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ARTICLE INFO ABSTRACT

JEL classification: We use long-run annual cross-country data for 10 macroeconomic variables to evaluate the long-
€22 horizon forecast distributions of six forecasting models. The variables we use range from ones
C53

having little serial correlation to ones having persistence consistent with unit roots. Our forecast-

E17 ing models include simple time series models and frequency domain models developed in Miiller
Keywords: and Watson (2016). For plausibly stationary variables, an AR(1) model and a frequency domain
Fractional integration model that does not require the user to take a stand on the order of integration appear reasonably
Forecast interval well calibrated for forecast horizons of 10 and 25 years. For plausibly non-stationary variables, a
Low frequency random walk model appears reasonably well calibrated for forecast horizons of 10 and 25 years.

1. Introduction

Long-horizon forecasts are important for economic policy, professional forecasters, climate research, and financial markets. The US
Social Security Administration makes projections for several macroeconomic variables out to 75 years, producing intermediate, high-
cost, and low-cost scenarios.! The Survey of Professional Forecasters asks for 10-year forecasts for several macroeconomic variables.>
Nordhaus (2018) uses per capita output forecasts out to the year 2100 and the uncertainties around these forecasts to study climate
policies. Inflation caps and floors, studied in Kitsul and Wright (2013), have maturities out to 10 years, and inflation swaps, used in
Haubrich et al. (2012), have maturities out to 30 years.

In this paper, we study the forecast distributions of six univariate forecasting models for horizons of up to 50 years. We use three
simple time series models and three frequency domain models. Our time series models consist of an independent and identically
distributed (iid) model, an autoregressive model of order one (AR(1)), and a random walk model. We choose these models because
they are commonly used and cover a range of potential data persistence. Our frequency domain models, which are taken from Miiller
and Watson (2016), produce forecast distributions using low-frequency information in the data. We choose these models because they
were specifically developed for measuring uncertainty around long-horizon forecasts and rely in part on an approach that has been
shown to have certain optimality properties within a class of frequency domain models (Lazarus et al., 2018). By focusing on low
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frequencies, these models use the information in the data that is most relevant for long-horizon forecasts without having to model
higher-frequency fluctuations.® The models are an integrated of order 0 model (MWO), an integrated of order 1 model (MW1), and a
fractionally integrated model (MWAd). For this last model, the order of integration, d, can be between —0.4 and 1, and the user does
not have to take a stand on this parameter.

We evaluate forecasts from these models using a pseudo out-of-sample analysis with long-run annual cross-country data for 10
macroeconomic variables that cover a range of data types and degrees of persistence. The variables include ones that are real (e.g.,
per capita real GDP growth), nominal (e.g., CPI inflation), and financial (e.g., nominal interest rates). In total, we use 136 series (10
variables with 7 to 18 countries per variable) with each series covering roughly 150 years.

Let x, denote one of the series. We use the six models to construct forecasts and forecast distributions for the long-horizon average,
(Xpq1 + -+ x5/ h, for h = 10, 25, and 50 years. As in Zhou et al. (2010) and Miiller and Watson (2016), forecasting the long-horizon
average allows us to appeal to central limit theorems to compute forecast distributions. We evaluate the models along a number of
dimensions, as noted below, but our main focus is to evaluate the calibration of each model’s forecast distribution for each h. That
is, we assess if the forecast distributions can be used to make probability statements that are roughly correct. We make this our focus
not only for concision, but also because our central interest is to assess the models’ abilities to quantify the uncertainty inherent in
long-horizon forecasts.

Specifically, we use the forecast distributions to construct 68 percent nominal forecast intervals and, in our pseudo out-of-sample
analysis, we compute coverage rates by calculating how often the realized long-horizon averages fall in the intervals. Because 68
percent nominal forecast intervals are intended to cover 68 percent of data realizations, a correctly calibrated model has a coverage
rate of 0.68. We also compute probability integral transforms (PITs) for the forecast distributions and check the uniformity of these
PITs.

For forecast intervals and PITs, we evaluate model performance both substantively and statistically. For forecast intervals, we
consider whether, across our many data series, the 68 percent intervals generally deliver actual coverage close to 68 percent (sub-
stantive) and whether we can reject the null that mean confidence interval coverage in 68 percent (statistical). We apply similar
logic to PITs, considering substantive and statistical measures of uniformity. With occasional exceptions that we note, models that
performed well substantively also performed well statistically.

Results differ for plausibly stationary (finite variance) and plausibly non-stationary variables. For plausibly stationary variables
such as per capita real GDP growth, the AR(1), MWO, and MWd models appear reasonably well calibrated for » = 10. The AR(1) and
MWd models also work well for 4 = 25. Overall, looking across our many samples of forecasts of stationary series, half of the AR(1)
model’s coverage rates are between 0.61 and 0.80 at » = 10 and between 0.53 and 0.78 at 2 = 25. We also find that the PITs for the
AR(1) model are reasonably uniform for 2 = 10 and 25. Results for the MWd model are similar. For » = 50, no model appears to be
well calibrated in the substantive sense that their coverage rates are close to 0.68 or that their PITs are uniform. However, we cannot
reject the null hypothesis that the AR(1) model’s coverage rates or PITs are well calibrated at this horizon.

For plausibly non-stationary variables such as short-term nominal interest rates, the random walk and MW1 models appear rea-
sonably well calibrated for 4 = 10. Coverage rates are typically between 0.58 and 0.77 for the random walk model and between 0.51
and 0.71 for the MW1 model. The PITs from both of these models are roughly uniform. For s = 25, the random walk model appears
substantively well calibrated with PITs that appear reasonably uniform. However, our formal statistical tests reject the null hypothesis
of correct calibration for all models. For 4 = 50, no model appears well calibrated.

One may be concerned that the forecast intervals from well-calibrated models have relatively long lengths. To assess the trade-off
of calibration against interval length, we use Winkler (1972) interval scores.* We find that the well-calibrated models also have
relatively good Winkler scores.

In an online appendix, we report results on continuous ranked probability scores for whole forecast distributions, which are
consistent with the Winkler score results. In the online appendix, we also report the bias, root mean square prediction errors, and
mean absolute prediction errors of point forecasts, and we briefly discuss these point forecast results in the body of the paper.

In addition to these main results, we discuss three extensions in Section 6. First, we use data from Schmelzing (2020) to construct 8
samples of long-run interest rates spanning 195 to 709 years. These series appear to be non-stationary. Forecast interval performance
generally improves, perhaps because of longer sample sizes. The AR(1), MWd and MW1 models appear to be well calibrated for
h =10, as do the MWd and MW1 models for 4 = 25 and 4 = 50. The random walk model is an exception to this general improvement.
Second, we experiment with incorporating stochastic volatility into one of our models. We do not find meaningful improvement in
calibration. Third, we discuss and experiment with model combination. We compute an equally-weighted combination of the simple
time series models, finding that this combination does not improve upon the underlying models.

To our knowledge, we are the first to evaluate long-horizon forecasting models on a variety of macroeconomic variables that cover
a wide degree of persistence. In doing so, we show the value of long-run cross-country databases (Jorda et al., 2017, 2019; Bergeaud
et al., 2016) for forecasting research, and we complement the literature that uses long-run data to study in-sample properties of
economic and financial variables (e.g. Chambers et al., 2024). We highlight two further implications of our results. First, reasonably
well-calibrated forecasting models are available for horizons between 10 and 25 years for plausibly stationary variables and for

3 In this spirit, Farmer et al. (2024) noted, “the quarter-to-quarter dynamics of the variable may be quite uninformative about its longer-run
properties.”

4 Some forecasters judge that “[a] good prediction interval will be as small as possible while maintaining the specified coverage” and a scaled
version of the Winkler score was used in the M4 forecasting competition (Makridakis et al., 2020, p.19).
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horizons of 10 years for plausibly non-stationary variables. Hence, models are available for policymakers, professional forecasters,
climate researchers, and financial market participants to compute long-run forecast distributions of at least 10 years. Further, the
random walk model’s reasonably uniform PITs and relatively good Winkler scores at 2 = 25 make it a decent benchmark model for
longer horizon forecasts of plausibly non-stationary data. Second, the forecasting models used for stationary variables, such as labor
productivity growth, should be different than the models used for non-stationary variables, such as nominal interest rates.

The vast majority of theoretical and empirical work on forecasting considers horizons far shorter than ours. In addition to Miiller
and Watson (2016), exceptions include the following. Granger and Jeon (2007) proposed that long-horizon forecasts be based on very
simple parametric models. They graphically analyze how well their simple models do in terms of forecasting the log level of GDP 10
and 15 years ahead, finding that realized GDP almost always falls within 90 percent confidence intervals. We, too, construct some of
our forecasts with very simple parametric models.® Chudy et al. (2020) evaluate the long-horizon forecast intervals of Pascual et al.
(2004), Zhou et al. (2010), and Miiller and Watson (2016). Their data are daily, so “long-horizon” means many days ahead. They find
mixed results for 90 percent forecast intervals, with more accurate coverage at shorter rather than longer horizons. Karmakar et al.
(2022) evaluate a long-horizon forecasting model with many predictors. They evaluate their model with high-frequency electricity
prices and find that the model we call MWd has good coverage up to 17 weeks ahead. Pesaran et al. (2006) use a univariate model
with regime changes to forecast interest rates 60 months ahead, finding that Bayesian procedures work well. Christensen et al. (2018)
use Miiller and Watson (2016) models and a survey of experts to estimate uncertainty around long-run GDP growth forecasts but do
not evaluate these measures of uncertainty. Giannone et al. (2019) use vector autoregressions to predict macroeconomic variables
out to 10 years but only evaluate point forecasts. Miiller et al. (2022) construct and evaluate a low-frequency model of cross-country
GDP growth but do not study the 9 other variables in our data set.

