/D) for log
monthly earnings, that we call log wages (or simply wages).?

Workers are drawn in the stock in the first survey year ¢ = 1. They enter the panel with a
non zero tenure and experience in this case. For ¢t > 1, there is a flow of workers entering the
labor market after school and an initial search period. For these workers we record trajectories

from the first job, and tenure and experience are initially equal to zero.

2.2 Initial network

The initial network of employment matches is modeled as a Bipartite Degree-Corrected Stochastic
Block Model (DC-SBM) (see Dasgupta, Hopcroft, and McSherry, 2004; Karrer and Newman,
2011; Larremore, Clauset, and Jacobs, 2014). Workers only match with firms. Workers and

The choice of the one month period length is in anticipation of the implementation of the estimator on Italian
data, as described in Section 7.

2Wages are subject to measurement error which is tied to start and end date of jobs. We could allow the wage
density to depend on a dummy for spells lasting the entire year (D = 12). This would take care of both first and
last year of spell.



firms are initially clustered into a finite number of groups. The biclustering and initial matches

are governed by three independent multinomial draws.

Firm nodes. We divide J employers indexed by j € {1, ..., J} into L groups ¢ € {1, ..., L}. Let
Z]f = f if firm j draws type £ and define the indicator variables ZJJ.; € {0,1}, with 25:1 ZJJ.; =1
and Zj.é = 1if and only if Z jf = {. Firms draw a type Z]f = { with probability Fg . Lastly, we add

a special “firm” node j = 0 that denotes unemployment and a corresponding firm type ¢ = 0.

Worker nodes. We divide I workers indexed by ¢ € {1,...,1} into K groups k € {1,..., K'}.
Workers initially draw a type Z;°(1) = k, independently, with probability m}". We also define
indicator variables Z} (1), with Zszl ZH(1)=1and Zjj(1) =1if Z(1) = k.

Initial matching. The initial block-structure of the network depends on the probabilities
m(k,£) := mye > 0, with ZZL:() mye = 1. The probabilities myy are called the initial connectivity
parameters. In addition, a parameter ¢;, that we treat like a firm fixed effect, controls the
expected degree (size) of firm j # 0. To simplify expressions, we define 0;0 = >_. Z;e0;/ >; Zje
that we interpret as the probability that having drawn a firm group ¢, we draw firm j from all
the firms in this group. We also normalize 059 = 1.

Let Y;(1) = j and Y;;(1) = 1 if worker ¢ matches with firm j initially; Y;;(1) = 0 otherwise.
Moreover, Yj(1) = 0 or Yjp(1) = 1 indicates unemployment. We have Z}-]:O Yii(1) =1, as
employment states are mutually exclusive. We suppose that Y;(1) = j with probability my.0;,
given Z!” = k and ij =43

2.3 Dynamics

The network of worker-firm matches is exposed to two separate dynamics experienced by workers:
employment transitions and worker type changes. We assume that further realizations of worker
wages and employment transitions are subject to the following Markovian conditional indepen-

dence assumption between wages, employment transitions and type changes: for s =1,...,.5; — 1,
Wi(s) LL (Di(s), Yi(s + 1)) AL Z(s + 1) | 27, 2" (s), Yi(s),
where past observations beyond Z/, Z¥(s),Y;(s) are irrelevant.

Matching dynamics. Employment transitions occur between employment states (to and from
unemployment, or employer change) with probability M (¢'|k,£) := My > 0 per week. Note
that My is the probability of changing employer within the same group £ > 1. We set Mygg = 0
as there are no transitions from unemployment to unemployment. Unemployment may however
persist for more than two consecutive weeks because no job offer has been received or accepted.
Let M (—lk,l) := My =1 —25:0 M,ep denote the probability of staying one additional week in

the same employment state. Specific employers are drawn within firm groups as in the initial spell

3In a standard SBM, the typical assumption is that (4, ) are drawn independently from a Bernoulli distribution
(or Poisson) with parameter my, given k;(1) = k and £; = ¢. So there is no normalization Y} mxe = 1. If there
are many firms, the dependence in the first case is negligible. It is also customary to replace the Bernoulli by a
Poisson distribution to simplify mathematical expression.



with probabilities 6;,. We denote as D;(s) the length of the sth spell in months. All durations
D;(s) are censored by the number of months left until the end of the current year. Suppose that
the period starts in month 5. Then D;(s) < 12 —4 = 8 and the minimum duration is one month.
For all 1 < d < 12, the joint probability of the recorded duration and new destination (d, j’, ¢')
given the origin (k, j, ) is (]\ﬂﬁqﬁ)d*1 My 0500 The probability of censoring — D;(s) = 12 — is
(ngﬁ)lz. These probabilities do not depend on the current employer ID j beyond its type £.

The renewal process of worker types. The type of worker ¢ may change with the period
index s. Let Z(s) denote the sequence of worker i’s types. The probability that Z!*(s) = k' given
Z¥(s—1) =k, Yi(s—1)=j and Z]f = ( is only function of k, £, k" and is denoted A(K'|k, () :=
Ao We allow types to change during unemployment (; = ¢ = 0). . Various constrained
specifications are possible. For example, it could be that A only depends on whether £ = 0
(unemployment) or ¢ # 0 (employment). We could also assume that only incremental type

changes are possible: Agg = 0 if |K' — k| > 1.

Wages. As stated above, a unique wage is observed for each separate period of employment
within a year. We keep the main job in case of several simultaneous jobs. We assume that the

wage in spell s is Gaussian:
Wi(s) | Zi"(s) = /€7ij =0~ N (e, o) -

We could have a different equation for within-job wages and hiring wages, add autoregressive
effects, etc. We prefer to focus on the main innovation of this paper: worker type dynamics. Also,
errors need not be Gaussian. For example, Brault, Keribin, and Mariadassou (2020) consider the
case of the regular univariate exponential family. The normal is bivariate exponential, which also
greatly simplifies the maximum likelihood calculations. We can write the density of observation
W;(s) = w conditional on Z}"(s) = k, ij =/l as f(w|k,l) = o(T(w),nre) with

@(T,n) = h(w) exp (nTT - ¢(n)) :

where T(w) = (w,w?)" is the sufficient statistic, n = (n1,m2)" = (&, —ﬁ)T is the natural

2
parameter and ¥(n) = —47% — 11In(—2n). Using ¥ we can derive moments of the sufficient

statistics by differentiation:

Y (n) Var(T) d%P(n)

Er = 29\ _ 2V
on ' ononT

3 Identification of parameters given firm types

In this section we show identification using at least three workers per firm and at least three
consecutive periods of observation per worker. We present a simple proof of identification for
the discrete time case with no control variables and where the timings of wage observations and
employment transition coincide. We also suppose to simplify that the wage distributions are
discrete. The identifiability of the parameters of SBM were first obtained by Allman, Matias,



and Rhodes (2009). Our model is a lot more complex because of the joint dynamic of (worker)
types and states (network connections). Our identification argument relies heavily on the wage
observations as well as on the specify bipartite structure with fixed firm types. If graph commu-
nities existed beyond the clusters identified from wage observations, we do not guarantee that
the model would remain identified. The recent paper by Longepierre and Matias (2019) allows

for type dynamics but rules out state-dependence in network connections.

3.1 Identification of firm types

Suppose that for each firm j we observe three wages. Then, assuming independent wage draws
given firm type, we can identify the proportion of each firm type, and the distributions of observed
firm characteristics and wages given firm types in each year, using standard arguments for the
identification of random mixtures. This was the argument in BLM and it still applies in the

present context. So let us now assume that we know the type of each firm in every year.

3.2 Identifying matrices

We start by constructing a collection of identifying matrices. Fix one firm type £ =1, ..., L.

Within spell wage dynamics. The probability P(¢, w, -, w") of two wages w and w’ in periods
1 and 2 in the same firm of type ¢ (the — sign means no firm change between the two periods)

is, with obvious notations,

P(l,w, —,w') =Y m(k,0) f(wlk, €) M(=[k,0) A(K |k, €) f(w'|K, )
kK

= <Z m(k, €) f(w|k, €) M(=|k,0) A(k’we,o) F'|K0),
k! k

where the sums are over {1,..., K}. Let us stack the parameters into the following matrices,
I, = diag[m(k, O)lx, Fr = [f(wlk, Olwxk, Ae = [AK [k, Olkxrr, Do = diag[M (=&, £)].
We have Qgﬂ = [P(f,w, ﬁ,w’)]wxw/ = FgHng_.AgFET.

Between spell wage dynamics. The probability of wages w and w’ in periods 1 and 2 with

a job change from £ to ¢ is

P, w, V', w') = Zm(k,f) fw|k, 0) M|k, ) A(K' |k, £) f(w'|K', 0).
kK

Denoting Dy = diag[M (¢'|k, )]k, we have

Qur = [P, w, 0, W) wxw = FleDop AcFy .



Transition to unemployment. The probability of wage w in period 1 in a firm of type

{=1,..., L followed by a transition to non-employment in period 2 is

P(¢, w,0) Zm (k, 0) f(wlk, ) M(O|k, £).

In matrix notations we have
Qe = [P(£,w,0)]w = Fll;Dyoex,
for Dyy = diag[dge|r and e is the K-vector of ones.

Wage dynamics with an unemployment interruption. Lastly, consider the probability
of wages w and w’ and employer types ¢ and ¢ in periods 1 and 3 with an intermediate non-

employment spell in period 2:

P(6,w,0,0,w') = > mik,€) f(wlk, €) M(O|k, €) A(K |k, £) M (€K', 0) AK"|K',0) f(w'|K", £').
kK

In matrix terms, we have
Quoe = [P(¢,w,0,0',w)]wxw = Fll¢DyArDop AoFy
with Ag = [A(K'|k, 0)]kxr’, Do = diag[M (0|k,¢)]r and Doy = diag[M (¢'|k,0)].

3.3 Assumptions and main identification result
We make the following identifying restrictions.
Assumption 1. The following conditions hold.

1. For all (k,0) € {1,...., K} x {1,..., L}, all matches are initially possible, i.e. m(k,l) # 0,
making the matrices 11y = diag|m(k, £)|x non singular for all ¢ € {1, ..., L}.

2. The matrices Fy = [f(w|k,€)|wxk have rank K for all ¢ € {1, ..., L}.
3. The matrices Ay are square-invertible for all ¢ =1, ..., L.

4. For all (k,0) € {1,.... K} x {1,..., L}, no mobility is always possible, i.e. M (=|k,{) # 0
making the matrices Dy, = diag[M (=|k, £)], non singular for all £ € {1,..., L}.

5. For all (k,K") there exists £ € {1,...,L} such that M(aﬁci) # M(&IIZ«‘I’ , which means that

the diagonal matrices D, Dy = diag[M (€|k, £)/M (=|k, €)] have dzstmct diagonal entries.
6. In unemployment, there is a non zero probability of not changing type: A(k|k,0) > 0.

Conditions 1-4 are rank restrictions implying that the matrices Q-, ¢ € {1,...,L}, have
rank K. Hence, the number of worker types is identified as the rank of an observable matrix.
This is because we are making more assumptions than Kasahara and Shimotsu (2014) who only

identify a lower bound of the number of groups. In particular, we restrict the conditional wage



distributions (f(wlk,¥)), to be linearly independent across worker types for all firm types and
the wage supports is large enough for the row rank to be greater that K.

Condition 5 is not a rank restriction. It ensures that certain matrices have all their eigen-
values simple, making eigenspaces unidimensional. Condition 6 allows to recover the parameters
corresponding to unemployment spells once all other parameters have been recovered. Condi-
tions 1-6 are far from being minimal, but they facilitate the proof of identification. And drawing
all parameters from a continuous distribution unrestrictedly, they are satisfied with probability
one. In other words, given K and L, they are generic.

