Answers to Week 3 Questions

Spring 2003

1. (a) Using the Fisher equation, ir = in - (e = 9% - 5% = 4%

(b) Using the modified Fisher equation that takes into account taxes on nominal interest payments, ir = in (1 – t) - (e = 0.09 (1 – 0.30) – 0.05 = 0.063 – 0.05 = 0.013 = 1.3%

2. When we price the bond, we will need the interest rates in effect in years 1 and 2, so my first step will be to solve for those rates using the Fisher equation:

Year 1:  in1 = 3% + 2% = 5%

Year 2:  in2 = 3% + 3% = 6%

When you price any financial asset in this course, you should solve for the discounted present value of the stream of payments received by a holder of that asset from the time you are computing the price until the asset reaches maturity (the end of its life).  A holder of a bond that matures in two years time will receive two coupon payments, one at the end of year one and one at the end of year two, plus a repayment of the bond face value at the end of year two (when the bond reaches maturity).  Denoting the nominal interest rate by i, coupon payments by C, and the face value by F, the bond pricing formula is

PB = (C/(1 + i)) + (C/(1 + i)2) + (F/(1 + i)2) , or equivalently

PB = (C/(1 + i)) + ((C +FV)/(1 + i)2) .

Applying this formula to the numbers given in the question, 

PB = (70/(1 + 0.05)) + (70/((1 + 0.06)(1 + 0.05)) + (1000/((1 + 0.06)(1 + 0.05))

PB = $1028.03

Note that I have used the following facts:

coupon payment (C) = Face value x coupon rate

nominal interest rate = (approximately) real interest rate plus expected inflation rate

Also note that I have discounted the different bond payments at the nominal interest rate that is anticipated during each time period.  Since I expect inflation to be higher in the second year (with the real interest rate fixed at 3%), I also expect the nominal interest rate to be higher in the second year (6% vs. 5% in the first year).  

3. The price of this bond will be the discounted sum of the payments to be received by a holder of the bond from today until maturity.  Hence, the price of this bond will be:

PB = PV of first payment + PV of infinite payment stream starting in year 2,

where PV stands for present value.  The first term in the sum is easy to obtain:

PV of first payment = $120/(1.11) = $108.11

To find the second term, we need to apply the formula for the present value of a perpetuity, PV = payment / interest rate = C / i.  Applying this formula, we can obtain the present value of the infinite stream as of the end of year 1:

PV1 = $100 / 0.10 = $1000.

Since we need the present value of this stream as of today (t = 0) rather than a year from now (t = 1), we need to discount PV1 back one more period at the year 1 interest rate:

PV0 = $1000 / (1.11) = $900.90.

Thus, 

PB = $108.11 + $900.90 = $1009.01.

4. The yield to maturity (iYTM) solves the following equation:

$100,000 (1 + iYTM)4 = $200,000, or

2 =  (1 + iYTM)4
21/4 = (1 + iYTM)

iYTM = 1.1892 – 1 = 0.1892.

That is, the yield to maturity on this loan is 18.92%.

5. The formula for yield to maturity for a one-year discount bond is

iYTM = (F – P)/P * (365 / (# of days to maturity))

where 

F = face value of the bond

P = price of the bond (discounted from the face value)

Using the numbers provided,

IYTM = ($1000 - $875) / $875 = 14.2857%

The formula for yield on a discount basis (or discount yield) is

idb = (F – P) / F * (360 / (# of days to maturity)).

Using the numbers provided, 

idb = ($1000 - $875) / $1000 * (360 / 365) = 12.3288%

Notice that the yield on a discount basis is less than the yield to maturity.  One of the sources of the understatement is in the use of face value (F) in the denominator of idb instead of the bond price (P), since it is always the case that P < F for an outstanding discount bond.  Notice that this source of understatement becomes more pronounced the farther the discount bond is from maturity, since discount bonds sell at a larger discount the farther they are from maturity (all else equal).  The second source of understatement is the approximation of the number of days in a year in idb.  Yield on a discount basis uses 360 instead of 365. 