Several of the papers cited above use multivariate models and models of structural change, while our models are univariate and
have constant parameters. By showing that these univariate and constant parameter models can be reasonably well calibrated across
many variables out to 25 years, we document readily available models for practitioners and also highlight models that can be used
as comparative benchmarks in future research. We leave for future research evaluation of more complex forecasting models. Clark
(2011) and D’Agostino et al. (2013) find that models of structural change are useful at forecast horizons out to 2 or 3 years, and such
models could be interesting to study at longer horizons.

Section 2 of the paper describes our models, Section 3 our data, and Section 4 the mechanics of our forecasting analysis.
Section 5 presents the results of our analysis. Section 6 provides extensions, and Section 7 concludes. An online-only appendix
provides robustness results and technical details.

2. Forecasting models

For a given variable, x,, the forecasts that we construct and evaluate are long-horizon averages, X, , = (x,,1 + - + x,,,)/h. Antic-
ipating our forecast evaluation below, we begin with a discussion of timing, using notation from West (2006). The total sample size of
observed data is T. We use the first R observations to estimate an initial set of model parameters and make an initial forecast. We use
P =T +1— R - hobservations to evaluate the forecasts. We estimate the forecasting models with both rolling and recursive sample
schemes. For 7 = R, ..., T — h, the rolling estimation sample is {x,_g.,... x, } and the recursive estimation sample is {x, ..., x,}. For
simplicity, we only show notation for the recursive sample going forward.

We use six models to make our forecasts. These include three simple times series models: an iid model, an AR(1) model, and a
random walk model. The remaining three models are the MWO, MWd, and MW1 frequency domain models. All of the models are
univariate, using only a sample of the variable of interest, {x,,...,x,}, to forecast X, ,. In addition, we do not model deterministic
time trends. In practice, this will mean forecasting growth rates — not levels — of trending variables, such as per capita GDP and CPIL.
We will forecast the levels rather than growth rates of variables without an obvious time trend — even variables, such as nominal
interest rates, whose persistence is consistent with the presence of unit roots.

We first discuss the simple time series models and then discuss the frequency domain models.

2.1. Simple forecasting models

For the iid, AR(1), and random walk models, we appeal to the central limit theorem and treat the future average realization,
X, 5> as normally distributed with a conditional mean and variance, f, , and V, ;. That is, we use X, , ~ N(f, .V, »)- The adjective
“conditional” means dependent on data on x, realized up to time 7. The three different models have different forms for f, , and V,
that we now show.

The iid Model. The iid model assumes that the data generating process (DGP) for x, is x, = u + u,, in which y, is iid with a mean of
zero and variance of ¢2. We estimate » and o2 with i, = 7! Y_ x, and 62 = (r - )"! ¥7_, (x, — 1,)*. The mean and variance of the
forecast distribution are f,, = i, and V,;, = [(1/h) + (1/7)]62.

The Random Walk Model. The model assumes that the DGP is x; = x,_; + u,, in which u, is iid with a mean of zero and variance of
. We estimate o2 with 62 = (r — 1)"! ¥7_,(x, — x,_,)*. The mean and variance of the forecast distribution are £, , = x, and V,, =
(h+ 1)(2h + 1)62 /(6h).

5 Granger and Jeon (2007) propose forecasting the level of log GDP with a random walk with drift. This is equivalent to our use of what we call
an iid model to forecast GDP growth.
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The AR(1) Model. The model assumes that the DGP is x, = p, + p;X,_; + 4,, in which y, is iid with a mean of zero and variance of 2.
We first estimate p, and p; with ordinary least squares and then bias-adjust following Yamamoto and Kunitomo (1984), denoting the
bias-adjusted estimates with 5, and 5, (we suppress dependence on = for notational simplicity). If 5, > 1, then we forecast with the
random walk model. If 5, < 1, then we proceed with the AR(1) model. We compute i, = x, — j, — §;x,_; and &3 =(r=3)"! ;2 12,2.
The mean of the forecast distribution is ff = % + %(ﬁ, + ﬁf + et ﬁq')(xr — %) and the variance is

? —P1 —P1

Vop =+ 0457+ + 45+ + 52162 /12
HI+ A7)+ + (L §y + o 5 7OPE2 /(R (2 = 1),

We provide derivations of the above means and variances in the online appendix. We make three comments here. First, the
variance of the iid model has two components. The (1/7)6? component reflects the in-sample uncertainty around /., which is the
mean of the forecast distribution. The (1 /h)&f component reflects uncertainty about future realizations of the data. Because we are
forecasting averages, this second component shrinks as the forecast horizon grows. Second, unlike the iid model, the variance of the
random walk model increases with the forecast horizon, reflecting that uncertainty about future realizations of the data accumulates
with a random walk DGP. Third, the AR(1) model acts as a bridge between the iid and random walk models. If 5, = 0, the AR(1)
model variance reduces to a form that matches the iid model variance aside from some degree of freedom adjustments. As we note
above, if 5; > 1, then we forecast with the random walk model instead of an explosive AR(1) model.

For these simple models, which are normally distributed, we compute 68 percent equal-tailed forecast intervals with f, , + \/m,
plugging in the mean and variance for each respective model. We use the value of f, , for each respective model as the point forecast.

2.2. Frequency domain forecasting models

The frequency domain forecasting models are from Miiller and Watson (2016) and were specifically developed for measuring
uncertainty around long-horizon forecasts. These models are based on extracting low-frequency patterns from the sample {x,,...,x,}
by using a small number, g, of slowly cycling cosine waves. By focusing on low-frequency patterns, these models use the information in
the data that is most relevant for long-horizon forecasts without having to model higher-frequency fluctuations. The rth observation of
the jth cosine wave is given by y; , = \/5 cos(zj(t — 1/2)/7), which completes one cycle in 27/ periods.® To extract the low-frequency
patterns, we compute the simple average 4, = z~' }/_, x, and the cosine-weighted averages, B.. ;= LD v for j=1,....q.
Miiller and Watson (2016) prove a central limit theorem, allowing us to treat the forecast distribution for x_, conditional on /, and
Beyso-. ,/?Lq as a generalized Student-¢ distribution with ¢ degrees of freedom.

We now discuss each frequency domain model with additional details in the online appendix.

The MWO Model. The model assumes that the DGP is x; = u + u,, in which u, is a mean zero and integrated of order zero or 1(0)

ﬁf,l :q/q)’ in
which 8, ;., = [, ... B ,)'- The 68 percent equal-tailed forecast interval is 4, = 3, 417 ,, in which 7{ ., is the 84th percentile of the
Student-t distribution with ¢ degrees of freedom. j, is the point forecast.
In the formula for §_, (rﬂl ,1;qﬁr,l: 2)/q corresponds to textbook averaging of periodogram ordinates (e.g. Brockwell and Davis
(1991, ch. 10)), but relying on a cosine rather than a Fourier transform. This term is an estimate of the long-run variance of x;. In
contrast to standard treatments, which aim at a consistent estimate of the long-run variance and let the number of ordinates averaged
grow with sample size, Miiller and Watson (2016) asymptotics hold ¢ fixed as h,7 — oo with /7 approaching a nonzero constant
and deliver the ¢ distribution. With such asymptotics, the MWO model adapts both the long-run variance estimator and the fixed-b
critical values of the equally weighted cosine test in Lazarus et al. (2018) for out-of-sample forecasting.”

We make three remarks, highlighting that the MWO model generalizes the iid model to an I(0) DGP. First, the location parameter
for both models is the sample average. Second, §f , for the 1(0) model and 177,,, for the iid model are both an estimate of the long-run

process. The forecast distribution has a location parameter of /i, and a scale parameter of 3, , = \/ [(1/h)+(1/ r)](rﬁ; 1

variance of x, scaled by (1/h) + (1/7). For the iid model, the long-run variance estimate of x, is simply 63. Third, the MWO model has a
Student-#¢ distribution, while the iid model is normal. As discussed in the next section, we often use ¢ = 8, generating a ¢® distribution
that adjusts for distortions that can occur when using estimates of long-run variances to measure uncertainty (Lazarus et al., 2018).

The MW1 Model. The model assumes that the DGP is x, = u + u,, in which 4, is a mean zero and integrated of order one or I(1)
process. The formulas for the location and scale parameters are less intuitive than those for the MWO model and so are in the online
appendix. We note here that the location parameter is not simply /i,. The 68 percent forecast interval is the location parameter plus

or minus the scale parameter times tg ¢4 The location parameter is the point forecast.

The MWd Model. The model assumes that the DGP is x; = u + u,, in which u, is a mean zero and fractionally integrated or I(d)
process with fractional parameter d € (—0.5,1). This model acts as a bridge between the MWO (d = 0) and MW1 (d = 1) models.
We treat d as unknown and use a Bayesian approach to construct the forecast distribution. We set a grid of potential values of d,

6 For example, with ¢ = 8 cosine waves and an estimation sample size of 48 years, the cosine waves have periods from 12 to 96 years.