The following proposition shows that it suffices to observe worker wages and employer types

over three consecutive periods to identify all parameters.

Theorem 2. The model is identified under Assumption 1 up to a group label permutation given
matrices Qf—w Q@f’; Qé()a Qf()f’v fOT E7£, = 17 ey L.

The proof is in Appendix 1. It is constructive. It requires two consecutive employments
spells with and without intermediate period of unemployment. The latter case is the only reason
why we need three consecutive spells. The main idea of the proof, which is specific to our setup
and greatly simplifies the argument, is that we can learn a lot on the parameters by contrasting
wage changes within firms and between firms of the same type.

We conclude this section by a remark on model symmetry, a notion introduced and discussed
by Brault, Keribin, and Mariadassou (2020). Model symmetry occurs when switching group
labels does not change parameters. This happens for example in a SBM when groups have equal
probabilities and the connection probabilities manifest certain symmetries. With continuous
wage distributions, model symmetry is highly unlikely to occur, and it is ruled out by Assumption
1, Condition 2.

4 Complete information

Let X = (Y, W, D) denote the observation sample. The latent worker and firm types are gathered
in Z = (Z/,Z"). The log-likelihood of the complete data (X, 2/, Z%) is

In L (X, Zf,zw) — L (Zf) rIng (X, 7v | Zf)

— g (Zf) —i—ilnﬁi (Xi,zgv | Zf) :
=1

with
L

e (27) =33 2 mnf.

j=1¢=1



To calculate L; (Xi,Z;” | zf ), let us split the whole sequence of individual observations (or

emissions) as

Xl(s) = (Wi(s),Di(‘G),Y;‘(S + 1)) , s=2,...,5 —1,
Xi(Si) = (Wi(Si), Di(Si)) -

Given firm types Z/, the probability that the worker is initially of type k is
ap(1) =P(Z"(1) = k) = 7.

The probability of the first emission X;(1) given that Z"(1) =k is

Br(11Z27) = exp

J L
Z )szfe <lnmkg +1nb;,
§=0 £=0
+1{j # 0} Inp (T [Wi(1)], nre)

J L
+ D;(1) In M-, + Z Vi (2) Z ij/é,1 {i"# 7} [In Myep + In ej,g,])] ,

§/=0 =0

Then, for all following spells s = 2, ...,.S;, the probability that Z(s) = k' given Z/ and Z(s —

1) = k, irrespective of the whole past, is

J L
ap (s127) = exp | Vij(s = 1) Zf,In Apprs
j=1 (=0
The likelihood of emissions X;(s) is, for s = 2,...,5; — 1,
J L
Br(s|2”) = exp [Z Yii(s) Y Z, ( {7 # 0t (T [Wi(s)] mke)
7=0 (=1

J
( )lanﬁ—\+Z}/zg 5+1 ZZ,Z'I{] 75]} [lanM—i—an /[/])]

§=0 =0

and for the last spell,

Bi(Si|27) = exp

M~

L
3@'3‘(52')22};( {3 7# 0} (T [Wi(S:)]  mee) + Di(s )lnMuﬁ>]-

/=1

<.
Il
o
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We finally have,

K
) . Zw f\ — f
In L, <X1,ZZ | Z ) ;Z 1)In [ak( )61(11Z )]
S Si

K K K
Y D" ZH(s—1) > Zhi(s) mag (s127) + DD Zi(s) In Br(s|Z7)

s=2 k=1 k'=1 s=2 k=1
=In [alﬁ(1)Bk1(1‘Zf)ak1k2(2’Zf)6k’2(2|zf)ak2k3 (3|Zf)/8k3(3|zf)"' :

for Z!* = (k1, ko, k3, ...).

Let b denote the parameter of a parametric specification of £(X, Z). It comprises the param-
eters of the likelihood of the latent variables: group shares m;”, w{ and the worker type transition
probabilities Agprr; and the parameters of the emission probabilities: the initial match prob-
abilities mye, the match transition probabilities My, the firm sampling probabilities 8;,, the
wage parameters 7. We derive the Maximum Likelihood Estimator of the complete information

model, maximizing £(X, Z;b), in Appendix B.

5 Estimation with the observed data

The complete information MLE is a useful benchmark, but is unfortunately not feasible because
the types Z = (Z", Z7) are unobserved. Let us gather observed emissions in the array X; =
(W;,Y;, D;) and let X = (X;). Averaging L£(X,Z) over Z to calculate the likelihood of the
observed data L£(X) is infeasible because of the large dimension of the vector of firm types
Zf. The EM algorithm comes to mind. Unfortunately, EM requires the computation of the
conditional probability £(Z | X) which is also intractable. We can calculate £(Z% | X, ZT)
because worker trajectories are independent conditional on firm types, but not E(Zf | X, Z")
because the network of firms connected by common employees is essentially one big connected
component.

Bonhomme, Lamadon, and Manresa (2019) solve this difficulty by pre-clustering firms using a
k-means algorithm. Then, they estimate the latent worker model using a standard EM algorithm.
Lentz, Piyapromdee, and Robin (2023) follow BLM and produce a hard classification of firms and
a random clustering of workers. However, they imbed the firm classification inside the M-stage
of the EM algorithm for workers, using the Classification EM algorithm of Celeux and Govaert
(1992).

The problem with a hard classification of firms is that the estimation of the model can be
used for simulation with only the firms used for estimation. The model remains incomplete as
it does not say how firm types are drawn. In addition, some firms will be clustered accurately
because they have many employees, but there are also many small firms with little information to
group them accurately. Abowd, McKinney, and Schmutte (2019) develop a model of worker-firm
matching very similar to the one above, using a Bayesian approach to estimation. Drawing firm

types from the conditional distributions with the Gibbs sampler is a formidable computing task

4To simplify notations, we use the same notations for the likelihood (function of parameters) and the density
function or probability mass of observed and latent variables.

11



that Abowd et al. speed up a bit by making use of the possibility that firms may belong to dis-
connected sub-networks, which allows for some degree of parallelization. But this parallelization
is not massive enough — the firm network is too connected — to make a big difference. In the
end, despite having access to significant computing capacity, they reduce the estimation sample
to a random subsample of about 400,000 person-year observations with 80,000 workers, 60,000
firms and 130,000 matches. Although a very active research exists and has been successful at
increasing the efficiency of the moves in MCMC algorithms (see Lee and Wilkinson, 2019), an
alternative to Monte Carlo methods is the class of variational expectation-maximization (VEM)
methods, that aim at maximizing a lower bound of the observed log-likelihood In £(X) (see
Jaakkola (2001), Govaert and Nadif, 2008, Daudin, Picard, and Robin, 2008) which we now

describe.

5.1 Variational EM

For any probability distribution R(Z) (summing to one), define
J(R,X) =W L(X) = D (R| £(Z | X))

where Dgp, (R || £L(Z | X)) is the Kullback-Leibler divergence

Dir (R L(Z | X)) ZR (%)N)

Then,

J(R,X) =W L(X) - D (R[| £(Z | X))
R(Z
:ZR( In£(X ZR <Z(|;()>

—ZR YIn L£(X, Z) + H(R),

where H(R) = =Y, R(Z)InR(Z) = —ErIn R(Z) is the entropy of distribution R. Hence, a
good distribution R(Z) is one that maximizes the expected complete log-likelihood while keeping
the entropy H(R) as large as possible (no small groups).

Variational EM is similar to standard EM. Given £(Z | X) and data X, a pseudo E-step
optimizes on R(Z):

R= X
R argréla%j(R, )

=argmax » R(Z)nL(Z]X) - > R(Z)InR(Z)
Z z

where R is a class of distributions making this optimization problem tractable.® If £(Z | X) is

computable, then we do not need to restrict the feasibility set R, and we get E(Z )=L(Z | X)

as in standard EM. Otherwise, the optimal solution can only be approximated within a class of

®For the last equality, write In £(X, Z) =In £(Z | X) 4+ In £(X) and note that 3", R(Z)In £(X) = In £L(X) is
independent of R.
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manageable distributions. Notice also that, as long as R contains the Dirac mass dz,

InL(X,Z) dz(2)In L(X, 07,X) < X)<InL(X). 1
nL( Z 2(z) I L(X,2) = T (67, X) < max T (R, X) < In £(X) (1)
The Variational Estimator of b is obtained in the pseudo M-step:

b= X;b) = R(Z)InL(X, Z;b).
argml?xrflzlg%j(R ) = argmngZ:R( YInL(X, Z;b)

Consider for example the case of a finite mixture model:

I K

L(X,2Z:b) = [ D2 Zuwmf (Xi; Br),

=1 k=1

where Z;;, = 1if i is in group k. We could restrict R(Z) to be a hard classification of observations:
R(Z) = 0,(2) = Hfil Héil Ti"’“, where 7 = (7;) and 73 = 1 if 7, = k. Then, using the

convention 01n(0) = 0 and since 11n(1) = 0,

I K
> R(Z)InL(X,Z) - ZR YIMR(Z) =3 Y memif (Xi; Br).
Z

i=1 k=1

Thus, given b = (7, Bk ), the pseudo E-step selects for each i the k that maximizes 7y, f(X;; Sk).
This is the Classification EM algorithm of Celeux and Govaert (1992) that was used in Lentz,
Piyapromdee, and Robin (2023).

5.2 VEM for our model

We first approximate £(Z | X) as R(Z) = R*(ZV)R/(Z') with forced independence between
worker and firm types. The integrated or expected log-likelihood is

Erln£(X, 27, 2%) =Y RI(ZN)Y R*(z")mL(X, 27, 2Y).
Zf Al

The M-step maximizes EgIn £(X, VANVAE b) with respect to b given current R/, R%. The E-
step is decomposed into a sequence of two steps. First, we maximize Eg In £(X, ANVAE b) with
respect to R given the updated b and current R/, with no restriction on R*. In Appendix C,
we show that the optimal value of R¥ is of the form R*(Z%) = II!_, R¥(Z), with independence

between worker types. We also calculate the marginal distributions:
Pre{Z(s) =k} = Gr(s), Pre{Z{(s) =k, Z(s + 1) = k'} = G (s + 1),

which are sufficient to calculate the expected log-likelihood. In practice, we use the Forward-
Backward algorithm for workers, which is standard EM and not Variational EM, and use an

approximation of the posterior distribution only for firms.5

®Matias and Miele (2017) develop a Variational Estimator for a dynamic SBM where node types change
according to a Markov chain as in our model, and Longepierre and Matias (2019) show consistency and derive
convergence rates. They observe that the usual Forward-Backward (FB) algorithm for Hidden Markov Models is
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Then we maximize the expected log-likelihood with respect to Rf given updated b and R™

subject to the following restriction:
zf

RI(zh)y =1 \Rl(z]) =m0, 7;".
On examining the complete log-likelihood, we see that it linearly depends on the indicators Z Jf ,
except for the contributions of employment transitions where we have Z jerjf,e, for a transition of
(4,£) to (j/,¢"). The optimal R/ requires estimating the marginal probability of Z ]fe’ say Tj¢, and
the joint probabilities of Z jf A ]f, Under independence between firms, the optimization problem
becomes manageable.

All this was done assuming a value for the numbers of latent groups K and L. There is no
consensual method to estimate the numbers of groups when the true data likelihood is not easily
computed. Daudin, Picard, and Robin (2008) and Matias and Miele (2017) suggest to use the
Integrated Classification Likelihood (ICL) of Biernacki, Celeux, and Govaert (2000). There is,

however, no known result on the convergence of the ICL procedure.

