THE GRID BOOTSTRAP AND THE AUTOREGRESSIVE MODEL

Bruce E. Hansen*

Abstract—A *‘grid” bootstrap method is proposed for confidence-interval
construction, which has improved performance over conventional boot-
strap methods when the sampling distribution depends upon the parameter
of interest. The basic idea is to calculate the bootstrap distribution over a
grid of values of the parameter of interest and form the confidence interval
by the no-rejection principle. Our primary motivation is given by
autoregressive models, where it is known that conventional bootstrap
methods fail to provide correct first-order asymptotic coverage when an
autoregressive root is close to unity. In contrast, the grid bootstrap is
first-order correct globally in the parameter space. Simulation results
verify these insights, suggesting that the grid bootstrap provides an
important improvement over conventional methods. Gauss code that
calculates the grid bootstrap intervals—and replicates the empirical work
reported in this paper—is available from the author’s Web page at
www.ssc.wisc.edu~bhansen.

I. Introduction

OR MOTIVATION, consider the autoregressive (AR)
model of order 1 with trend, which may be written as

Y= wp+wt+y (1
Ye= oy T ey (2)
t = 1,...,n, with and e, independent and identically

distributed (i.i.d.) with unknown distribution function P(-),
Ee, = 0, and Ee? < oo, Correct inference in the AR model (1)
and (2) is the first step towards correct inference in more
complicated time-series models. The standard method to
estimate the model is by ordinary least squares (OLS) on the
single equation

Y= pho+ it + o +e,.

Let &and s (@) denote the OLS estimate of « and its standard
error.

Our goal is to construct an 3% confidence interval for the
AR parameter a. The conventional asymptotic interval is
based on the asymptotic N(0, 1) approximation to the
t-statistic

~

x— «

s(q)

t) = 3)

which is valid in the AR(1) model when |a| < 1. Unfortu-
nately, the normal approximation is quite poor in practice,
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especially when |a| is large.! To see the extent of this
distortion, the dashed lines in figure 1 plot the 5% and 95%
quantile functions of the bootstrap distribution of #(«) for the
velocity series for 1869—-1988 from Schotman and van Dijk
(1991), an extension of the Nelson-Plosser (1982) data set.
These functions mark the quantiles of the sampling distribu-
tion of the #-statistic #(«) assuming that the data was
generated from equation (2) as « is varied over the range
[0.90, 1.06]. The precise manner in which these functions
are calculated will be discussed in section III,A. What is
important for our purposes is that the normal approximation
suggests that these quantile functions should be constant at
—1.645 and 1.645, respectively, and it is striking how
different the functions are from these values.

When conventional asymptotic approximations are poor,
many researchers turn to the bootstrap. The bootstrap
replaces the asymptotic sampling distribution by an exact
distribution that acts as if the empirical distribution of the
sample is the population distribution. In particular, the
parametric percentile-£ bootstrap constructs a confidence
interval for a parameter « by evaluating the sampling
distribution of the £-statistic () assuming that the data were
generated from equation (2) with the true value of «
equaling the OLS estimate &. We can read the percentile-¢
bootstrap interval for « from the information provided in
figure 1, assisted by the dotted lines. From the OLS estimate
& = 0.962, the dotted lines move vertically to the 95% and
5% bootstrap quantile functions, with the intersections
marked by the open diamonds. From these points, the dotted
lines move horizontally to the ¢-statistic function #(«). The
points of intersection, marked by open rectangles, are the
percentile-f bootstrap endpoints. They are projected onto the
x axis and marked by the white arrowheads. This 90%
percentile-f bootstrap interval is [0.958, 1.030].

The percentile-# bootstrap makes the implicit approxima-
tion that the bootstrap quantile functions (such as those
displayed in figure 1) are constant functions, at least over the
relevant range of the potential confidence interval, which is
false in the AR model. This nonconstancy persists in large
samples if we cast the leading coefficient as local-to-unity.
Setting a« = 1 + ¢/n and holding ¢ fixed as n — oo, then the
t-statistic for « has the asymptotic distribution

I 'Waw
Ha) = . )

Jw

where W, is a detrended diffusion process. The asymptotic
distribution of equation (4) depends on « through the

! This is well known. For early discussions, see Fuller (1996, p. 411) and
Phillips (1977).
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FIGURE 1—VELOCITY: 1869-1988
90%-PERCENTILE-f AND GRID-f CONFIDENCE INTERVALS
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Note: The dashed lines are the 5% and 95% bootstrap quantile functions ¢ (8 |@). The solid line is the £-statistic function #(«) = (& — «)/s(&). The intersections mark the endpoints of the grid-f confidence interval.