7 Lazarus et al. (2018) also use Newey and West (1987) to estimate long-run variances with inference based on fixed-b critical values. This method
could similarly be adapted for out-of-sample forecasting. However, the fixed-b critical values are nonstandard when using Newey and West (1987),
and we do not study them here.
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{-0.4,-0.2,0,0.2,0.4,0.6,0.8, 1}, and use a uniform prior with equal mass on each grid point. The resulting Bayes predictive density
is a weighted average of generalized Student-r densities with g degrees of freedom (Miiller and Watson, 2016). Unlike our other
forecast distributions, this distribution will not generally be symmetric. We compute the 16th and 84th percentiles of this distribution
numerically to form our 68 percent equal-tailed forecast interval. For point forecasts, we use the mean of this distribution when
computing bias and root mean squared prediction errors and the median when computing mean absolute errors.®

3. Data

We evaluate the forecasting models on 10 annually observed variables: per capita real GDP growth, labor productivity growth,
CPI inflation, broad money growth, population growth, total equity returns, short-term nominal interest rates, long-term nominal
interest rates, real exchange rates, and investment to GDP ratios. We choose these variables to cover a range of macroeconomic data
types and degrees of persistence.

The source for all variables except labor productivity growth is the Macrohistory Database (Jorda et al., 2017, 2019), which
has data beginning as early as 1870 and running through 2020. Productivity data, running from 1871 to 2022, are from the Long-
Term Productivity Database (Bergeaud et al., 2016).° We convert data with obvious upward trends, such as per capita real GDP, to
percentage growth rates as 100 x log differences. We construct the real exchange rate from the Macrohistory Database’s bilateral
nominal US dollar exchange rates using its CPI data for the US and the relevant other country.

Details on sample periods and country coverage are in the online appendix. Here is a summary. Most series run 1870s-2020.
The number of countries for a given series runs from a low of 7 (investment to GDP) to a high of 18 (labor productivity growth).
Table 1 gives the exact number for each variable. To give an idea of country coverage, we list the 17 countries for per capita real GDP
growth, CPI inflation, and population growth: Australia, Belgium, Canada, Switzerland, Germany, Denmark, Spain, Finland, France,
Great Britain, Italy, Japan, Netherlands, Norway, Portugal, Sweden, and the US. With the exception of labor productivity growth,
country coverage for all other series is a subset of these 17. The labor productivity data, which cover 18 countries, omits Australia
and Portugal but adds Chile, Greece, and Ireland.

4. Pseudo out-of-sample analysis
4.1. Samples and measures of forecast performance

We evaluate the forecasting models with the following pseudo out-of-sample analysis. R = 48 is our initial sample size. For example,
for all countries for per capita GDP growth, the initial rolling and recursive sample is 1871-1918. We use this sample to estimate model
parameters and compute the initial forecast distribution from each model. We make forecasts over horizons 4 = 10, 25, and 50 years
ahead so that the initial forecast distributions are for averages during 1919-1928 (4 = 10), 1919-1943 (h = 25), and 1919-1968
(h =50). We then move one year forward, re-estimate the model parameters, and compute forecast distributions for 1920-1929
(h =10), 1920-1944 (h = 25), and 1920-1969 (h = 50). We repeat this process until we get to the end of our sample, with the final
forecast distributions being for averages during 2011-2020 (& = 10), 1996-2020 (h = 25), and 1971-2020 (4 = 50). This routine gives
P =93for h =10, P =78 for h = 25, and P = 53 for h = 50 for all countries for per capita GDP growth. We use this routine with R = 48
for all other variables, and the values for P will vary slightly depending on the available sample.

For the Miiller and Watson (2016) models, we use ¢ = 8 cosine waves for the rolling estimation sample. With R = 48, the 8 cosine
waves have periods from 12 to 96 years. For the recursive estimation samples, we compute ¢ by rounding /6 to the nearest integer
for = R,...,T — h, so that the ratio of the estimation sample size to ¢ roughly matches that of the rolling samples.

For each estimation sample in our pseudo out-of-sample analysis, we estimate the AR(1) model’s bias-adjusted slope coefficient
and the maximum likelihood value of d from the MWd model.'® Hence, we have a large number of estimated persistence parameters
for each variable: P forecasts times 2 sample schemes (rolling and recursive) for each country. Table 1 summarizes these persistence
estimates by showing the median estimated value and the interquartile range (IQR) of estimated values for each of our 10 variables.

Table 1 displays the variables in plausibly stationary (lines (2) to (7)) or plausibly non-stationary (lines (9) to (12)) groups.
Plausibly non-stationary variables are those whose estimates of the fractional integration parameter d tend to be above 0.5, plus the
real exchange rate, whose median d was 0.4 but which was very highly serially correlated.'’ We divide the variables into plausibly
stationary and plausibly non-stationary because our discussion below finds this useful for presentational purposes: reducing our
hundreds of forecasts to these two groups allows us to highlight central patterns.

Table 1 shows that our variables have a wide range of persistence estimates, ranging from near zero serial correlation in productiv-
ity growth to apparent unit roots in long-term nominal interest rates. Hence, our pseudo out-of-sample analysis should be informative
about how the forecasting models perform over the range of persistence values encountered in macroeconomic variables.

8 See Gneiting (2011) for a discussion of matching point forecasts with loss functions.
9 Each data set has only the most recent data vintage. Thus, our forecasting analysis abstracts from the effects of data revisions.

10 We give estimation details in the online appendix.

11 Instead of categorizing whole variable types into stationary and non-stationary categories, we could do this categorization on a series by series
basis. For example, instead of categorizing all population growth variables as stationary, we could categorize population growth for each country
depending on, for example, the estimate of d for each country. We show this type of categorization in the online appendix and it has no material
effect on our coverage rate results. We also show coverage rate results on a variable by variable basis in the online appendix.

5
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Table 1
Persistence statistics estimated in the 2 = 10 pseudo out-of-sample analysis.
@ 2 3 “ [©)]
no. of no. of estimates
1) variable countries of 5, and d /i d

A. Plausibly stationary variables:

2 GDP growth 17 3162 0.24 -0.2

(0.04, 0.33) (-0.4, 0.0)
(€)) productivity growth 18 3410 0.10 0.0

(-0.01, 0.25) (-0.2, 0.2)
“@ CPI inflation 17 3162 0.62 0.2

(0.50, 0.70) (0.0, 0.4)
(5) money growth 12 2208 0.64 0.4

(0.48, 0.77) (0.0, 0.6)
6) population growth 17 3162 0.81 0.4

(0.63, 0.91) (0.2, 0.6)
) equity returns 11 2030 0.18 0.0

(0.02, 0.34) (-0.4,0.2)
8) No. of stationary series 92

B. Plausibly non-stationary variables:

9 short-term interest 9 1662 0.90 0.8

(0.80, 0.96) (0.8,1.0)
(10) long-term interest 12 2236 1.00 1.0

(0.96, 1.03) (0.8, 1.0)
a1 real exchange rate 16 3002 0.88 0.4

(0.80, 0.93) (0.2, 0.6)
a2) 1/Y ratio 7 1314 0.96 0.6

(0.91, 1.00) (0.4, 0.8)
13) No. of non-stationary series 44

Notes:

1. The “no. of estimates” column gives the total number of estimates for the 4 = 10 horizon. For
example, for 4 = 10, GDP growth has 17 countries with 2 sample schemes per country and P = 93
forecasts per sample scheme. This gives 17 X 2 x 93 = 3162 total forecasts and estimates.

2. The “,” column shows the median and IQR (in parentheses) of the estimates of the bias-adjusted
AR(1) slope coefficients.

3. The “d” column shows the median and IQR (in parentheses) of the maximum likelihood estimates
of d. The maximum likelihood value is chosen from the grid {—0.4,-0.2,0,0.2,0.4,0.6,0.8, 1}.

The main focus of our pseudo out-of-sample analysis will be to evaluate the calibration of each model’s forecast distributions. To
do this, we construct 68 percent equal-tailed forecast intervals from the 16th and 84th percentiles of the forecast distributions, with
formulas provided above.'? For a given variable, country, and sampling scheme, let F If%l denote the 68 percent forecast interval

made with sample {x,};_ for horizon h. We then compute the coverage rate, P! ZZ;{; 1x,, €F Ifﬁl) with 1(-) being the indicator
function, for each variable, country, and sampling scheme. Because 68 percent forecast intervals are intended to cover 68 percent of
data realizations, a well-calibrated forecasting model will have a coverage rate of 0.68. Essentially, we are checking if the forecast
distributions can be used to make probability statements that are roughly correct.

In addition to checking the calibration of the 68 percent forecast intervals, we compute the probability integral transforms (PITs)
to check the calibration of the whole forecast distribution. For a given variable, country, and sampling scheme, let F, ,(-) be the
forecast cumulative distribution function made with sample {x,}/_, for horizon h. Then, F, ;(%, ;) is the PIT. Well-calibrated models
have PITs that are uniform on [0, 1] (Dawid, 1984; Diebold et al., 1998).