6 Consistency of the ML and Variational estimators

Recent work derives conditions proving the identification and the consistency of VEM for stochas-
tic block models (SBMs) and latent block models (LBMs) depending on the network density.
Celisse, Daudin, and Pierre (2012) shows consistency of Maximum Likelihood and Variational
Estimators for the Stochastic Block Model (SBM) model. Longepierre and Matias (2019) con-
sider the case of a Dynamic SBM where the latent types of the network’s nodes change like the
worker types in our paper. They prove consistency of the connectivity parameters (the proba-
bilities of a link given node types), but to prove the consistency of the type probabilities (static
or dynamic) they assume that the connectivity parameters converge at a rate at least equal to
n~!, where n is the number of nodes. This is a strong assumption that Bickel, Choi, Chang,
and Zhang (2013) (for SBMs) and Brault, Keribin, and Mariadassou (2020) (for LBMs) were
able to circumvent by developing a Bernstein-type concentration inequality for sub-exponential
variables. Brault et al. show consistency and asymptotic normality of all estimators by showing
that both the observed MLE and the VE are asymptotically equivalent to the complete informa-
tion MLE. In other words, the double inequality (1) becomes an equality as the number of nodes
tends to infinity. Zhao, Hao, and Zhu (2024) study the case of a static degree-corrected bipartite
SBM. The show consistency by showing that the consistency of the clustering (R converges to
dz+, where Z* denotes the true clustering).

The first result that is easy to prove is the consistency and the asymptotic normality of
the complete information MLE when I and J tend to infinity, as well as the local asymptotic
normality of the MLE. The estimator exists in a closed form. The proof is straightforward.

The next step compares the observed likelihood ratio £(X;b)/L(X;b*), where b* denotes the
true value of the parameter, to the complete likelihood ratio £(X, Z;b)/L(X, Z;b*).

not feasible here because the links (and joint match outcomes) depend on the types of both nodes for each match
(p. 1130). However, with a bipartite network, it is possible to deal with row nodes conditional on column nodes,
which restores the usefulness of the FB algorithm. See Zhao, Hao, and Zhu (2024) for a similar point.
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7 Evidence from Italian data

7.1 Data

We implement the estimator on data from the Venetto region in Italy for the 20 year period, 1982-
2001.7 The main sampling criterion in the data set is to include full employment worker histories
for all Italian workers who at some point during the 1982-2001 period have an employment
relationship with a firm in the Venetto region. This means that the data include employment
relationships in firms outside the Venetto region, but only if the worker involved happened to
have a job with a Venetto firm at some other time during 1982-2001.

The data record a worker’s birth year. To facilitate comparison with existing literature, we
restrict attention to men aged 25-50 in full-time employment relationships. For these workers,
the data record their employment spells at monthly frequency. This is a match between an
worker ID and a firm ID, the start month and year of the match, the end month and year of
the match, as well as an average daily wage that is constant within a given calendar year for the
given job spell. The daily wage is constructed through the employer’s report of annual earnings.
Full-time status is inferred through the employer’s report of hours. Based on the annual earnings,
we construct the daily wage through the inferred number of days the worker has been employed
during the given calendar year. Earnings are deflated by a consumer price index. It is important
to note that we observe annual earnings separately for each employment relationship a worker
may have in a given calendar year. Thus, if a worker switches job in a year, we will have separate
daily earnings within that year for the worker in the two different jobs.

Non-employment is not directly observed. We pad an employer’s employment spell history
with non-employment spells in between employment spells. In addition, we pad worker histories
in front and end to have full 25-50 year old histories, only restricted by the left and right censoring
of the calendar time window of the data. As an example, if the last employment spell we observe
for a given worker ends in June 1999 and the worker is 45 years old at the time, we pad the
worker’s history with a non-employment spell that runs from July 1999 through December 2001,
which is the last month of the data observation window.

Again, to facilitate comparison with previous literature, we require that the data be fully
connected in the sense of Abowd, Kramarz, and Margolis (1999) and furthermore that each firm
has at least two employment relationships during the observation window to allow implementa-
tion of the Kline, Saggio, and Solvsten (2020) leave-one-out estimator. Finally, to economize on
the number of required worker and firm types in the estimation, we discard job spells that have
duration 2 months or less. These spells likely have distinct measurement noise to them and the

estimation tends to deal with them by dedicating particular types to them.

7.2 Estimation

The main estimation is performed on the full 20 year panel. Asin Lentz, Piyapromdee, and Robin
(2023), we allow the initial worker type distribution, and the initial match distribution to depend
on time invariant worker characteristics, 7% (¢) and m(¢ | k, {), respectively, where ¢ € 1,...,8.

Cohort ( is defined by age at entry and the calendar time period of entry. Specifically, the

"We are grateful to the Fondazione Rodolfo Debenedetti at Bocconi University for the data access.
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categories ( = 1,...,4 represent the cohorts of 25 year olds that enter during the calendar periods
1982-86, 1987-91, 1992-96, and 1997-2001, respectively. The categories ( = 5,...,8 represent
entry in calendar year 1982 of workers aged 26-31, 32-37, 38-43, and 44-50, respectively. The
estimation is done with the number of worker and firm types set to K = 24 and L = 6.

To ease interpretability, we adopt a restriction on the Markov transition matrix A(K' | k,£)
that for given £, it has zero coefficients everywhere off the diagonal and the sub and super di-
agonals. This imposes an ordering through the type dynamics that worker type changes can
only happen through the index neighbor, and consequently that index neighbors share a prox-
imity. Furthermore, we impose a block structure with 3 blocks such that the Markov process
cannot communicate across blocks. Each block has 8 types. This amounts to a restriction that
A9 8,¢) = A8 |9,0) = A(17 | 16,¢) = A(16 | 17,¢) = 0. Thus, the worker type space is a
combination of 3 permanent types that may differ in type dynamics characteristics.

In Appendix C we describe in detail the implementation of the VEM algorithm that serves
to determine the model parameter estimates as well as the worker and firm classifications that
maximize the likelihood of the data. As is typical for EM algorithms, we perform many restarts
with different initial guesses to ensure that the parameter estimate represents a global maximum.
We have found it helpful to make new initial parameter guesses to be perturbations around the
current best estimate to speed up the search for improvements. The estimate we are showing is

a result of 400 restarts.

7.2.1 Firm prior concentration and firm classification

The use of the maximum likelihood score as a selection tool is a potentially problematic issue if
the posterior independence assumption between firm type realizations in the VEM is violated. If
it is, the likelihood expression is mis-specified. Furthermore, the impact of the mis-specification
across estimates is not easily quantified.

However, if the firm priors concentrate into full mass on a single type, the posterior depen-
dence issue resolves. This often happens in VEM applications, and our case is not different. In
our case, we obtain a concentration measure of E; [max, 7;,] = .98, meaning that the simple av-
erage across firms of the maximal probability type assignment is 98%. As a practical matter, the
estimation has arrived at a “hard” firm type classification. In this perspective, one can view the
VEM as particular way of searching over hard classifications as in the CEM estimation in Lentz,
Piyapromdee, and Robin (2023) that is aided by allowing “soft” classifications in the interim
iterations, and the benefit that comes from the associated search over continuous parameters.

In the bottom panel of Figure (1), we show the concentration measure by firm size and group.
As can be seen, concentration is increasing in size, but even for low firm sizes, concentration is very
high. We emphasize the high concentration measure as assurance that our likelihood measure is
correctly specified. It can be tempting to extend the use of the concentration measure to express
the estimation’s confidence in the classification, but we want to emphasize that a degenerate firm
J prior is not the same as a zero standard error on the estimation’s firm j type estimate.

The top panel in Figure (1) shows the cumulative firm size distribution by firm type. There
is first of all clear firm size heterogeneity across groups, and as can be seen it is broadly the case

that high type indices stochastically dominate low type indices. Later, in section, we will relate
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Figure 1: Firm classification concentration
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type indices to wage types and we will demonstrate the point that higher wage type firms are

also larger firms.

7.2.2 Model dynamics data fit

In Figures 2 and 3 we show model fit to basic wage and employment dynamics in the data.
Data are shown in orange, and model estimate is shown in purple. The data paths are obtained
by collecting an age group, (, of workers, and then follow each member from his year of entry
in the panel and forward at most 20 years. Year of entry is denoted as experience year 0. By
assumption a worker enters in January of the entry year. By the nature of the exercise, the
group is not balanced and some individuals will fall out of the group as experience progresses.
Different age-at-entry groups are in the figure shown in different rows.

The model estimate wage and employment rate paths are determined through the estimated
model dynamics. Specifically, the mobility model and the worker type dynamics combine to an
overall Markov process in the (k, ¢) state space. The monthly Markov transition probabilities are
represented by the dimension K (L 4 1) x K(L + 1) transition matrices M and M®Y. M,,, is
the within year probability that a worker who is in state (ky,, £,,) this month is in state (ky, £,)
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Figure 2: Model fit - 25 year old entrants, ( = 1,...,4.
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next month. M®% applies if current month is last month of the year. Their elements are,

an = MkmémﬁnA(kn | kmagm) + ]l[gm = Ena km = km]Mkmfmﬂ

By definition, Y., My, = Y., M = 1 for all m. The one-year forward Markov transition

matrix is then obtained by,
y — MllMeoy‘ (3)

A (-cohort’s initial distribution po(m | {) over states (kn, ¢y) is given by,

Mo (€)

poc(m) = mm@m | km, C)-

The model estimate paths in Figure 2 are a result of 20 years of forward iterations on the equation

(3) Markov process. Specifically, the experience year 7 > 0 state (row) vector is given by,

DPrc = PocV . (4)

For the purpose of doing terminal conditioning (this is used in section 7.7), it is useful to walk

backwards in time in the cohort specific Markov process. Denote by )7774 (m,n) the cohort specific
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Figure 3: Model fit - Entrants in 1982, { =5,...8.
Employment rate Avg log wage Var log wage
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experience year 7 Markov transition matrix element (m,n) that represents the probability that
a worker who is in state m at year 7 is in state n at time 7 — 1. By Bayes rule,
ynmpffl,ﬁ (n)

Irg(m,n) = > Vnkbr—1¢ (k) ®

where p; ¢ is the cohort specific experience year 7 distribution over states. With that, we have

that pr ¢ = pT+1,C:)>T+1,C'
The estimated employment rate, average log-wage, and log-wage variance at 7 are then given
by,

er(Q)=1= > prclm)

m:lm=0
w = pr¢(m)
E [w, ()] —mgw Bt =5
ViedOl= 3 [+ Gitas, ~ BlunlO)?] 250,
m:lpy, >0 r

respectively.
The first column shows the employment rate of the cohort. With the exception of the very
young cohorts, the employment rate is generally decreasing. We would expect that for the young

cohort, early non-employment may for some types reflect ongoing education spells.
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Figure 4: Worker wage types and initial 1982 cohort entry distribution
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The second column shows the cohort’s employment conditional average log wage as a function
of years since entry into the sample. As expected, the average wage at entry is increasing in
the age of the entrant. Average wages are increasing in experience and on average increase by
about 30-35% over a 20 year experience horizon depending on the age of entry. The third column
shows the log wage variance. Generally, within a cohort the variance of log wages is increasing
in experience.

As can be seen, the model estimate does a good job of fitting the broad cohort dynamics in
the data.