The linear projections mark the endpoints of the percentile-f interval.

reparameterization ¢; hence, the ¢-statistic is nonpivotal. As ¢
is not consistently estimated by least squares, it follows that
the percentile-£ interval has incorrect first-order asymptotic
coverage. That is, in the local-to-unity framework, the
interval does not properly control Type I error. This diffi-
culty was pointed out by Basawa et al. (1991). This means
that even in large samples, the coverage probability of the
percentile-¢ interval is quite poor for true values of « near the
unit root, and the Type I error is not controlled globally in the
parameter space. It follows that the percentile-f interval
(even asymptotically) has the incorrect size over the station-
ary region « € (— 1, 1).2

As the conventional bootstrap fails to provide an asymp-
totically correct confidence interval, it would appear that
there is no hope to construct one with proper coverage.
Fortunately, this is not the case. Indeed, we can easily read
what I call the grid bootstrap confidence interval from figure
1, and this interval has excellent coverage properties. The
endpoints are found from the intersections of the quantile
functions with the #-statistic line and are marked by the open
circles. These endpoints are projected onto the x axis and
marked by the solid arrowheads. This 90% interval is
[0.956, 1.034]. The left endpoint is almost identical to that
from the percentile-f bootstrap, but the right endpoint is
somewhat higher.

2 Size is the maximum probability of Type I error over the parameter
space.

Unlike the percentile-f interval, the grid bootstrap interval
is asymptotically justified even in the local-to-unity setting.
We are able to show that the grid bootstrap confidence
interval has first-order correct asymptotic coverage for both
stationary and local-to-unity autoregressive models. Thus,
the grid bootstrap asymptotically controls type I error
globally in the parameter space.

Our methods are a natural extension of several earlier
papers on confidence-interval construction in autoregressive
models. Stock (1991) showed how to construct asymptoti-
cally valid confidence intervals for the largest autoregressive
root in local-to-unity AR models. Andrews (1993) showed
how to construct exact confidence intervals in the AR(1)
model with Gaussian errors.” Andrews and Chen (1994)
suggested an approximation to extend this method to
higher-order AR models. Nakervis and Savin (1996) used
bootstrap methods for hypothesis testing in the AR(1)
model. While our paper borrows ideas and methods from
these earlier papers, ours is the first to show how to construct
correct bootstrap confidence intervals in autoregressive
models.

The grid bootstrap intervals presented in this paper are
similar to the test-inversion bootstrap (TIB) intervals and
studentized test-inversion bootstrap (STIB) intervals of
Carpenter (1999). Similar intervals appear in DiCiccio and

3If we impose the assumption that the errors are i.i.d. Gaussian, our
grid- a interval correspond s to Andrews’ interval.
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Romano (1990), Garthwaite and Buckland (1992) and
Kabaila (1993), although there are differences between these
papers regarding the choice of studentization and the
estimation of nuisance parameters. Carpenter (1999) presents
a number of applications of this method, including the AR(1)
model, but does not provide a theory or justification relevant
to the local-to-unity model.

An alternative to the methods presented here might be the
subsampling confidence intervals of Romano and Wolf
(1998), who discuss confidence-interval construction for the
AR(1) model, allowing for a possible unit or explosive root,
using reestimates based on subsamples. This method is quite
distinct from those presented here.

The organization of the paper is as follows. Section II
describes the sampling framework, introduces the grid
bootstrap, and gives conditions under which the grid boot-
strap provides first-order asymptotic coverage, and discusses
computation. Section III investigates the autoregressive
model. Formal proofs of bootstrap consistency are provided
for both stationary and near-integrated cases. Section IV
investigates the bootstrap methods using Monte Carlo
methods. Both AR(1) and AR(2) models are examined.
Section V provides several applications to the Nelson-
Plosser data set. The velocity and real per capita GNP series
are carefully explored as examples of the AR(1) and AR(2)
models, respectively. Grid-£ bootstrap intervals are provided
for the leading AR coefficient for all thirteen series. Proofs
of the theorems are presented in the appendix.

2.  The Grid Bootstrap
A. Framework

A sample X, is generated from a distribution G,(x|la, 1) =
P(X, < x|a, n) which depends on a parameter of interest
« € R and a nuisance parameter 1 € =, where n denotes
sample size. The nuisance parameter space = may be infinite
dimensional (i.e., the space of error distributions) and is
endowed with a metricd(n, n’). Let & denote an estimate of
o and s (@) its standard error. We assume that for each « there
is some estimator 1j(«) € = of the nuisance parameter 1,
which may (but need not) be a function of «.

Let S, (o) be a nondegenerate test statistic of the hypoth-
esis Hy: ap = o, which is a monotonic function of «. For
example, two obvious choices include the nonstudentized
estimate b(«) = & — « and the f-statistic #(@) = (& — «)/
s(®). The statistic S,(«) has a sampling distribution that
possibly depends on (a, 1n). Let

F,xla,n) = P(Sy() =< x|, )
denote its distribution function. For fixed (a, 1), let g,(8 o, 1)

be the inverse of F, (making the approximation that F, is
continuous in x). This function satisfies

F (.8l m)|a, m) = .

THE REVIEW OF ECONOMICS AND STATISTICS

Since ,,(8 |, M) is the O quantile of the distribution of S, (),
we will refer to g,(8]a, n) as the quantile function of the
distribution. Note that, for fixed («, 1), the quantile function
¢.(0]a, 1) is real-valued and increasing in 0.