Using methods described in Subsection 4.2 below, we test the null hypothesis of correct calibration of coverage rates and of PITs.
In the results we report below, we indicate with a “+” and a “i” when these tests fail to reject at the 0.05 level for coverage rates and
PITs, respectively.

In our pseudo out-of-sample analysis, we also compute average forecast interval lengths and average Winkler (1972) interval
scores, with formulas provided below. The Winkler score is a proper and consistent scoring (or loss) function for equal-tailed forecast
intervals (Gneiting and Raftery, 2007; Brehmer and Gneiting, 2021), and we use it to assess the trade-off between the calibration and
the interval length of a forecasting model.'®

We close this subsection with four comments. First, we compute coverage rates and the other statistics for 136 series (10 variables
with 7 to 18 countries per variable) times 2 sampling schemes, giving 272 values of each statistic. Doubling the number of series in

12 These equal-tailed forecast intervals are the same as the highest predictive density forecast intervals for the iid, AR(1), random walk, MWO, and
MW1 models. Only the MWd model will have different equal-tailed and highest predictive density intervals.

13 In the context of our application, a proper scoring rule is one in which use of the true density results in no higher an expected loss than use of
any other density. A consistent scoring rule is one in which a researcher who wishes to minimize expected loss will truthfully report the quantiles
of the density presumed by the researcher.



K.G. Lunsford and K.D. West Journal of Econometrics 255 (2026) 106221

lines (8) and (13) in Table 1 to reflect the 2 sampling schemes, we will have 184 values of each statistic for stationary series and 88
for non-stationary series. To summarize this large number of statistics, we report medians and IQRs over the 184 and 88 observations
in each of these two groups.

Second, our pseudo out-of-sample forecasts have a heavily overlapping nature. Using per capita GDP growth as an example, the
number of forecasts that we have for each country and sampling scheme is P = 93 for A = 10, P = 78 for h = 25, and P = 53 for h = 50
as noted above. Thus, we only have at most 10 non-overlapping forecasts for 4 = 10, 4 non-overlapping forecasts for » = 25, and 2
non-overlapping forecasts for 4 = 50. These small samples lead us to follow Miiller and Watson (2018) and our own work (Lunsford
and West, 2019) in using 68 percent forecast intervals. Because realizations in the tails of a distribution are infrequent, observing
behavior in the tails, as is required for evaluation of 90 or 95 percent intervals, would likely require longer samples than we have
available.

Third, we use both our judgment and results from hypothesis tests when discussing the calibration of the forecasting models.
Judgment is important in light of the huge literature documenting the difficulties of inference when overlapping data are used (see,
e.g., Lazarus et al., 2018). For our hypothesis tests, discussed in Subsection 4.2 below, we make adjustments to account for our heavily
overlapping data and also to make use of the cross section of variables in our data.

Fourth, we also compute the continuous ranked probability scores of the forecast distributions and the bias, root mean square
prediction errors, and mean absolute prediction errors of the point forecasts. We provide some discussion of these statistics below.
For concision, we report them in detail in the online appendix.

4.2. Inference about forecast performance

We test the null hypothesis of correct calibration of coverage rates and of PITs for a given model and horizon, against the alter-
native of incorrect calibration. We make use of our panel of data and account for potential cross-sectional correlations and for our
highly overlapping forecasts. For each of our six models and for each measure of forecast performance (coverage rates and PITs), we
construct two tests of correct calibration at each horizon. One test examines calibration of forecast intervals for the set of plausibly
stationary series, the other for the set of plausibly non-stationary series. The relevant ¢- and Wald statistics are shown in the online
appendix.

We first present some specifics on testing coverage rates and then extend that approach to testings the PITs. For a given model
and given horizon h, letd,, = 1(x;,, € F Iff_) indicate when the realization for series i averaged over t = 7 + 1, ..., 7 + h falls into the
68 percent forecast interval made in period 7. (In this subsection, we have changed notation from above. In d; , and F Iff, we use i to
indicate a series and omit for simplicity subscripts for the model and horizon, A.) We test the null hypothesis of correct calibration,
E(d; ) = 0.68, against the alternative, E(d, ,) # 0.68, by pooling the two sampling schemes for all series in the set and computing the
fraction of realizations that fall in the 68 percent forecast intervals. Let S, be the set and n, be the number of series available at

date 7. We compute the fraction via the pooled regression of d, , on a constant. Let d = P! ZZ}'{’ (n;' Yies d,-,T> be the resulting

fraction. We compute a -statistic as d — 0.68 divided by a standard error. Computation of the standard error follows Driscoll and Kraay
(1998), which permits both cross-sectional and temporal dependence. To compute the long-run variance for the standard error, we
cross-sectionally average the estimated residuals, ¢, = d,, —d, to get &, =n71 Y, s, ¢i- and then apply the Bartlett kernel (Newey
and West, 1987) with a bandwidth of 4 to autocovariances of 5, fort=R,...,T —h.

Following Lazarus et al. (2018), we use fixed-b critical values (Kiefer and Vogelsang, 2002, 2005) for our hypothesis tests. For
h =10, we use d, , from 1928 through 2020, giving us 93 values for &,. This gives us a ratio of Bartlett kernel bandwidth to sample
size, or b parameter, of 10/93. We then have b = 25/78 for h = 25 and b = 50/53 for h = 50. For h = 10 and 25, b is less than the Sun
(2014) recommended upper bound of 0.4, and we compute critical values as in Sun (2014).'4 For 4 = 50, b is close to 1, and we take
our critical value from Kiefer and Vogelsang (2002). The 95 percent critical values are 2.26, 2.99, and 4.77 for h = 10, 25 and 50,
respectively.

For testing correct calibration with the PITs, we follow the spirit of Kniippel (2015) and test if the moments of the PITs match
the moments of the uniform distribution on [0, 1]. This approach allows us to closely follow our coverage rate tests. Let z; ., de-
note the PIT for series i with a forecast distribution made in period r for a given model and horizon h. We test the null of
correct calibration by jointly testing the null of E(z;,) = 0.5 and E((z;, — 0.5)?) = 1/12 against the alternative of E(z;,) # 0.5 or

E((z;, — 0.5)%) # 1/12. We estimate pooled regressions of z, . and (z;, — 0.5)* on a constant with i, = P~ Y"1 (n;1 Yies, z,-',) and
iy = P! ZZ;,'; (n;‘ ies, (Zi — 0.5)2>, respectively. We then compute Wald statistics with [/, m,]’ —[1/2,1/12]. For the long-run
variance-covariance matrix in the Wald statistic, we compute regression residuals, cross-sectionally average the regression residuals,
and then apply the Bartlett kernel with a bandwidth of & jointly to those cross-sectional averages. We use fixed-b critical values
with b= 10/93, 25/78, and 50/53, for h = 10, 25 and 50. For 4 = 10 and 25, critical values follow Sun (2014).!°> For h = 50, the
critical value is from Table II of Kiefer et al. (2000). The 95 percent critical values are 9.04, 22.50, 51.41 for h = 10, 25 and 50,
respectively.

14 Let i o fs be the 1 — « quantile of the F distribution with degrees of freedom given by d f, and d f,. The critical value is the square root of
kPl with k = (exp(b) + 1 + b)/2 and K = max(ceil(3/(2b)), 1).

15 The critical value is 2kF5 with x = (exp(5b/3) + 1 + 5b/3)/2 and K = max(ceil(3/(2h)),2) — 1.

7
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Table 2
Coverage rates of nominal 68 percent forecast intervals: medians and IQRs.
@™ (2) (32a) (3b) (4a) (4b)
1) Stationary variables Non-stationary variables
2) 184 samples 88 samples
median median

3) horizon model coverage IQR coverage IQR

4 10 iid 0.50 (0.39, 0.66) 0.13 (0.10, 0.20)
(5) 10 MWO 0.647 (0.55, 0.73) 0.35 (0.26, 0.43)
(6) 10 AR(1) 0.707 (0.61, 0.80) 0.55 (0.45, 0.65)
7) 10 Mwd 0.73" (0.66, 0.80) 0.56 (0.45, 0.66)
(8) 10 RW 0.95 (0.90, 0.97) 0.70 (0.58, 0.77)
) 10 MW1 0.77° (0.72, 0.83) 0.63 (0.51, 0.71)
(10) 25 iid 0.42 (0.27, 0.63) 0.09 (0.06, 0.12)
an 25 MWO 0.58 (0.44, 0.69) 0.22 (0.15, 0.30)
12) 25 AR(1) 0.667 (0.53, 0.78) 0.40 (0.27, 0.58)
13) 25 Mwd 0.67 (0.55, 0.77) 0.39 (0.27, 0.56)
14 25 RW 0.98 (0.95, 0.99) 0.72 (0.39, 0.84)
(15) 25 MW1 0.86 (0.81, 0.91) 0.61 (0.31, 0.77)
(16) 50 iid 0.27 (0.13, 0.59) 0.04 (0.00, 0.12)
a7) 50 MWO 0.49 (0.22, 0.70) 0.12 (0.00, 0.20)
(18) 50 AR(1) 0.547 (0.28, 0.80) 0.31 (0.24, 0.50)
(19) 50 Mwd 0.587 (0.32,0.81) 0.33 (0.26, 0.52)
(20) 50 RW 1.00 (0.98, 1.00) 0.78% (0.44, 0.89)
21 50 MW1 0.92 (0.89, 0.95) 0.64" (0.36, 0.83)

Notes:

1. T indicates that the model failed to reject the null hypothesis of correct cal-
ibration at the 0.05 level for the relevant set of variables (either stationary or
non-stationary). See Subsection 4.2 for details.