7.3 'Wage projection model

We will impose a simple decomposition of the estimated type conditional wages according to the
projection,
Pke = [0+ ag + be + fike. (6)

The projection is obtained by OLS according to the estimation’s empirical employment condi-
iy e(k0)

23:1 Zk’,l’>0 pe(K L)

This is an average over years, where each year is weighted by its employment level. The empirical

tional joint type distribution conditional on employment, p(k,¢ | £ > 0) =

joint type distribution in calendar year ¢ is denoted by, p;(k, ). The wage types are normalized
so that E'[a;] = E [by] = 0.

We will in the following refer to ax and by as the wage types of the worker and firm groups,
respectively. Going forward, firm types are sorted according to by in ascending order. We do not
sort worker types. The diagonal restrictions on the type transition matrix itself encourages an
ordering in the estimation as it seeks to explain the wage dynamics in the data. Furthermore,
we maintain the type transitions ordering that only neighboring type indices communicate with
each other. We have arranged the blocks in order of increasing average a; by block and we have
also flipped order of a block if it has an obvious ladder so as to make it increasing in the type
index.

Figures 4 and 5 shows the wage types (black dots) and the marginal match distributions over
the types in gray bars, p(k) = >, p(k, £) and p(¢) = >, p(k, ). In addition, Figure 4 shows the
initial cohort distributions for { = 5,...,8, the 1982 entrants by age. Each panel in Figure 4
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Figure 5: Firm wage types
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represents a block.

There is substantially greater dispersion in the wage types in the worker type space than in
the firm type space. It is therefore not surprising that the wage variance decomposition in the
next section will attribute a greater variance contribution share to V(ax) than V' (by).

As can be seen, the estimation has responded to the restrictions on the type transition
matrix by making neighboring types close to each other in the wage type space. Furthermore,
the estimation has constructed different type advancements ladders across the blocks.

The lowest average wage type block, k € {1,...,8} has very little wage growth and little
obvious ladder structure. The examination of age composition by worker types reveals that
worker entry is more concentrated at types k = 2 and k£ = 6 and move away from these types as
they age, but it is broadly a dispersed pattern. but there is broad dispersion.

The next two blocks are far more regular. The middle block, k € {9,...,16} has well defined
worker type ladder that implies moderate wage growth. Workers predominantly enter at £ = 10
and as they age, they become more and more represented in the upper index part of the block.
The highest wage block, k € {17,...,24}, also has a very well defined worker wage type ladder
structure that implies high wage growth. Workers enter at the lower index £ = 18 and to the
extent that they enter a wage growth track, they move towards the upper indices where older
workers are increasingly represented. Note that in both the middle and the upper block, the
lowest type index, k = 9 and k = 17 seem to serve as something of a low wage trap for the block.
It is not a common outcome, but they both have significant older worker representation.

Overall, we see a picture of increasing average wage types in blocks that also have increasing
average wage type growth. Starting wage types are fairly similar. The blocks differ substantially
by their respective highest wage types.

On the firm side, there are four main firm types, types 2, 4, 5, and 6 that account for about
85% of matches. The p(¢) marginal distribution is also represented by width of the bars in Figure
6 where each bar shows the firm type cumulative match distribution function over worker types.
The color coding reflects the worker wage type value ag. The overall picture of is one of positive

wage sorting, where higher wage type workers are more prevalent in higher wage firm types. Firm
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Figure 6: Labor force composition by firm type
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Table 1: Full Sample variance decomposition

Share of Completed AKM KSS
Var(w) data plugin leave-pers-yr

Var (a) 0.077  0.618 0.578 0.544 0.515

Var (b) 0.010  0.082 0.093 0.239 0.227

2Cov (a,b) 0.018  0.141 0.131 0.050 0.067
E[c?] 0.014  0.111
Var(z) 0.006  0.048

Residual 0.197 0.167 0.190

Var (w) 0.124  1.000 1.000 1.000 1.000

Corr(a,b) 0.313 0.284 0.069 0.098

type 1 is something of an outlier with its high representation of the high wage block workers,

but also represents a small part of the overall match population.

7.4 Wage variance decomposition

The pge projection in equation (6) allows a decomposition of the log wage variance by the law

of total variance,

Var (w) = E [Var (w) | k, €] + Var (E [w] | k, £)
=E [0? (k,£)] + Var (a) + Var (b) + 2Cov (a, b) + Var (fi) . (7)

The first component is the within variance, and the following 4 components decompose the
between variance into worker wage type variance, firm wage type variance, wage type covariance,
and variance in the non-linear component. Table 1 shows the variance decomposition for the full
sample using the empirical match distribution p(k, ). For the sake of reference, we have also
included the variance decomposition using the standard Abowd, Kramarz, and Margolis (1999)

and Kline, Saggio, and Solvsten (2020) estimators. Within variation contributes some 18% of
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overall log-wage variation. Worker wage type variation is the single most dominant contribution
at 59% of overall variation. Firm wage type variation and covariance between have roughly the
same magnitude at 10%, each. Finally, it is seen that the linear g, projection is fairly good
leaving less than 4% of g variation to be explained by the non-linear component. The implied

wage sorting expressed by the correlation coefficient between worker and firm wage types is .25.

Figure 7: Variance decomposition and wage sorting
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The above decomposition uses the empirical average match distribution across calendar time
p(k, 0), as described in the previous section. In Figure 7, we show the calendar time conditional
decomposition where the linear projection is done according to the empirical match distribution
in year t, pi(k, ). We find that the Bagger, Sgrensen, and Vejlin (2013) and Card, Heining, and
Kline (2013) observations of increasing wage sorting over time in Denmark and Germany are also
present in the Italian data, using our estimator. Specifically, sorting is rapidly increasing during
the 1980’s from a correlation coefficient of 0.15 up to above 0.3. Wage sorting remains largely
unchanged from 1990 and onward. Consequently, the importance of the covariance component
is increasing over time in the wage variance decomposition. Overall, wage variance is somewhat
increasing over time in the sample. This aside, the overall qualitative conclusions from Table 1

remain the same.

7.4.1 Comparison with KSS decomposition using completed data

To facilitate the comparison with the KSS decomposition, we use the Viterbi algorithm to recover
the most likely worker-type sequence for each worker and the most likely firm type for each firm,
and append these to our analysis sample as new observables, which we refer to as the completed
data.

For the given model estimate, firm types are assigned as the most likely firm prior Ej =

arg maxy 7j¢ (see section 5.2). With this firm classification, 27, the Viterbi algorithm is available
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to determine worker type paths: For worker ¢ with S; spell-year observations, the worker ¢ Viterbi
path maximizes the data and firm classification conditional likelihood of the worker latent type
path,
(l;:il, ol l%lgz) = arg klr’r.l.%;;i Li(ki,... ks, | Xi, zZ7, i)),

where X; denotes the wage and mobility history of worker i and b collects all estimated param-
eters. The maximization is carried out by dynamic programming: at each period s and for each
candidate type k, one stores the highest log-probability of any path that ends in state k at time
s, together with the predecessor that achieved it, and then traces back the optimal path from
the terminal period.

Tablel includes a “Completed data” column that applies the same variance decomposi-
tion to hard Viterbi type assignments. The HMM and completed-data shares are close (e.g.,
Var(a)/Var(w) of 0.62 vs. 0.58; corr(a,b) of 0.31 vs. 0.28), confirming that the VEM posterior
concentrates well. By contrast, the KSS decomposition attributes a much larger share to the
firm component (0.23 vs. 0.09) and finds a sorting correlation an order of magnitude lower (0.10
vs. 0.31).

To understand the discrepancy in the variance decomposition between KSS and completed-
data, we use an additional decomposition exercise to recast fixed effects from OLS to the Viterbi
types. Specifically, we decompose the KSS variance components using the Viterbi types (k, ¢).

By the law of total variance:

Var(a) = Vary g (dkg) +Ere [Var(a | k,é)], (8)
between types within types
Cov(a, ¥) = Covy (e, Yre) + Ei e [Cov(a, ¢ | k, £)], 9)
between types within types ’

and analogously for Var(v), where @y and vy are the mean AKM fixed effects among observa-
tions assigned to types (k, /), and the variance terms bias-corrected using the KSS method.

Table2 reports this decomposition. Viterbi types explain 70% of Var(«a) and 42% of Var(v)).
The between-type sorting correlation is 0.34---close to the HMM’s 0.31 and far above the overall
KSS value of 0.10. The key finding is that the within-type Cov(a, ) is negative (—0.004): within
each(k, £) cell, workers with higher a; tend to be matched with lower-1; firms. This negative
within-type covariance pulls down the overall Cov(a, ) and explains why KSS underestimates
sorting.

The mechanism is the time-invariant AKM worker effect. A worker whose type improves over
time has anca; that averages over the entire career, understating the current type. When such
workers sort into high-¢ firms later in the panel, their “low” «; paired with “high” v; generates
a spurious negative within-type covariance. Table 2 confirms this: the within-type covariance
is negative in every year, while the between-type correlation remains stable around 0.28--0.37,

tracking the HMM sorting estimate far more faithfully than the overall KSS correlation.

24



Table 2: KSS variance decomposition by Viterbi types: between vs. within(k, ¢)
Var(a) Var(v) Cov(a, v) Corr
Year KSS Btw Wth KSS Btw Wth KSS Btw Wth KSS Btw
All 0.064 0.044 0.019 0.028 0.012 0.016 0.004 0.008 —0.004 0.098 0.340

1982  0.077 0.052 0.025 0.027 0.010 0.018 0.002 0.006 —0.005 0.035 0.281
1983 0.075 0.052 0.024 0.027 0.010 0.017 0.002 0.007 —0.005 0.036 0.285
1984 0.074 0.052 0.022 0.027 0.010 0.017 0.002 0.007 —0.005 0.041 0.295
1985 0.073 0.052 0.021 0.026 0.010 0.017 0.002 0.007 -0.005 0.049 0.298
1986 0.072 0.052 0.020 0.026 0.010 0.016 0.002 0.007 -0.004 0.057 0.301
1987 0.071 0.052 0.019 0.025 0.009 0.016 0.003 0.007 -—-0.004 0.075 0.316
1988 0.070 0.053 0.017 0.024 0.009 0.016 0.004 0.007 —0.003 0.088 0.320
1989 0.069 0.052 0.017 0.024 0.009 0.015 0.004 0.007 —-0.003 0.101 0.328
1990 0.068 0.051 0.016 0.024 0.009 0.015 0.005 0.007 —0.002 0.126 0.344
1991 0.066 0.050 0.016 0.024 0.009 0.015 0.006 0.008 -0.002 0.127 0.349
1992 0.064 0.049 0.015 0.025 0.010 0.015 0.006 0.008 —0.002 0.139 0.359
1993 0.063 0.048 0.015 0.025 0.010 0.015 0.006 0.008 —0.002 0.143 0.355
1994 0.061 0.047 0.015 0.025 0.010 0.015 0.006 0.008 —0.002 0.154 0.358
1995 0.060 0.045 0.014 0.026 0.012 0.014 0.007 0.009 -0.001 0.180 0.362
1996 0.058 0.044 0.014 0.027 0.013 0.014 0.008 0.009 -0.001 0.190 0.361
1997 0.056 0.043 0.013 0.028 0.014 0.014 0.007 0.009 -0.001 0.190 0.356
1998 0.053 0.040 0.013 0.028 0.014 0.014 0.007 0.008 —0.001 0.189 0.350
1999 0.046 0.033 0.013 0.032 0.017 0.015 0.007 0.009 —0.002 0.187 0.369
2000 0.045 0.032 0.013 0.033 0.019 0.015 0.007 0.009 -0.002 0.187 0.361
2001 0.044 0.031 0.013 0.034 0.019 0.015 0.007 0.009 -0.002 0.183 0.358

“Btw” = between-(k,{) component; “Wth” = within-(k,£) component.corrgsw is computed from between-type
meansae,Pre.