2. See Table 1 for categorization of variables as plausibly stationary or plausibly
non-stationary.

3. In the list of models in column (2), we use the shorthand “RW” for the random
walk model.

4. The number of samples for each group in row (2) is the sum of the number of
variables in that group times the two sampling schemes (rolling and recursive).
5. “Median coverage” refers to the median across the number of samples in row
(2). Consider the figure of 0.50 in row (4), column (3a). Per columns (1) and
(2), the iid model is used to produce 184 sets (92 series x 2 sampling schemes)
of pseudo out-of-sample forecasts for 4 = 10. Actual coverage rates of forecast
intervals with nominal 68 percent coverage are computed for each set of pseudo
out-of-sample forecasts. 0.50 is the median value across these 184 coverage rates.
6. IQR is interquartile range. It shows the 25th and 75th percentiles of the cov-
erage rates across the number of samples in row (2). These percentiles are com-
puted analogously to the median in the previous note.

5. Pseudo out-of-sample results
5.1. Coverage rates of 68 percent forecast intervals

For each forecasting model and forecast horizon, we compute 184 coverage rates for the plausibly stationary variables and 88
coverage rates for the plausibly non-stationary variables. Table 2 summarizes these coverage rates by reporting the median coverage
rate and IQR of the coverage rates for each forecasting model and forecast horizon across the two data categories. fs in Table 2,
placed next to the median IQR for convenience, reflect not a test about the median but which models fail to reject the null hypothesis
of correct calibration at the 5 percent level, based on the hypothesis tests that we discussed in Subsection 4.2.

For arguably stationary variables, we see in columns (3a) and (3b) of Table 2 that the MWO, AR(1), and MWd models are reasonably
well calibrated for 2 = 10. We show in the online appendix that the iid model performs comparably to these three models for the
subset of arguably stationary variables that have very little serial correlation (i.e., for GDP growth, productivity growth, and equity
returns). We say “reasonably well” calibrated to indicate models that have coverage rates near the target of 0.68 and that also do not
reject the null hypothesis of correct calibration. We view actual coverage rates of 0.64 to 0.73 (the range of median values for the
MWO, AR(1), and MWd models for 4 = 10 in column (3a) of Table 2) as good outcomes. The IQRs in column (3b) indicate that half or
more of the samples yielded coverage rates tolerably close to 0.68. By contrast, the random walk model performs poorly. While the
MW1 model does not reject the null hypothesis of correct calibration, it does not appear to be substantively well calibrated. Its IQR
in row (9) and column (3b) indicates that its coverage rates are above 0.68 in over 75 percent of the samples. Further, as discussed
below, the MW1 model produces forecast intervals that are relatively long and have high Winkler scores (see row (9) and columns
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(3a) and (3b) of Tables 3 and 4). Hence, we do not recommend that practitioners use the MW1 model for forecasting stationary
variables.

We see in columns (3a) and (3b) that as 4 increases from 10 to 25 to 50, performance degrades for all models. For the models
that performed well for A = 10, actual size falls as the horizon increases. The median coverage rates in column (3a) for the AR(1)
and MWd models stay quite close to 0.68 for h = 25; however, the lengths of their IQRs in column (3b) have gone up, indicating
wider dispersion away from 0.68. For h = 50, no model appears to be well calibrated in the substantive sense that their coverage rates
are often close to 0.68. While we cannot statistically reject that the AR(1) and MWd models are correctly calibrated, their IQRs are
quite wide. For MWd, for example, we see from the median and upper end of the IQR that only 25 percent of the samples had actual
coverage between 0.58 and 0.81.

Fig. 1 depicts the results for the PITs. We bin the realized PITs separately for the stationary and non-stationary variables into
the intervals [0,0.2), [0.2,0.4), [0.4,0.6), [0.6,0.8), and [0.8, 1]. Fig. 1 then shows the fraction of the PITs that fall into each bin for
each model and forecast horizon. Because well-calibrated models have PITs that are uniform on [0, 1], an ideal model would have a
value of 0.2 in each bin. Is in the legends indicate which models fail to reject the null hypothesis of correct calibration, based on the
hypothesis tests that we discuss in Subsection 4.2. We provide numerical values for Fig. 1 in the online appendix.
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Fig. 1. Rates at which PITs fall into different bins.
Notes: Dotted black lines show the target rate of 0.2. is in the legends indicate models which models fail to reject the null hypothesis of correct
calibration at the 0.05 level.
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We find that the PITs are generally consistent with our coverage rate results. For the plausibly stationary variables in the left-
hand column of Fig. 1, the PITs are close to uniform for the MWO, AR(1), and MWd models for ~» = 10, and we do not reject correct
calibration for these models. We also do not reject correct calibration for the MW1 model; however, its PITs appear to be less uniform.
For h = 25, the AR(1) and MWd models again appear close to uniform, and we do not reject correct calibration. For 4 = 50, no model
appears to be well calibrated in the substantive sense that its PITs are approximately uniform, but we cannot statistically reject correct
calibration for the AR(1) model.

We return to Table 2 to discuss plausibly non-stationary variables. For & = 10, we see in columns (4a) and (4b) of Table 2 that the
random walk performs well, with a median coverage rate of 0.70. We reject the null hypothesis of correct calibration for the MW1
model, but its median coverage rate of 0.63 is tolerably close to 0.68. Unsurprisingly, the iid and MWO models perform quite poorly
for this set of highly persistent variables. The AR(1) model (perhaps surprisingly) performs comparably to the MWd model. Indeed,
the AR(1) and MWd models often perform similarly across data types, forecast horizons, and evaluation statistics, and we typically
discuss these models together. For longer horizons, performance degrades for all models. For 4 = 25 and 50, the median coverage
rates are tolerable for the random walk and MW1 models (e.g., 0.72 for random walk for ~# = 25 and 0.64 for MW1 for 4 = 50), but
the IQRs are quite long. All models reject the null of correct calibration for ~ = 25 but the random walk and MW1 model do not reject
that null for 4 = 50.

The PITs in the right-hand column of Fig. 1 reinforce our coverage rate results for 4 = 10. The PITs for the random walk and
MW1 models appear reasonably uniform and we do not reject correct calibration. For 4 = 25, the random walk model appears well
calibrated in the substantive sense that its PITs appear reasonably uniform. As reported in detail in our online-only appendix, the
distance to 0.2 varies little across the five bins, and the random walk model has the same average distance to 0.2 at 4 = 25 as the
AR(1) and MWd models have for the stationary variables. However, despite these substantive results, we statistically reject correct
calibration for the random walk model. For 2 = 50, no model appears to have uniform PITs for the plausibly non-stationary variables.

In sum, then, for arguably stationary variables, the AR(1) and MWd models are well calibrated for 4 = 10 and 4 = 25. For h = 50,
no model appears to be substantively well calibrated, but we cannot statistically reject that the AR(1) and MWd models are correctly
calibrated. For arguably non-stationary variables, the random walk and MW1 models are well calibrated for A = 10. For h = 25, the
random walk model appears substantively well calibrated with a median coverage rate and PITs that appear close to target, but the
hypothesis tests reject correct calibration. For & = 50, the PITs indicate that no model is well calibrated.'®

5.2. Interval lengths

We compute average interval lengths for each model and series by averaging the lengths of the forecast intervals over the P
forecasts. We have 184 average interval lengths for plausibly stationary variables and 88 average interval lengths for plausibly non-
stationary variables for each forecast horizon. These lengths will scale with the potentially different units of the different series, and
we use two approaches to summarize the results. First, we cancel out the units by dividing each average interval length by that from
the iid model for the same series and sampling scheme. We then report median and IQR values for relative (to the iid model) average
interval length. Second, we report the fraction of the samples in which a given model produces the lowest average interval length
among our six models. These two approaches will give a sense of how much model choice affects interval length and how often a
particular model has the smallest average interval length.

Table 3 summarizes our results. For both the plausibly stationary and plausibly non-stationary variables, the models can generally
be ordered from smallest to largest relative length (with a few exceptions) as follows: iid, MWO, AR(1), MWd, MW1, and random
walk. The iid model almost always has the smallest average interval length.

To relate the results in Table 3 to those in Table 2, consider first the iid and MWO models. These two models have identical
point forecasts by construction. In Table 2, judging by either median or IQR, MWO is better calibrated. Thus, this is a case where,
unambiguously, better calibration comes from generally larger interval lengths. Next consider the MWO, AR(1), and MWd models.
For h = 10, the three models are similarly well calibrated for the stationary variables while having similar interval lengths. For 2 = 25,
the AR(1) and MWd models remain well calibrated, while the MWO model becomes undersized. Table 3 shows that the AR(1) and
MWd models’ relative interval lengths increase slightly from 4 = 10 to h = 25, while the MWO model’s relative lengths do not. This
example again shows that calibration is related to interval length.

We defer further discussion of interval lengths to the next subsection on Winkler scores.

5.3. Winkler interval scores

We have just seen that the random walk model has relatively long intervals and the iid model has relatively short intervals. In our
discussion of calibration in Subsection 5.1, the random walk model received some support (for non-stationary variables), while the iid
model received little support for either the stationary or the non-stationary series. These two models highlight that forecasters may
face a trade-off between (1) models that are reasonably well calibrated but have relatively long forecast intervals, and (2) models that

16 A reader asked whether our negative results for forecasts 50 years ahead have implications for policymakers, such as Social Security, who make
even longer-term projections. Our negative result may only apply to the six models that we study. For example, to our understanding, the way Social
Security constructs projections (see “The Long-range Economic Assumptions for the 2025 Trustees Report” at https://www.ssa.gov/oact/TR/2025/
2025_Long-Range_Economic_Assumptions.pdf, accessed on February 11, 2026) is so different from the way we construct forecasts that we do not
feel we can extrapolate from our forecasts to Social Security’s projections.
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Table 3
Average lengths: medians and IQRs of relative values and fraction with minimum value.

@™ 2) (3a) (3b) (39) (4a) (4b) (40)
(€] Stationary variables Non-stationary variables
2) 184 samples 88 samples

median fraction median fraction
relative with min relative with min

3) horizon = model length IQR length length IQR length
“4) 10 iid 1.00 (1.00, 1.00) 0.88 1.00 (1.00, 1.00) 1.00
(5) 10 MWO 1.39 (1.15,1.82) 0.08 2.30 (2.18, 2.42) 0.00
6) 10 AR(1) 1.42 (1.15, 1.96) 0.03 2.18 (1.88,2.34) 0.00
@) 10 Mwd 1.56 (1.24, 2.15) 0.01 2.38 (2.17, 2.62) 0.00
(8) 10 RW 6.64 (5.00, 7.64) 0.00 2.91 (2.12, 3.58) 0.00
) 10 MW1 2.73 (2.23, 3.08) 0.00 2.49 (2.21, 3.15) 0.00
(10) 25 iid 1.00 (1.00, 1.00) 0.83 1.00 (1.00, 1.00) 1.00
11 25 MWO 1.38 (1.14,1.81) 0.07 2.28 (2.17, 2.40) 0.00
12) 25 AR(1) 1.51 (1.17, 2.25) 0.04 3.70 (3.37,4.27) 0.00
(13) 25 Mwd 1.73 (1.25, 2.67) 0.07 3.80 (3.50, 4.04) 0.00
a4 25 RW 14.25 (10.83, 16.66) 0.00 6.46 (4.71, 7.83) 0.00
(15) 25 MW1 5.75 (4.62, 6.53) 0.00 5.38 (4.53, 6.58) 0.00
(16) 50 iid 1.00 (1.00, 1.00) 0.78 1.00 (1.00, 1.00) 1.00
a7 50 MWO 1.37 (1.12,1.81) 0.08 2.22 (2.11, 2.38) 0.00
(18) 50 AR(1) 1.62 (1.18, 2.38) 0.05 5.28 (4.11,7.01) 0.00
19 50 MWwWd 1.82 (1.20, 2.91) 0.10 5.16 (4.39, 6.07) 0.00
(20) 50 RW 24.12 (18.99, 28.50) 0.00 12.25 (9.11, 13.83) 0.00
21) 50 MW1 9.98 (7.79, 11.18) 0.00 10.47 (8.80, 11.46) 0.00

Notes:

1. See Table 1 for categorization of variables as plausibly stationary or plausibly non-stationary.

2. In the list of models in column (2), we use the shorthand “RW” for the random walk model.

3. The number of samples for each group in row (2) is the sum of the number of variables in that group
times the two sampling schemes (rolling and recursive).

4. For each model in each sample, average interval length is expressed relative to average interval length
for the iid model in that sample. Medians and IQRs (interquartile ranges) of the resulting relative average
interval lengths were constructed as described in the notes to Table 2.

5. “fraction with min length” reports the fraction of the samples for a given horizon in which the corre-
sponding model has the lowest average length among the six models.

are poorly calibrated but have relatively short forecast intervals.!” To quantify this trade-off, we use Winkler (1972) interval scores
to assign a loss to each model (for each variable, forecast horizon, and sampling scheme). We compute Winkler scores as follows. Let
u., and ¢, , be the upper (84th percentile) and lower (16th percentile) bounds of the 68 percent forecast interval made using {x,};_
for horizon A. Then, the Winkler score is

Upp = Copn+ 20 p = X U > X ) /(1= 0.68) + 2%,y — up )ty y < X p)/(1 = 0.68), (5.1)

1

in which 1(-) is the indicator function. We average these Winkler scores over = = R, ..., T — h and all of our discussion is in terms of
these averages. This loss penalizes both interval length and inaccurate values for the 16th and 84th percentiles. Hence, it can be used
to adjudicate the calibration-length trade-off. As we noted above, this measure is both consistent and proper (Gneiting and Raftery,
2007; Brehmer and Gneiting, 2021). Lower Winkler scores are better.

As with average interval lengths, we compute relative (to the iid model) average Winkler scores for each variable, country, and
sampling scheme in order to divide out units. We report medians and IQRs of these relative values.'® We also compute the fraction
of samples in which a given model has the smallest average Winkler score.

Table 4 shows these results. For the plausibly stationary variables, at 2 = 10, we see in columns (3a) and (3b) of Table 4 that the
relative Winkler scores for the iid, MWO, AR(1), and MWd models are quite similar. We also see in column (3c) that the AR(1) and
MWd models produce the lowest Winkler scores at rates similar to those of the iid model. Taken together with the coverage rate
results in Table 2, we find that the MWO, AR(1), and MWd models are better calibrated than the iid model but without a noticeable
increase in average Winkler scores. That Winkler performance for iid is comparable to MWO, AR(1) and MWd, despite the poor results
for coverage, thus reflects the contribution of interval length to a Winkler score. Or, to state the flip side of the same point, the longer
intervals of the MWO, AR(1), and MWd models do not outweigh their better calibration according to the metric of Winkler scores.

For the stationary variables, at 4 = 25, Table 4 shows that the iid, MWO, AR(1), and MWd models again have similar relative
Winkler scores and similar rates of producing the lowest Winkler score. We saw above that the AR(1) and MWd models are the best

17 This is a well-known trade-off that may also be referred to as being between calibration and “sharpness” (Gneiting et al., 2007; Gneiting and
Katzfuss, 2014).

18 We have also computed relative average Winkler scores using the MWO, AR(1), and MWd models in the denominator, but found little change
in ranking of median and IQR values.
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Table 4
Winkler scores: medians and IQRs of relative values and fraction with minimum value.

(€8] 2) (3a) (3b) (39) (4a) (4b) (40)
(@)} Stationary variables Non-stationary variables
2 184 samples 88 samples

median fraction median fraction
relative with min relative with min

3) horizon model Winkler IQR Winkler Winkler  IQR Winkler
(©)] 10 iid 1.00 (1.00, 1.00) 0.32 1.00 (1.00, 1.00) 0.03
(5) 10 MWO 0.98 (0.91, 1.03) 0.11 0.82 (0.80, 0.85) 0.08
(6) 10 AR(1) 0.99 (0.88,1.07) 0.29 0.54 (0.46, 0.65) 0.28
(W] 10 Mwd 0.98 (0.87,1.08) 0.26 0.57 (0.50, 0.68) 0.02
(8) 10 RW 3.15 (1.62, 4.42) 0.02 0.52 (0.45, 0.68) 0.48
9) 10 MW1 1.63 (1.21, 2.13) 0.01 0.56 (0.46, 0.73) 0.10
(10) 25 iid 1.00 (1.00, 1.00) 0.26 1.00 (1.00, 1.00) 0.00
(11) 25 MWO 0.97 (0.87,1.03) 0.24 0.88 (0.83, 0.90) 0.18
12) 25 AR(1) 0.99 (0.89, 1.08) 0.27 0.79 (0.64, 0.88) 0.15
(13) 25 Mwd 1.02 (0.86,1.13) 0.21 0.75 (0.61, 0.87) 0.23
(14) 25 RW 4.99 (2.67,10.01) 0.01 0.83 (0.68, 1.00) 0.27
(15) 25 MW1 2.26 (1.51, 3.38) 0.02 0.85 (0.72, 1.02) 0.17
(16) 50 iid 1.00 (1.00, 1.00) 0.29 1.00 (1.00, 1.00) 0.01
17) 50 MWO 0.96 (0.86, 1.04) 0.25 0.89 (0.84, 0.94) 0.16
(18) 50 AR(1) 1.01 (0.86, 1.14) 0.22 0.81 (0.69, 0.89) 0.17
19) 50 Mwd 1.04 (0.88,1.19) 0.21 0.78 (0.68, 0.86) 0.23
(20) 50 RW 8.31 (3.83,16.39) 0.01 0.91 (0.65, 1.29) 0.25
(21) 50 MW1 3.41 (1.91, 5.68) 0.02 0.86 (0.65,1.31) 0.18

Notes:

1. See Table 1 for categorization of variables as plausibly stationary or plausibly non-stationary.

2. In the list of models in column (2), we use the shorthand “RW” for the random walk model.

3. The number of samples for each group in row (2) is the sum of the number of variables in that group
times the two sampling schemes (rolling and recursive).