7.4.2 Decomposition by experience

Turning to wage dynamics, we can apply the equation (7) variance decomposition to model’s
cohort ¢ wage at experience level, 7, w;(¢). The cohort’s distribution over (k,¢) is given by, pr ¢
in equation (4). We use the equation (6) ugs projection performed on the full sample and we
hold it constant across a cohort’s experience levels. As a result, since p, ¢ is generally different
from p(k,¥), the residual fix, may not be perfectly orthogonal to a; and b, and the variance
decomposition may contain non-zero jigy covariances.

In Figure 8 we show the 25 year olds at entry in 1982-1986 cohort wage variance decomposition
by experience level. The black line shows the overall wage variance which more than doubles
over 20 years of experience. This is also shown in the model fit discussion in Figure (2) and fits
the empirically observed wage variance for the cohort.

The decomposition reveals that the increased wage variance is primarily driven by increased
worker wage type variance: The increase in Var(ay) contributes about 85% of the overall 20-year
increase in Var(w). As a share of total variance, worker type variance contributes 31% of overall
variance at the cohort’s entry. 20 years later, the share is 66%. Within match variance decreases
slightly in an absolute level, but as a share it decreases from 40% of total variance to a mere
9%. The other main contributor to the overall wage variance increase is the increased covariance
between worker and firm wage types, which is also reflected in the correlation coefficient in the
graph that moves from modest sorting of about .11 at entry to .38 after 20 years. The firm wage

type variance contribution is at an absolute level slightly increasing in experience, but as a share
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Figure 8: Cohort ¢ = 1 wage variance decomposition
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it declines from about 17% to 6% after 20 years. These sharp results highlight the importance

of worker type dynamics for the understanding of wage dynamics determinants.

7.4.3 Change in sorting decomposition

Figure 8 highlights that sorting is increasing in a cohort’s experience. The model contains two
main sorting channels: Sorting by labor mobility and sorting by worker type change. By the first
channel, increased wage sorting is a result of high wage worker types moving toward higher wage
type firms moreso than the mobility of low wage type workers. The second channel is specific to
our focus on worker type dynamics and the possibility that the dynamics depend on firm types.
By the second channel, sorting increases if worker wage type increases by more in high wage firm
types than in low wage firm types.

To measure the magnitude of the two channels, the change in employment conditional sorting

can be decomposed by,

ACov(a,b) = Cov (a,b|t) — Cov(a,b|t—1)
= Cov (at_l, Atb) + Cov (Ata, bt—l) + Cov (At(l, Atb) . (10)

That is, the change in sorting from start of period to end of period equals the sum of three
covariances: (1) the covariance between the worker’s wage type primo period and the change in
the firm type that the worker is matched with, (2) the covariance between the firm wage type
the worker is matched with primo period and the change in the worker’s wage type, and (3) the
covariance of the cross-change. Term (1) captures the sorting by mobility, and term (2) captures
the sorting by worker type change. The cross term contains traces of both channels but turns
out be a largely secondary contributor in our analysis.

Define F; ¢ as the K (L + 1) x K(L + 1) matrix that contains the cohort ¢ joint distribution
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Figure 9: Change in sorting decomposition (employment conditional)
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over states (k,£)__, and (k,¢)_. It is obtained by,
FT,C - diag(prfl,C)ya (11)

where diag(pr—1,) is the K(L + 1) x K(L + 1) matrix with p,_; ¢ on the diagonal and zeros
everywhere else. The objects in the A;Cov(a,b) decomposition in equation (10) are obtained
with F. - as the weights.

Figure 9 shows the change in sorting by experience level for ( = 1 cohort also depicted
in Figure 8. The change in covariance ACov(a,b) corresponds to the year-by-year change in
Cov(a,b) in Figure 8. The decomposition is illustrated by stacked areas with the mobility
channel in green and the worker type change channel in yellow. It is seen that the worker type
change channel is a steady and large contributor to the cohort’s increased sorting in experience.
In the cohort’s early years of experience, the greater mobility of high wage worker types in the
direction of high wage firms relative to that of lower wage worker types is by itself just about able
to sustain the existing level of sorting. But already by the second year of experience, sorting has
increased by enough relative to the strength of the mobility channel that worker mobility becomes
a drag on sorting. That drag only gets stronger with experience. These results highlight the
important role of differential worker type dynamics across firm types: We find that the greater

worker wage type growth in high wage type firms is the dominant contributor to sorting.
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7.4.4 Decomposition into initial conditions

The experience year 7 employment conditional wage variance decomposition by initial state my

can be written as follows,

V(w|T) [02 | 7| + Var(a | 7) + Var(b | 7) + 2Cov(a, b | ) + Var(i | 7)

]
[02 7]+
(

molVar(a | 7,mg)] + Ep, [Var(b | 7,mo)] + Eny[2Cov(a, b | 7,m0)] + Ep, [Var(i | 7,mo)]+

Var, (Ela | 7,mo]) + Varm, (E[b | 7,m0]) + 2Covin, (Ela | 7,mol, E[b | 7,mo]) + Vary, (E[f | 7,mo]),

where it is implicitly understood that the Var(f | 7) term also contains the fi covariances with a
and b since we are using the residual term that is an average over time and cohorts. As a result
it is not perfectly orthogonal to a and b at any given time and cohort. As a practical matter, it
is a minor concern.

The first two components of the initial state conditional decomposition are the within initial
state mg variance and the third is the between mgy component. The first component of the
within variance is the average wage within (k,¢) dispersion, E [0? | ¢]. By the law of iterated
expectations, it is independent of the initial conditioning. The second is the average within mg
dispersion in average wages across the experience 7 state, which is further decomposed into its
worker and firm wage types and the residual. The between myg variance is also decomposed into
its worker and firm wage types and residual, but here the variation is across initial state my
variation in the within mg averages at experience 7.

The decomposition by initial condition requires the cohort z joint distribution between year

7 = O state m and year 7 state n. Denote this object by G ¢(m,n) = Pr ((k,€)o = (km, lm), (k,0)r =

With the definition of the one-year forward transition matrix, ), in equation (3), G is obtained

by,
GT,C = diag (p07<)y7— .

Figure 10 shows the initial match (k,¢) conditional variance decomposition for the { = 1
cohort (25 years old at entry, 1982-86) by experience. It is a stacked area graph where each
variance contribution is stated as a share of total variance. The shares are read on the left
vertical axis. The total variance is read on the right vertical axis and is shown with the orange
line. The decomposition is divided into three separate areas divided by narrow white bands. The
top area represents [E [02] , and the middle area represents the other part of the within variation,
Ep, [Var (a + b+ fi | mg, 7)]. Finally, the bottom area shown with cross-line pattern represents
the between variation, Var,,, (Ela + b+ f | 7, mg]).

Variation across initial conditions, (k,),, account for 60% of overall wage variation at the
cohort’s outset. By construction the within variation is entirely explained by the average within
match variation, E[o?], which at the outset contributes the remaining 40% of wage variation.
The between match variation is dominantly explained by worker wage type disperson at about
32 percentage points and the firm type wage variation explains another 17 points. As experience

grows, the initial conditions diminish somewhat in importance and come to account for about 50%
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Figure 10: Initial (k, ¢) conditional variance decomposition , ( = 1 cohort.
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of overall wage variance at 20 years of experience. At that point, the average within match wage
variation E [02] has come to account for less than 10%. A little more than 40% of overall variation
after 20 years is a result of average wage variation across worker and firm types that is unrelated
to the initial conditions of the cohort. Again, the contribution from worker type variation,
E[Var(ay)], dominates this source of variation at a little more than 25 percentage points. This
is considerably smaller than the 40 percentage point worker type variance contribution from the
between initial conditions, Var(E[ax]) at 20 years of experience. In other words, at 20 years
of experience, about 60% of the worker type variance contribution to overall wage variance is
explained by the initial conditions at age 25.

Sorting explains an increasing part of wage variation. At the outset of the cohort, it accounts
for about 5% of overall variation. At 20 years of experience, the sorting contribution has increased
to about 15%. The firm type contribution is decreasingFirm type variation contributes 7%
and the covariance between the two explains 12%. Of the between initial condition variance
contribution, worker type variance explains about 28 percentage points. Thus, of the total 70%
variance contribution that comes from worker type variance 20 years into the careers of the
cohort, almost two thirds of it is unrelated to a worker’s own initial wage type and the firm type
that he was matched with.

7.5 Wage growth decomposition

We now turn to the wage level changes with experience. In Figure 2, the estimated model’s
average wages as a function of experience were shown in the middle column. As noted, cohort
wages are increasing in experience. The younger cohorts at entry achieve an about 35% wage
increase over 20 years of experience. This wage change can be decomposed into changes in the
average worker wage type, the average firm wage type, and the average non-linear component.

Specifially,

Ao E [w] = Ao, E [a] + Ao, E[b] + Ao E [j1]
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Figure 11: Wage growth decomposition, ¢ = 1.
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where Ag; is the change from experience 0 to year 7,that is, Ao E [w] = E; [w] — Eq [w].

Figure 11 shows the wage growth decomposition for the 25 years old at entry in 1982 cohort.
The dotted line shows the change in average wages. The decomposition is shown as a stacked
area plot. The purple area shows the growth in the average worker wage type, the orange area
shows the growth in the average firm type. Any difference between the sum of the two areas and
the total wage change line reflects a change in the level of the non-linear component. But as can
be seen, there is little selection on the non-linear component as the cohort ages.

It is seen that there is growth in both the average worker wage type and the firm wage type.
Thus, workers are changing types in the direction of higher wage types and they are also moving
jobs in the direction of higher wage firms. As can also be seen, the increase in the worker wage
type is the dominant source of growth: Worker wage type growth accounts for 87% of overall

wage growth.

7.6 Wage growth variance decomposition

Denote by A; the one year change from year ¢ — 1 to year t operator. The wage change variance

can be decomposed by,

Var (Ayw) = E [07] + E [07_,] + Var (Ara + Ab + Agp)
=E [O‘?] +E [af_l] +
Var(Aa) + Var(A¢b) + Var(Ap)
2 (Cov(Ata, Ab) + Cov(Asa, Appt) + Cov(A¢b, Apr)) .

Figures 12 and 13 show the decomposition. The wage change variance for the data are
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calculated as follows,
1[G = ¢, i > 0, jiz—1 > 0] (Awi — E[Agw | ¢])?
Yoo LG = o girg >0, Jiry—1 > 0]

1[G = ¢, die > 0,Gia—1 > 0,jis # Jin—1] (Agw; — E[Agw | ¢, jjcon])?
Yoo LG = G girg > 0, Jiri—1 > 0, Jiry 7 Jiri—1] ’

Var (Aw | ) = >

i

Var (Agw | ¢, jjeon) = >

i

where j; ¢ denotes the firm id that worker 7 is matched with at time t.8
The model estimate based variances are calculated using the joint distribution F:: shown in
equation (11). The job change conditional variance decomposition requires the formulation of a

job-change-conditional one-year Markov transition matrix, ). It is obtained by,

Vmn —1 [En = Em] MliiémﬁA (kn | km, ﬁm)
L= > Ll = ) M2, Ak | Ks )’

j}mn =

That is, for the elements where the firm type remains the same, ¢,, = £,,,, we subtract the probabil-
ity that this outcome is generated by the worker staying in the same job, M ,ii o Ak | km, bn).
The residual probability must be generated by at least one job move. The normalization reflects
that row m conditions on not staying with the current firm. With that the job change conditional

joint distribution Fﬂg is given by,
Fr ¢ = diag(pr-1,0)Y. (12)

With this, the variance decomposition for the model estimate is defined by,

Elo} |¢]=2 > > Frelmn)og,,
mily >0 n:l, >0
Elof 1 |¢]=2 > > Frclmn)ai .,
Ml >0 n:ly >0
]E [Atlu’ | C] = E Z Z FT7C(m’ n) [nukngn - /‘I’kmzm]
mily, >0n:£,>0
Var (A [ (=5 Y Y Fre(m,n) [ih,e, = trne, —E[Ao | (17,

mily, >0n:£,>0

where 271 =37 030 50 Fre(m,n). The decomposition of Var [Ayu | ] is defined analo-
gously. The job change conditional moments use FT@.