4. For each model in each sample, the average Winkler score is expressed relative to the average Winkler
score for the iid model in that sample. Medians and IQRs (interquartile ranges) of the resulting relative
average Winkler scores were constructed as described in the notes to Table 2.

5. “fraction with min Winkler” reports the fraction of the samples for a given horizon in which the
corresponding model has the lowest average Winkler score among the six models.

calibrated at this horizon. Hence, forecasters can use the AR(1) and MWd models to achieve reasonably good calibration with no
degradation in Winkler loss relative to any of our other models.

For the plausibly stationary variables, the random walk and MW1 models usually have the highest Winkler scores at all horizons.
These high values result from wide forecast intervals and poor calibration. For example, for 2 = 10, column (3a) in Table 3 shows that
the median relative interval length for the random walk is 6.64 (as opposed to, for example, 1.39 for MWO). Large interval lengths
are consistent with the random walk and MW1 models generally having interval coverage well above 68 percent in Table 2.

For the plausibly non-stationary variables for 4 = 10, we see in columns (4a) and (4b) of Table 4 that the relative Winkler scores
for the AR(1), MWd, random walk, and MW1 models are similar. The relative scores for the iid and MWO models are noticeably
higher. Taken together with the coverage rate results in Table 2, we find that the random walk and MW1 models are better calibrated
than the AR(1) and MWd models but without a noticeable increase in relative Winkler scores. Column (4c) in Table 4 shows that the
random walk model often produces the lowest average Winkler scores.

For the plausibly non-stationary variables, at 4 = 25, the relative Winkler scores for the random walk model appear slightly higher
than those for the AR(1) and MWd models. However, the random walk model produces the lowest Winkler scores in the highest
fraction of samples. Overall, the random walk model’s scores do not appear materially worse than those for the AR(1) and MWd
models despite the random walk model’s materially larger interval lengths.

As noted above, Winkler scores assess the trade-off between interval length and the joint accuracy of the 16th and 84th forecast
percentiles. We use these interval scores for consistency with our coverage rate and interval length results, all of which are based on
68 percent forecast intervals. However, we also compute a continuous ranked probability score, which is a proper scoring function for
the whole forecast distribution (Gneiting and Raftery, 2007), for each forecast distribution that we compute. The continuous ranked
probability scores show essentially the same results as the Winkler scores, and we show the continuous ranked probability scores in
the online appendix.

5.4. Point forecasts

While long-horizon forecast intervals and distributions are our focus, researchers and practitioners may also be interested in the
quality of long-horizon point forecasts. In this subsection, we summarize results on the root mean square prediction errors (RMSPEs)
and mean absolute prediction errors (MAPEs) of our forecasting models. Detailed results are in our online appendix. Briefly, we find
that our point forecast results generally parallel our Winkler score results.
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For the stationary variables at all horizons, the AR(1) and MWd models have similar RMSPEs and MAPE:s relative to the iid and
MWO0 models (which have the same point forecasts). The random walk and MW1 models have noticeably higher RMSPEs and MAPEs
relative to the iid and MWO models.'® Hence, practitioners can use the AR(1) and MWd models to achieve good calibration (as
documented in Subsection 5.1) without sacrificing point forecast accuracy or Winker loss.

For the non-stationary variables for » = 10, the AR(1), MWd, random walk, and MW1 models have low and similar RMSPEs and
MAPE:s relative to the iid and MWO models, again paralleling our Winkler score results. Further, the random walk model produces
the lowest RMSPEs and MAPEs more often than the other models, again indicating that the random walk model generally performs
well for non-stationary variables for 4 = 10. The point forecast results for non-stationary variables for # = 25 parallel the Winkler
score results less closely. The AR(1) and MWd models have similar RMSPEs and MAPEs relative to the iid and MWO models, but the
random walk and MW1 models have slightly higher relative values. This result indicates that while the random walk model appears
reasonably well calibrated for non-stationary variables for h = 25, its point forecasts may be less accurate than those from several of
our other models.

6. Extensions

In this section, we provide four extensions of our analysis. First, we study a different collection of long-run nominal interest rates
from Schmelzing (2020). Second, we extend the iid model to include stochastic volatility, and illustrate the effects on the calibration
of forecast intervals. Third, we discuss combining forecasting models and experiment with an equally-weighted combination of our
simple time series models. Fourth, we briefly summarize an extension studying the use of real-time data in forecasting US GDP growth.
Detailed results for this fourth extension are in our appendix because we found the use of such data made virtually no difference in
the performance of forecast intervals or PITs.

6.1. Very long samples of long-term nominal interest rates

For our main analysis discussed above, our arguably non-stationary variables, including nominal long-term interest rates, typically
had samples near 150 years. We now study the long-term nominal interest rate data used in Schmelzing (2020), from which we get
samples of 195 to 709 years that allow many more non-overlapping forecasts.’? Specifically, we use the following 8 samples: Italy
(1310-1699), Italy (1807-2018), United Kingdom (1310-2018), Holland (1400-1700), Holland (1750-1944), Germany (1326-1943),
France (1387-2018), and USA (1786-2018).%!

We do a pseudo out-of-sample analysis on these 8 samples that parallels our analysis above, including estimation of model param-
eters with both rolling and recursive samples. This analysis gives us 16 coverage rates and collections of PITs for studying calibration.
This analysis also gives us 5668 bias-adjusted estimates of p; and maximum likelihood estimates of d. The IQR of bias-adjusted esti-
mates of p, is (0.87, 1.00), and the IQR of the maximum likelihood estimates of d is (0.6, 1.0). This range of estimates closely aligns
with the estimates for our baseline collection of plausibly non-stationary variables in Table 1.

Table 5 presents results in a fashion parallel to Table 2, with the addition of  in column (3) to flag results in which the uniformity
of PITs is not rejected. Compared to the results for non-stationary variables (column (4)) in Table 2, forecast performance improves
for several models. The AR(1), MWd and MW1 models appear to be well calibrated for 4 = 10, and the MW1 model fails to reject
correct calibration for both coverage rates and PITs. For 2 = 25 and 50, the MWd model and especially the MW1 model continue to
perform well. In contrast to the entries in column (4) of Table 2, the random walk model’s forecast intervals no longer perform well:
for all three horizons the lower end of the IQRs for RW is at or above 0.68 (though uniformity of PITs is not rejected for h = 25).

Good calibration of some models even for the 2 = 50 horizon may reflect the longer span of the time series (up to 700 observations
here, as opposed to up to 150 observations in the data set in Section 5). But such an interpretation clearly is speculative. Analysis
with additional time series of comparable span is required to evaluate the role of longer samples. The message that we take from
Table 5 is that it, too, indicates that it is possible to have well-calibrated forecast intervals over long horizons.

6.2. Stochastic volatility

Some research studying forecast horizons shorter than ours finds benefits of allowing time-varying volatility when producing
forecast distributions (e.g. Clark, 2011). The MWO, MW1 and MWd models account for time-varying variances nonparametrically as
long as that time variation is stationary and short memory. Our other models do not incorporate time varying variances.

In this subsection, we extend our iid model to incorporate non-stationary stochastic volatility (SV). This SV model assumes that the

DGP is x, = p + u, with u, = 0,¢,, log(6?) = log(c? ) + ¢, €, YN 1), e, E N, 02), and ¢, and ¢, are independent. As in the iid model,
u, is serially uncorrelated, but now the log of its variance follows a random walk. We adapt code from Exercise 19.1 of Chan et al.

19 If we measure the quality of point forecasts by bias rather than RMSPE, the random walk and MW1 models do quite well for reasons explained
and illustrated in Lunsford and West (forthcoming).

20 We downloaded these data from https://www.pfschmelzing.me/all-research-and-data on July 18, 2025. These data are also available at https:
//www.bankofengland.co.uk/working-paper/2020/eight-centuries- of-global-real-interest-rates-r-g-and-the-suprasecular-decline-1311-2018.

21 We note that the raw data have long stretches in which interest rates do not fluctuate, such as Italy (1700-1806) and Holland (1701-1749). We
remove such stretches that are at least 48 years long and separately study other samples for those countries. Also, we do not use Schmelzing’s data
for Spain (1800-1936) and Japan (1870-2018), which have smaller sample sizes than in our baseline analysis.
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Table 5
Coverage rates of forecast intervals: Schmelzing’s (2020) interest rate
data.
@ 2) 3) 4
median
(€8] horizon model coverage IQR
2) 10 iid 0.15 (0.12, 0.24)
3) 10 MWO 0.49 (0.41, 0.64)
4 10 AR(1) 0.68" (0.61, 0.75)
5) 10 Mwd 0.69" (0.65, 0.78)
(6) 10 RW 0.78 (0.71, 0.89)
7) 10 MW1 0.717% (0.64, 0.79)
8) 25 iid 0.09 (0.07, 0.15)
9) 25 MWO 0.29 (0.25, 0.37)
(10) 25 AR(1) 0.52 (0.46, 0.68)
(11) 25 Mwd 0.62° (0.54, 0.73)
(12) 25 RW 0.75% (0.68, 0.90)
(13) 25 MW1 0.697% (0.58, 0.82)
(14) 50 iid 0.06 (0.04, 0.11)
(15) 50 MWO 0.19 (0.11, 0.25)
(16) 50 AR(1) 0.54 (0.34, 0.66)
17) 50 Mwd 0.57° (0.51, 0.74)
(18) 50 RW 0.79 (0.70, 0.94)
(19) 50 MW1 0.747% (0.66, 0.89)
Notes:

1. In the list of models in column (2), we use the shorthand “RW” for
the random walk model.

2. The total number of samples is 16 (8 series times 2 sampling
schemes). “Median coverage” refers to the median coverage rates across
the 16 samples. IQR is interquartile range, showing the 25th and 75th
percentiles of the coverage rates across the 16 samples.

3. t indicates models with coverage rates that fail to reject the null
hypothesis of correct calibration at the 0.05 level.

4. i indicates models with PITs that fail to reject the null hypothesis of
correct calibration at the 0.05 level.

Table 6
Forecast interval coverage with stochastic volatility, 4 = 10.
(€8] (2a) (2b) (3a) (3b) (4a) (4b)
GDP Growth Productivity Growth Equity Returns
median median median
model coverage IQR coverage IQR coverage IQR
1) iid 0.65 (0.55, 0.71) 0.56 (0.47, 0.72) 0.62 (0.57, 0.73)
(2) sV 0.52 (0.43, 0.59) 0.43 (0.38, 0.47) 0.71 (0.64, 0.80)

Notes:

1. Line (1) presents results for a subset of the forecasts-those for the iid model-that were sum-
marized in row (4), columns (3a) and (3b) in Table 2.

2. The model in line (2) assumes that the data are serially uncorrelated around an unknown
mean as in line (1), but forecast intervals were constructed using a stochastic volatility model,
as explained in the text.

(2020) to produce 68 percent forecast intervals from this SV model.?> We forecast the distribution of (x,,, + -+ x,,)/h conditional
on {x,,...,x,} by sampling from the posterior of {c|,..., 0, ;4,0'3} conditional on {x,,...,x,} and making use of e_, ; being iid for
Jj =1,...,h conditional on ¢ and x,, ; being normal conditional on {y,0,,e,,;,....e,,;} for j=1,....h.

To evaluate the change from the iid to the SV model, we use the variables in Table 1 that show little serial correlation, consistent
with both the iid and SV models: GDP growth, productivity growth, and equity returns. In forecasts for the iid model that are a subset
of those summarized in Table 2, the iid model performed relatively well for these variables.

We show results for the iid and SV models for GDP growth, productivity growth, and equity returns for 4 = 10 in Table 6.2° Line (1)
reflects forecasts that are a subset of those included in the iid model in column (3) of Table 2. Line (2) adds in stochastic volatility. For
GDP growth and productivity growth, results degrade when SV is incorporated. For equity returns results perhaps improve slightly:

T+j

22 We downloaded the code from https://web.ics.purdue.edu/~jltobias/second_edition/Chapter19/chapt19.html on October 16, 2025. We take
all modeling and estimation choices, priors, number of posterior draws, and burn in period from that code.
23 Results for h = 25 are qualitatively similar.
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Table 7
Coverage rates of nominal 68 percent forecast intervals: medians and IQRs.
@™ 2) (3a) (3b) (4a) (4b)
[€D)] Stationary Non-stationary
variables variables
2) 184 samples 88 samples
median median
(3)  horizon  model coverage  IQR coverage  IQR
(€] 10 mixture 0.85 (0.81, 0.90) 0.65° (0.56, 0.72)
(5) 25 mixture 0.87 (0.78, 0.94) 0.53 (0.39, 0.66)
(6) 50 mixture 0.89 (0.74, 0.96) 0.37 (0.30, 0.64)

Notes:

1. The “mixture” model is an equally-weighted average of the normally-
distributed forecast distributions from the iid, AR(1), and random walk models.
2. See notes to Table 2.

the median is closer to 0.68, but the IQRs are of equal width. Overall, allowing for SV in the iid model for these three variables does
not deliver substantive benefits.

One possible reason for this is that our use of rolling samples already allows variances (and other moments) to change relatively
quickly across estimation samples.>* A second possible reason why incorporating SV does not improve results is that our horizons
are long averages. It is well known that for financial variables, time variation in volatility tends to be less apparent when data are
aggregated over longer and longer time intervals (e.g., Baillie and Bollerslev, 1989, Poon and Taylor, 1992). This is perhaps because
under suitable assumptions about financial or other variables, a central limit theorem will deliver normality for long enough horizons
(Diebold, 1988 cited in Drost and Nijman (1993)). Third, it is possible that other models of persistence and time-varying volatility
applied to other variables would yield different results.?®

6.3. Combining models

We now discuss and experiment with combining the forecast distributions of our forecasting models. As described in Subsection 2.2,
the MWd model is a combination of some underlying distributions. Two of the underlying distributions are those for the MWO and
MW1 models. The procedure to combine is Bayesian, and the combination weights on each underlying model depend on a prior of
equal weights and the in-sample likelihood of each underlying model. We have seen that the MWd model appears better calibrated
than the MWO or MW1 models for the stationary variables and worse calibrated than the MW1 model for non-stationary variables.
Hence, the MWd model is an example of a model combination that helps for some but not all variables.

Because the MWd model already combines frequency domain models, we now experiment with combining our simple time series
models. Specifically, we place equal weights on the forecast distributions of the iid, AR(1), and random walk models. Rossi and
Sekhposyan (2014) also evaluate the calibration of equally-weighted combinations. Our combination produces a forecast distribution
that is a mixture of normal distributions, which we use to compute 68 percent forecast intervals.

Table 7 shows the coverage rates for the mixture model. For arguably stationary variables, the mixture model does not appear well
calibrated at any horizon. For arguably non-stationary variables, it appears well calibrated at 4 = 10 but not at any other horizon.

A recent survey on forecast combination, Wang et al. (2023), points out that combining distributions might not lead to forecast
improvements in the same way that combining point forecasts often does. Combining distributions with different means can cause
the variance of the mixture to increase. This effect seems to plausibly explain the poor calibration for stationary variables: forecast
intervals for these variables have coverage rates that are above target at all horizons (columns (3a) and (3b) in Table 7). This logic
also implies that combining densities with low coverage rates, such as the iid and AR(1) models for non-stationary variables, can lead
to a better calibrated mixture. For the non-stationary variables, we indeed see that the mixture is well calibrated for 2 = 10. However,
this good calibration does not persist at longer horizons.

6.4. Data revisions

We use real-time data on US GDP growth to consider the possible effects of data revisions on forecast interval coverage and on
PITs. We find that using real-time has no meaningful effect on our US GDP results. Hence, we provide a brief summary of results
here. We describe data sources and give detailed results in our online appendix.?®

24 Like all of our results, results in Table 6 reflect both rolling and recursive samples.

25 A variety of time-varying volatility models exist. Clark and Ravazzolo (2015) and Chan and Grant (2016) study different stochastic volatil-
ity and autoregressive conditional heteroskedasticity models when producing forecasts. Random walk stochastic volatility was also favored for
macroeconomic variables by Clark and Ravazzolo (2015).

26 More formally, our real-time data use both US GNP and GDP; however, we simply refer to GDP here for ease of exposition. See our online
appendix for details.

15



K.G. Lunsford and K.D. West Journal of Econometrics 255 (2026) 106221

Let us use “JST” to denote the Jorda et al. (2017) database used in Section 5. We use “real-time” to denote data that combines real-
time data on US GDP, 1947-2011, with pre-1947 data from JST. The first vintage for our real-time data was from 1965, and spanned
1947-1965; the last, from 2011, spanned 1947-2011. We made P = 47 real-time forecasts at a horizon of A = 10. In evaluating
forecast accuracy, we took JST data to be the final version of GDP growth. We compared coverage rates and PITs using real-time
data to coverage rates and PITs using JST.%” There were 12 comparisons, covering 6 models and two sampling schemes (rolling and
recursive).

Across the 12 comparisons, the maximum discrepancy in coverage rates between real-time and JST data was 0.02. Almost all
coverage rates were identical to two digits (e.g., for the iid model, coverage was 0.77 both in the real-time and JST data). Across the
12 comparisons, the correlation between PITs for real-time and JST forecasts was near perfect, ranging from 0.96 to 1.0.

7. Conclusions

Long-horizon forecasts are important for economic policy, professional forecasters, climate research, and financial markets. We
study the forecast distributions of six univariate forecasting models — three simple time series models and three frequency domain
models - for horizons out to 50 years. We find that it is possible to have well-calibrated forecasts for horizons of up to 25 but not 50
years.

We use long-run annual data for 10 macroeconomic variables with up to 18 countries per variable, allowing us to construct
pseudo out-of-sample forecasts for 136 different series with widely varying degrees of persistence. For plausibly stationary variables,
an AR(1) model and the Miiller and Watson (2016) MWd model appear reasonably well calibrated for forecast horizons of both 10
and 25 years. For plausibly non-stationary variables, a random walk model appears reasonably well calibrated for forecast horizons
of both 10 and 25 years. Very long samples of nominal interest rate data from Schmelzing (2020) indicate that the Miiller and Watson
(2016) MW1 model may also be well calibrated for plausibly non-stationary data.

A priority for future research is considering multivariate models and models that incorporate structural change.
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