Figure 12 shows the model’s fit to wage change variance in the data by cohort and experience.
The dashed lines show the relationship conditional on an employer change across the two years.
The wage change variance is broadly decreasing in experience, and is greater if conditional on a
job change. The model reproduces these patterns, but generally over-estimates the unconditional
variance while being more or less at level with the empirical job change conditional wage change
variance. This suggests that the model could benefit from a modification to the wage dynamics
within jobs. It is relatively uncomplicated to allow something like an AR(1) process within jobs

similar to Lentz, Piyapromdee, and Robin (2023), which would go some way to improve the fit.

®The actual code uses the one pass method, Var(X) = E [X?] — E [X]?.
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Figure 12: Model fit to Var(Aw) by cohort and experience.
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Figure 13: Var(Aw) decomposition for ¢ = 1.
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The decomposition allows us to compare the relative strength of changes to the wage pro-
jection components. Figure 13 shows the decomposition for the 25 year old entrants in 1982-86.
The figure does not include the covariance terms. They turn out to be negligible which can
be seen by Var (Aw) being fully explained by the remaining components. The decomposition
reveals that Var(A.a) is about 3-4 times as large as Var(A;b). This is another demonstration of

the importance of worker type dynamics to the overall wage process.

7.6.1 Wage growth linear projections

Denote by Apge = E [Avpg | (K, 0)¢—1 = (k,£) , €1 > 0,4, > 0] the employment conditional aver-
age wage change given the initial state (k, ¢). Unlike the Section 7.4 linear projection in levels, it
turns out that a linear projection on the first difference does not produce a meaningful description

of wage change types in worker and firm types. For this result, perform the projection,
A,ukg =c'+ Oé;: + ﬁ; + 6';;[.

The calculation of Apuye is done using the one-year forward transition state transition matrix
Y and conditioning on employment, ¢ > 0, in both the initial state and the end state. The
projection is carried out using the empirical state distribution p(k, ¢).

Table (3) shows the decomposition of Var(Au). Broadly, the linear projection only explains
about 35% of the variation, and that is almost exclusively done by the worker type fixed effect,
Var(a#). The firm type effect explains very little, and in particular, it only explains about
5.7% of the variance (Var(f) + Var(e)), which is the variance that is left, when the worker type
variance contributions are removed. Thus, a linear projection on first wage differences is not a
promising strategy to identify wage growth firm types.

[Long: please include table that summarizes Aw two-way AKM/KSS fixed effects results.

Also include results when using completed data and where fixed effects are by k and /.
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Table 3: Var(Auge) and Var(Aaye) decompositions

Var(Apige) Var(Aag)
block 1 block 2 block 3

Total variance (-1072) 1.282 0.562 0.139 0.842
— rel to total —

Var(«) 0.319 0.834 0.834 0.936

Var () 0.040 0.008 0.106 0.137

2Cov(a, ) -0.013 -0.007  -0.106  -0.140

Var(e) 0.654 0.164 0.165 0.067
Var(B)/ (Var(5) + Var(e)) | 0.057 0.047 0.391 0.670

7.7 Worker wage type dynamics

The previous sections have shown that worker wage type dynamics account for 87% of average
wage growth by experience, 85% of the increased wage variance, and they are the dominant
contributor to sorting. The analysis allows us to investigate the determinants of worker wage

type growth, in particular, how growth depends on the worker’s firm type employment history.

7.7.1 Worker wage type growth linear projection,

Overall, two-way fixed effects regressions on wage first differences explain very little of the vari-
ance in wage growth and in particular they provide little evidence of the existence of distinct
wage growth firm types. These results notwithstanding, the results in Section (7.4.3) point to a
strong firm type effect in the change in worker type: The covariance between Aa and firm wage
type b is the core driver of positive wage sorting in the data. With that in mind, we can project

the worker wage type first difference by initial state (k,¢) on worker and firm type fixed effects
by,

Aakg =c? + Ozz + BZ + 5%67

where Aagy = E[Aa | (k,0)i—1 = (k,£),¢:—1 > 0,4 > 0]. As in section 7.6.1 the projection is
done using the empirical state distribution p(k,¥). The projections are performed by worker
wage type blocks. The results are provided in Table 3. Generally, the worker type effect, af,
explains most of the Var(Aayg). This is largely a mechanical effect driven by the tri-diagonal
restriction of the Markov type transition matrix where a low level ay, relative to its neighbors has
greater growth potential. Combined with the general upward ladder movement in experience,
one obtains a strong negative correlation between ay and «j. This is seen by comparing the
worker wage types in Figure 4 with the worker fixed effects, a® in Figure 14. Thus, given the
mechanical relationship between level and first difference, in the following we turn our attention
to the part of Var(Aayy) that is not explained by worker type effects, that is Var(5?) + Var(e).

We see a substantial difference between block 1 workers and those of blocks 2 and 3. Specif-
ically, for block 1, firm type effects explain only 5.7% of Var(8%) + Var(e®) whereas for blocks
2 and 3, firm types explain 39.1% and 67%, respectively. Block 1 workers generally experience

little wage growth by experience and there is little evidence of a well formed ladder structure in
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Figure 14: Aayy worker and firm types
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worker wage types. Blocks 2 and 3 workers experience substantial wage growth and have well
defined worker wage type ladders. For blocks 2 and 3, the notion of a firm type that grows
worker wage types differentially from that of another firm type is meaningful in that the types
contribute substantially to the variance in worker wage growth controlling for the worker’s own
type.

The firm effects, 8%, are shown in Figure 14. Here, we see clear confirmation of the Section
7.4.3 result that high wage firms grow worker types by more: For blocks 2 and 3 where firm
types are explaining meaningful parts of worker type growth variance, we see that higher wage

firms have larger worker type growth effects, 5%.

7.7.2 Firm type’s impact on terminal worker type outcome

In this section we assess the importance of the current firm type to the worker’s future wage
type outcomes. Because current firm type covaries with the worker’s current type, we are careful
to condition on the current worker type in the measurement. Specifically, conditional on current
experience 7 worker type, k;, we ask how the terminal worker type realization, kr, impacts the

probability that the worker is with firm type ¢, currently. To do so, we calculate the measure,

Pr(tr =]k =k, kr =k, ()
ESPrlls = £ by = Wy = W,0)

Orc (0K, k) =
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Figure 15: Terminal worker type conditional firm type at 7 = 10, @T:w,czl (4, k)
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where the normalization is done to facilitate comparison across k.. If the terminal variation does
not impact the k, conditional probability that the worker is with firm type £,then 9, ¢ (¢, k, k") =1
for all £. This measure can be further simplified by averaging over the current worker type k.

using the marginal worker type distribution, p,¢(k), for cohort ¢ at experience level 7,

K
Vi e (0, k) = Z O (6K k) pre (K.
k'=1

In Figure 15, we show 751071 (¢,k). It is only the middle and upper worker type blocks that
have a ladder structure. For these two blocks, the positive sorting mechanism also highlighted
in section 7.4.3 is apparent: A low wage terminal type in experience year 20, increases the
probability that the worker is with a low firm type or non-employed 10 years earlier. A low
terminal firm type decreases the probability the worker was with high wage firm type 10 years
earlier. Take the example of the upper worker wage type block: Going from kr = 17 to kr = 24
increases the probability that the worker is in firm type 6 10 years earlier almost fourfold,
1.79/0.47 = 3.8. The same terminal outcome difference decreases the probabilty that the worker
was non-employed 10 years earlier by almost half, 1.39/0.72 = 1.9. The same pattern is evident
for the middle worker type block.

The low wage block does not have an obvious ladder structure, and broadly, a worker’s wages
in this block are not very sensitive to the worker’s type realization. That said, the analysis
reveals a distinctly different worker type impact of firm type 2 relative to the other types. Firm
type 2 grows the worker’s type index higher, wheras the other firm types and non-employment
go in the opposite direction.

It is worth emphasizing that the terminal outcome is at experience level T' = 20 whereas the
current experience level is set at 7 = 10. Thus, we are seeing very persistent impacts of firm

type on a worker’s wage type dynamics.”

9As we push ¢ towards 20, the nature of the tri-diagonal structure begins to bind and the results become
sensitive to the current worker type conditioning where current worker type needs to be sufficiently close to the
terminal type to allow for interpretable transition patterns as the time window shortens. This just means that
instead of averaging over all current worker type conditionings, the averaging must be done over an appropriate
subset.
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7.7.3 The impact of non-employment on worker wage type growth.

Figure 16: 10-year non-employment shock impact on worker wage type.
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Following up on the results in the previous section, we turn to a particular quantification of non-
employment’s impact on a worker’s wage type dynamics. In Figure 16 we show the difference in
a worker’s employment conditional expected wage type ten years into the future between being
in a current match (k,¢) or being instantly moved to non-employment, (k,¢ = 0). Specifically,
we calculate E-—1g [a | (K, =0);=0] —E;=10]a | (k,€)r=0], where

Pr((k,0)r = (k,2) | (k,£)o)
1— Zk’ Pr((k7€)7- - (k,70) ’ (k7€)0)

ag.

E, [a ’ (k7€)‘r=0] - Z

k>0

Broadly, non-employment has a persistent negative impact on the worker’s expected wage
type ten years forward relative to the worker’s current path. While there are some current match
types where non-employment does result in higher expected wage type five year forward, they
are relatively few and positive magnitude is smaller than the typical negative impact. Non-
employment is particularly disruptive to workers’ wage growth if they are currently matched
with higher wage firm types. Also, the impact is particularly hard if a worker is on a positive
wage growth path but has not yet achieved the highest wage types in the block.

As an aggregation and to compare with the existing literature on the negative human capital
impact of unemployment, we quantify the impact of a non-employment realization on expected

worker type 7 years after a non-employment spell,

Myop(k, £)
Zk/7£l Mk/l/oﬁ(k/, El)

[Er[a | (k€= 0)r=0] = Er[a | (k, £)r=o]].
k>0

This uses the empirical match distribution p(k,¢) and weighs by non-employment risk. The
impact is shown in 17. The impact gradually accumulates to take its maximum magnitude after
about 12 years where the expected worker type is about 2.1% lower than if the non-employment

shock had not happened. The impact is very persistent at about 2% even after 20 years.
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Figure 17: Non-employment impact on future expected ay,
AE[a] - 1072
0.0

-1.0

AN

—-2.0

—2.5

-3.0

2 4 6 8 10 12 14 16 18 20

Years after non-employment shock

8 Conclusion

This paper develops a framework for analyzing the joint dynamics of wages, employment mo-
bility, and worker—firm sorting in the presence of two-sided heterogeneity and evolving worker
types. The model extends finite mixture approaches used with matched employer—-employee
data by allowing worker productivity types to follow a hidden Markov process. In particular,
the worker type dynamics are allowed to depend on the latent firm type the worker is matched
with. This structure makes it possible to study wage dynamics and sorting patterns that arise
both from worker mobility across firms and from changes in worker productivity within matches.
The estimation combines this dynamic structure with a variational expectation—maximization
algorithm that jointly classifies worker and firm types using the full likelihood of wage and mo-
bility outcomes. This approach substantially improves the classification of latent types relative
to procedures that treat the worker and firm sides separately.

Applying the model to administrative matched employer—employee data from the Veneto
region of Italy reveals several new insights into the sources of wage dispersion and the evolution
of worker—firm sorting. Worker heterogeneity accounts for the largest share of wage variation,
while firm heterogeneity and worker—firm sorting also contribute meaningfully to wage dispersion.
Sorting increases over workers’ careers, but the model shows that this increase is driven primarily
by firm type dependent worker type dynamics rather than by worker mobility across firms. In
particular, workers experience stronger wage-type growth when employed at high wage-type
firms. As a result, the correlation between worker and firm wage types rises over the life cycle
even in the absence of large reallocation flows across firms. Once this firm-type-dependent worker
type progression is taken into account, job mobility itself tends to act as a drag on sorting by
interrupting the productivity growth associated with high-type matches.

The estimates also highlight the importance of initial conditions and employment histories
for the evolution of wages. Initial matches and worker types explain a large share of wage
variation at labor market entry, accounting for roughly 60 percent of wage dispersion among new

cohorts. Over time, worker type dynamics become increasingly important as workers accumulate
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experience and their latent productivity evolves, reducing the contribution of initial conditions to
roughly 50 percent after twenty years. Worker type growth accounts for the vast majority of wage
growth over the life cycle and explains most of the increase in wage dispersion with experience.
Finally, the model uncovers substantial scarring effects from non-employment. Periods of non-
employment slow or reverse worker type progression and generate persistent wage losses, with
particularly large and lasting effects for workers previously matched with high wage-type firms.

More broadly, the results suggest that career dynamics and wage inequality cannot be un-
derstood solely through worker mobility across firms. Changes in worker productivity within
employment relationships play a central role in shaping wage growth, sorting patterns, and
the evolution of wage dispersion. Incorporating worker type dynamics into models of matched
employer—employee data therefore provides a richer perspective on labor market dynamics and
opens new avenues for studying how firms contribute to worker productivity growth over the life

cycle.
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APPENDIX

A Proof of the identification Theorem

We prove identification through the following steps.

1. Consider the matrix of wage changes within the same firm of group ¢,
Qe = [P, w, =~ 0 )]wxw = FillyDe- AcF, = F)11;D,- G}
with Gy = FgAZT. Given the SVD Q- = UgAgVJ,lO write
U} Qe-Vihy' = U/ FILDe- G/ VA = Ik.

Let Wy = U F,11;D,~.. Then W, ' = GJ VA,

2. Consider the matrix of wage changes between two spells in the same firm group /,
Qu = [P, w, €, w)|wxw = FIy Dy AgF," = 1T, DyGy .
It holds that
U} QuViA;' = U} F1y DG VoAt = WDt D W,

The diagonal matrix D[ﬂl Dy is identified as the eigenvectors (up to labeling). And knowing
that the entries of D, ' Dy = diag[M (¢|k, £) /M (=|k,€)] are all distinct (Condition 5), any

matrix of eigenvectors is thus of the form
We=W,A; = U/ FILDATY, W= AGI VALY,

for some non singular diagonal matrix Ay.

3. Consider W[l. The matrix W[lAZWT identifies AgGZ. The rows of Fy and the columns
of Ay sum to one. It follows that the rows of Gy also sum to one, which then identifies he
diagonal matrix A, from AgG;, and Gy is also identified. The matrix AW/[ then identifies
Fy1,Dp-,. And since the rows of Fy sums to one, the diagonal matrix II,D,, is identified
and F)y is identified. Since G, = FZAZ with Gy and Fj both identified, we finally also
identify Ay. It is quite remarkable that Q- and Qs (mobility within and between firms of
type /) suffice to identify Fy, A, and the products of diagonal matrices Dg:1 Dyy and 11, D,-,.

4. Having proceeded independently for each firm type ¢, how do we know that the worker
group k that we have thus labelled for firm type ¢ corresponds to the worker group k' that we
have thus labelled for firm type ¢'? Take matrix Qg = [P(£,w, ¢, w)]yxw corresponding

For a matrix Q@ € R™*™ of rank K < m,n, the SVD has Q = UAV " where U is m x K with orthonormal
columns, A is diagonal K x K and V is n x K with orthonormal columns.
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B

to a job mobility from ¢ to ¢/. We know that
Qe = FlllyDy AgFy = (FillDy-) (D D) AgFy

with De_ﬁlDw diagonal. So given arbitrarily chosen worker-group labels for ¢ and ¢
one should relabel worker groups for ¢ (say) by reordering the columns of Fj so that
(D= )Y Quo(Ff )T Ayt = D Dy is a diagonal matrix (denoting B* = (B"B)™'B"

for any full column rank matrix B). This procedure also identifies De_ﬁlDw.

. Note that Dy + >, Dy = Ix. Hence

Dy~ =[Ix +> D, Dy]™
el

is identified, and so are all Dyy. Hence, we also identify D,— and II, from D[ﬁngg and
1I,D,-..

. Consider Qg = [P(¢,w,0)]w = FllyDyex, for Dy = diag[M (0|k, ¢)]r and e is the K-

vector of ones. Hence Dyex = [M(0|k,?)] is identified by regressing [P(¢, w,0)], on the
columns of F,II,.

. Consider Q¢ = [P(£,w,0,¢',w")]yxw = FIlyDyA¢Dop AoF,l , with Ag = [A(K'|k, 0)]kxkr

and Doy = diag[M (¢'|k,0)]x. This identifies Doy Ag = [A(K'|k,0)M (¢'|k,0)] for all ¢/ =
1,..., L. Consider diagonal terms A(k|k,0)M (¢'|k,0). One can eliminate A(k|k,0)(non zero
by Condition 6) from these equations and identify M (¢'|k,0)/M(1]k,0) for all ¢/ =2, ..., L.
Hence, all M (¢'|k,0), ¢ =1, ..., L, are identified because 25:1 M(?|k,0) = 1. Then the

whole matrix Aq follows.

MLE for the complete information model

We start by rewriting the log-likelihood as follows:

In L (Zf) = inglnwg,

/=1
K L K K
InL(zv|z') = W) In 7Y v In A
n [Z7) =) nikWIna + ) 0> 0 i In Aay,
k=1 (=0 k=1k'=1

where

counts the number of firms of type ¢, and where n}’(1) counts the number of workers initially of

type k and nj,, the number of workers of type £ in a state £ in one period, and switching to
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type k' in the next period:

I
R =) Z5(1)
i=1

I S;—1
Mo = Z Z Zi ) Zijw (s + 1),
i=1 s=1
I S;—1
n;:fk’ = Z Z i ZK] i0 lk’(s =+ 1) E 2 1.
i=1 s=1

The MLE of type probabilities are obtained by maximizing In £ (Z f ) and In £ (Z“’ | zf ) subject
to the constraint that probabilities must add up to one, that is

f w 1 w
~f _ ~w _ T ( T Nox
Ty = ) Tr}cﬂ - 7 Ak’ﬁk’ - w
D k=1 Mok

where Z,I;:l njy is the number of matches (k,¢) in periods 1: S; — 1.

We next turn to the log-likelihood of emissions given worker and firm types:

L L K L
lnﬁ(X | Zf,Zw) ZZn glnﬁﬂ—l—ZZn 7(1) Inmy,

j=1¢=1 k=1 (=0

K L K
+ Z Z n}é’og, In Mg + E n};”oﬁ In M-,
k=10=1 k=1

~

K

K L I
T Z Z Z Nigger I Mg + Z Z ni,_ In My,

k=1 (=1 £'=0 k=1 (=1
Si

K L I
3NN Z0s) [ DY) 2, | o (T IWils)] i)

k=1 (=1 i=1 s=1 j=1

where

I
n¥ =Yy +ZZZl{J # YV (s = DYy(s) 28, 4.0 > 1,
=1

i=1 s=23j_=0

is the number of workers initially employed by firm j/type ¢ or who later are observed to move
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to such a firm and type. The other worker counts are transparent:

1
ni(1) =Y Z{(1)Yi(1)
i=1
I S;—1 J
mi(1) =2 > ZEM Y Yu()Z, 21,
i=1 s=1 j=1
I S;—1 J
nioe =D Y ZH(s)Yiols) D Yig(s + 1) 2y, £ 211,
i=1 s=1 j=1
I S;—1
k- = > Zik(s)Yio(s)Dis),
=1 s=1
I S;—1 J
mio =D D Zi(9) Y V()2 Yaols +1), £ 21
i=1 s=1 j=1
I S;—1 J

e =Y > Zi(s) Y Yij(s ez (s + )20, 6021,
1

i=1 s=1 7

I S;—1 J

nie =YY Z5(s)DYii(s)Z],Dis), £ >1,

i=1 s=1 j=1

We may also set nj, = 0 (no transition from unemployment to unemployment as they are
counted in nj_).
Maximizing In £ (X | Zf, Z“’) subject to appropriate constraints yields the following simple

moment estimators:

w
A'g B njg
Fa— o’
2i=1 M
. n' (1
m = = .- kf(w) s f Z 0,
Ze:o nke(l)
P nw P nw
kO— kO¢! /
Mk(]—‘ = 7 ) M/COZ’ - 7 ) l 2 17
nw + Z nw nw _|_ z nw
kO— =1 ""k0e’ kO— =1 ""k0¢’
v s v Mg /
My = y My = , 0>1,0 >0,
nY,_+ L pw nY,_+ YL pw
kf— 0'=0 "“kee’ kl— 0'=0 "ol
and
S; J
[ ~ 17 f
Vi (ke) = Fwe = Wie = — Z (5) > Yij(s) 2L, Wi(s),
ke i=1 s=1 j=1
I S; J
I~ N 2 5 __Tio w 172
Vo (ke) = Higg + 02k = Wihe = — Z Z(5) > Y () Z1, W (s).
Mt =1 s=1 7j=1
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Finally, we deduce the following value of the log-likelihood of emissions given types:

L J L
ln£<X|Zf’Zw) :Zn Z ngn9jg+2nk Z Mo Inmyy

=1 j=1 k=1 =0
K L L

+ Z Z n}fg Z Mippr In Myppr + Mpp— In My,
k=1 (=0 =0

K L —_—
+ Z Z npelnp (Wkﬁa W2, nu) ,
k=1 (=1
where
J L
f P w w w
ny = Z njy, Z nip(1),  nigp = njg- + Z Mo -
j=1 =0

C Details on the VEM estimation algorithm

C.1 Expected log-likelihood

The expected log-likelihood is

ErlnL(X,27,2%) =) RI(2%)) R“(Z2*)InL(X, 2!, 2")

where
InL(X,27,2%) =mL(Z))+InL(X, 2% | z7)
I
= L(z)+) ImLix, 27| z7)
=1
with

J L
ErIn L( Zf ZZT'glnﬂ'g
7j=1/4=1

and where the individual likelihoods In £;(X, Z¥ | Zf) can be integrated iteratively exactly like
the complete log-likelihood as we now explain.

The initial worker type probability is still
ag(1) = m,

but the worker type transition probabilities for s = 2, ..., S; replace the certain Z7 by the prob-
ability distribution 7 = (7;¢) :
J L
akk’ ’T = exp Z 1)27'][ lnAkgk/
=0

=1

The emission probabilities also change in the same way:
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o for X;(s):

J L

Z Y;j(l) Z Tje (hl M + 1n 9]'@

=0 =0
+1{j # 0} Ino (T [Wy(1)], mxe)

J L
D;(1)In My,— + Z Vi (2) Z w1 {j #j} [In Myge +1n mq)] ,

j'=0 £'=0

k(1|7) = exp

L
> Yo (1 1 # 0} (T W) i)
(=1
J L
+ DZ(S) In M, + Z Y;j/(s + 1) Z Tj/zll {j/ #* j} [langg/ + lnej/[’])] )
3'=0 0'=0

e for XZ(SZ)

(Si|T) = exp

J L
R 2IE )Zw( {(j # 0} In (T [Wi(S))] nke>+D<>1nM,:z)]-
/=1

7=0
For any distribution R"(Z") with
Prw {ZZw(S) = k} = Cik(s), Prw {Zf(s) = ]{,Z;U(S + 1) = k‘/} = fikkr(s + 1),

we finally obtain

Erin£; (X, 20 | 27) = ng ) In [y (1) B (1]7)]

S Si

K K K
+ Z Z fzkk’ hl Oékk-/ + Z gzk ln Bk )

s=2 k=1k'=1 s=2 k=1
C.2 M-step

The expected log-likelihood has exactly the same structure as the complete log-likelihood. It
suffices to replace ijﬁ by 7, Z};(s) by Gr(s) and ZZ4, by &gry. The VEM formulas for the

emission parameters are therefore

f ~w ~w
gy (1) Ao — Nor
Ty = g’ T = I kek! — K ~w
Zk':1 Npppr
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and

“w

fyp= 9
Je - ZJ ~w )
=1"5¢
niy(1)
~ kL
My = =g~ £ 20,
Ze:o nM(l)
—~ ny —~ nw
M- = e Mpoer = hor r>1
0 o N ZL ~w ! 0. P T ZL ~w ! )
Mo =1 "o o =1 "gop
P nw P nw
Mo~ = e s My = ML , £> 1,00 >0,
~w ~w
G Sy 0 e Mg+ 200 Mg
and
Si J
s B _
V1 (Mkee) = e = Wie = Z D Gk(s) D Yii(s)mieWi(s),
Mo i=1 s=1 =1

IS J
U (Tke) = fipg + 020 = W2y = Z Z (5) ) Yij()7ieWi(s).
— = =
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with
J
~f _
ny = Z Tje
=1

I
A1) =D (1)
i=1

I S;—1 1T
Ao = > > > Yio(s)&w (s + 1),
im1 s=1 i=1

I S;—1 J

Njogr = Z Z ZYz‘j(s)Z]fe ik (s +1), £2>1.

i=1 s=1 \j=1

I
Y=Y, w+2221{y £ j YV (s — 1)Yi(8) 70, 5,0 > 1,
=1

i=1 s=2 5/=0

I
ngo(1) = Z Gik(s)Yio(s)
i=1

I S;—1 J
(1) =D Gr(s) D Yig(s)mje, £>1,

=1 s=1 7=1
I S;—1 J

Njop = E Z Gik(s)Yio ZYZJ s+ 1)1, £ >1,
i=1 s=1 j=1
I Si—-1

T~ = > > G(s)Yio(s)Di(s),
i=1 s=1
I S;—1 J

o = > Y Grl(s) Y Yij(s)mieYio(s + 1), £>1,
i=1 s=1 j=1
I S;—1 J

ﬁ}:ﬂ’ = Z Z Clk Y'zj Tjé Z Y;J s+ 1)7']/@ E € > 1
i=1 s=1 ]:1 J, 1
I S;—1 J

=33 o) S Vo) Dils)s €2 1,
=1 s=1 7=1

We may also set 1}y, = 0 (no transition from unemployment to unemployment as they are

M w
counted in nj_).
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Note that we also obtain the following expression for

L
IERln[,<X,Zf,Zw) JZT&{]HTFZ +IZ7Tk In 7}
1 k=1
K

=
L J L
DAY 00+ A1) D g Inmi
=0

=1 j=1 k=1

K L L
+ Z Zﬁ}gg (Z Migpr In Myppr + My In Mk4ﬂ>
=1

£=0 =0

K L
+> > mjgne <sz, W2, lee) :
k=1 ¢=1

C.3 Worker E-step

We update (i (s) and &g (s) in the worker E-step as follows.
The worker E-step problem is

maxZRf (Z2")) R¥(Z2")InL(X,2"|ZT) = > R“(Z")InR*(Z")
Z’w Zw

=max » R“(Z"Y)In
Rw 7o

exp (X4 RI(ZNInL(X,2v | Z7))
Rw(Zw)

subject to the restriction ) ., R"(Z") = 1. We recognize the Kuhlback-Leibler divergence, and

therefore

R¥(Z") x exp (Z RI(zNInL(X, 2" | Zf)>
zf

B ﬁ exp Y RI(ZN I Li(X;, 2 | ZT)
AN vexp Y, RI(ZNInLi(X, 22 | Z7T)

I
=[I&E@0).
i=1

This means that the optimal worker posterior distribution R (Z") is indeed independent across
workers.

We then obtain the marginal posterior probabilities as:

Cik(s) = Pre (Z;°(s) = k)
> zwzw(s)=k Lisr (Xi, Z})

Zf()
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and

i (5 + 1) = P (Z3(s) = LZ (s + 1) = 1)
_ ZZEU:ZEU(S)ZI%ZZ-“’(S—H):M Ei,‘r (X5, 2)
ZZZ.“’ ﬁiﬂ' (Xz'7 le) 7

where

InCir (X, Z) =Y RN (Z7)In L (Xi,ZZ?” | Zf)
zf

K
= Z5(1) Infog(1)Be(1]7)]

k=1
S;i—1 K K S; K
+ Z Z ;;)C(S—l ZZ;%/ lnakk/ —|— ZZ lan |7')
s=2 k=1 k'=1 s=2 k=1

=1In [akl(l)ﬁkl (1|T)O‘k1k2 (2‘7— Bkz (2‘7—)0%2]63 (3’7—)6163 (3’7—)] )

with Z!” = (k1, k2, k3, ...). The fact that Z7 has been integrated out does not alter the structure
of this likelihood. It is like the complete likelihood, with Z/ replaced by 7 in the definition of
the «, 8 state and emission probabilities.

The Forward-Backward algorithm can therefore applied to this non standard context, yielding

the following simple formulas for the posterior worker type probabilities:

sz(S)BZk(S)
L; ’

Fir(s)agw (s + 1|7) B (s + 1|7) B (s + 1)

Gik(s) = T ;

Cirk (s +1) =

where Fj;(s) and Byi(s) are the Forward and Backward operators (defined just below) and with

I
M=
~

k=1

The Forward algorithm. The forward step defines the variables,

Fals)= Y. e RI(Z)InL (Xi(l L8), Z0(1: s — 1), Z%(s) = k | Zf)

Z¥(1:s—1) zf
= Y Lir(Xi(1:9),2"(1:5-1),Z"(s) = k).
Z¥ (1:s—1)

Up to the averaged out firm types, this is the likelihood of the observed emissions for periods 1
to s, and of the worker being in state k at s. The forward variables can be calculated iteratively

as

Fi(1 )—ak( )Be(1),
ZFm Da(s|7)Be(sI7), 8= 2, .. 50
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Remark. For S; large enough, the multiplication of many values lower than one can run into
numerical underflow problems. To deal with this, we can use the “log-sum-exp” trick. First, we

use a log coding;:
K
In Fjr(s) = 1n (Z exp [In Fj(s — 1) + Inagpr (s) + In ﬁk/(s)]) .
k=1

Then, to avoid numerical underflows, we write the first log as
K K
ln; et =c+ ln; e = MAX T.

This way, we make sure that e**~¢ = 1 for some k = 1,..., K, and therefore that the log is

positive. Alternatively, we can use the method in Rabiner (1989).
The Backward algorithm. The backward step defines, for s =1,...,5; — 1,

Bi(s)= > expy RI(Z))InL; (Xz-(s +1:8,),2%(s+1:8;) | 27,28 (s) = k:>
Z¥ (s+1:5;) zf
= > Lir(Xi(s+1:8:),Z (s +1:5) | Z{"(s) = k).
Z¥ (s+1:5;)

This is the likelihood of the emissions after s 4+ 1 given the worker type at s. Here again, the

backward variables can be calculated iteratively. For

K
Bi(s) = > am (s + 1|m) B (s + 1m)Bi (s + 1), s =1,...,8 — 1,
k=1
Bi(5:) = 1.

We finally obtain, for s =1, ..., 5;,

Z ZW (X, Z°(1:8—1),Z"(s) =k, Z;"(s +1:5;)) = Fir.(s) Bir(s),
Z¥ (1:s—1),Z* (s41:5;)

and for s=1,...,5; — 1,

> Lir (X, Z8(1:5—1),Z%(s) =k, Z8(s + 1) = K, Z(s +1: ;)
Z;”(l:s—l),ZZ”(s—f—Q:Si)

= ik(s)akk/(s + 1‘7‘)ﬂk/($ + 1|T)Bik/(8 + 1)-

C.4 Firm E-step

Here we directly solve the problem

frf w (7w [ opwy _ f(7f i
%%X;R (Z );R (ZYInL(X, Z), Zv) ;R (z"Ym RS (Z7),
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subject to

L
S 111E 2 e
1

j=14=1 l=

For workers, this direct approach was not as straightforward because R{’(Z}") did not factorize

as the product of marginals for Z”(s). With the independence restriction
J L
ZRf (zHIm R/ (27) Z ZW In 7.
zf Jj=14=1

The first-order condition for 7j, (j,€ # 0) is easily obtained from the expected log-likelihood
as

gje(t) =1 —=InTj, +1In); =0,

where ); is determined by the constraint ZeL:1 7j¢ = 1 and where

I K
gjg( = Z Z ln mye + 1n de

K K
Z Z Cirekr (8)Yij (s) In Apgrs

I S K
+D > Gi(s)Yig(s) n [0 (T [Wis)] , mke) + Di(s) In M)
i=1 s=1 k=1
I Si-1 K J
+Z ZCzk 5)Yij(s Z 1{j' # j}Yiyp (s +1 ZT]’E’ In Mg +1n 60|
i=1 s=1 k=1 3'=0 0=
I Si—1 K L L
FY YD Gnls) Y G # 33Yap(s) D e Yig(s + 1) [In Mypre + n 6]
i=1 s=1 k=1 §'=0 =0
We shall calculate
egje(‘r)
Tt =

S e90 (1)

This is a sparse non-linear equation system in 7;,. While sparse, it is nevertheless a sizeable
problem. In the practical implementation, we employ a speed improvement by not solving the
system fully in the early iterations of the VEM algorithm. Specifically, for a given guess of 7
it is straightforward to determine gj;(7™) and with it an updated firm prior 7™+l In practice,
iteration produces a convergence towards a fixed point, and as such this simple iteration is an
alternative to a more targeted non-linear sparse root solver. As a full solver, it is likely the case
that the iterative scheme is dominated by other methods, but the iterative scheme offers a simple
way of obtaining fast partial improvements in the firm prior. Thus, in early steps of the VEM
algorithm, we do only a few iterations on the 7 iterative solver, and only insist on a full solution

as the VEM algorithm is getting close to meeting its stopping criterion.
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