We define the bootstrap quantile function q;(®|a) =
¢.(0]a, fi(). We call this a bootstrap function since it is
evaluated at the estimate 1)( ), and is thus random. We define the
B-level grid bootstrap confidence region for « as the set

C,= € R:gi6,]0) = S,(0) = g0l } )

where 0, =1— (1 —B)2and 6, = (1 — B)/2;s0B = 6, —
0,. This confidence region is defined as the set of parameter
values for which the test statistic does not fall out of a
100B % likelihood set, where the latter is defined assuming
that o is the true value. If S,() = & — «, we will call C, the
grid-« interval, if S,(a) = (@), we will call C, the grid-¢
interval. This confidence region is designed to be central or
equal-tailed; i.e., it is the intersection of two one-sided
confidence intervals, and is designed to have the probability
of error equally likely in either direction.

When there is no nuisance parameter n (or the sampling
distribution does not depend on m), the quantile functions
¢.(0|a) are nonrandom, and the confidence region C, has
exact coverage. In this context, the region Cy is a traditional
confidence region described in most standard statistics texts.
See, for example, Cramér (1946, Ch. 34).

The confidence region C, has several properties that are
shared by confidence regions constructed from criterion
functions*: that C, may be disjoint, empty, or may contain
the entire parameter space. This is not necessarily undesir-
able; indeed, Dufour (1997) has shown that, in certain
contexts, it is necessary for properly sized confidence
intervals to be unbounded with positive probability. (In such
cases, the natural conclusion is that the sample provides no
information concerning the parameter.)

In most cases, Cg will be a simple interval, with the left
endpoint oy, given by the intersection of S,(«) and g(0, ),
and the right endpoint «ay given by the intersection of
S,(o) and q;‘,‘(61|(x)._When C, is disjoint, a conservative
confidence interval C; = [az, ay] for « can be defined as
the convex hull of C,.

It is helpful at this point to contrast the definition of Cg
with that for a conventional bootstrap confidence region,
which can be defined by the formula

C,= L ER:qH0,10) < S () =< ¢%(6,]0)}

The difference between the grid bootstrap region C, and the
conventional bootstrap region Cj is that the former allows
the bootstrap quantile function ¢ %(8, | «) to be a free function
of «, while the conventional bootstrap approximates this
function by evaluating it at the point estimate .

4For example, the Anderson-Rubin (1949) confidence interval for
parameters in a linear simultaneous equations model.
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B. Bootstrap Consistency

It is helpful to first state the conditions for first-order
accuracy of the conventional bootstrap.

PROPOSITION (1)  Suppose that for a sequence of estimators
dand i € =, |a— al >, 0and d(, n) —, 0. Suppose that
for all sequences o, and 1\, € = such that | o, — o| - 0 and
d(n,n) — 0 then F,(x|a, n,) converges weakly to a
continuous distribution function F(x|a, ). Then P(a €
Cy) >Basn— o

Proposition (1) states that the conventional bootstrap
confidence interval has correct first-order coverage if the
parameters are consistently estimated and S,(«) has an
asymptotic distribution, where the convergence to the asymp-
totic distribution is locally uniform in the parameter space.
We can give an analogous condition for the grid bootstrap.

PROPOSITION (2)  Suppose that, for a sequence of estimators
N(a) € =,d(M(w), n) —, 0. Suppose that for all sequences
Nu such that d(m,, n) — 0, then F,(x|o, n,) converges
weakly to a continuous distribution function F (x| o, n). Then
P(a€ Cy) >Basn — o,

Proposition (2) gives conditions under which the grid
bootstrap confidence interval is first-order accurate. The
requirement is that the nuisance parameters are consistently
estimated, while no restriction is made concerning the
estimate of the parameter of interest. The conditions of
proposition (2) are strictly less restrictive than those of
proposition (1), suggesting that the grid bootstrap applies
more generally than the conventional bootstrap, in the sense
of first-order asymptotic coverage.

Carpenter (1999) examines an analog of our grid bootstrap
intervals, where the nuisance parameter estimate 1(«) = 1 does
not depend on a He shows that, if the model satisfies the
properties of Hall’s (1988) smooth function model, then the
one-sided grid-¢ interval® (his STIB interval) has coverage
error of order n~', and the one-sided grid-« interval (his TIB
interval) has coverage error of order n~"2. These are
identical to the rates obtained by the percentile-f interval.

It is possible that the grid-f interval has coverage error of
order n~!' under weaker conditions than the conventional
percentile-¢ (in analogy to the lesser conditions of proposi-
tion (2) relative to proposition (1)), but this is unknown and
left to future research.

C. Computation

To calculate the grid bootstrap confidence interval C,, we
need the bootstrap quantile function g3(0|a). These are
generally unknown, but, for a given «, these quantiles may
be estimated using simulation methods. This technique is
frequently mislabeled “‘bootstrapping,’ but it is more prop-

> He does not examine symmetric two-sided intervals.
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erly labeled a simulation estimate of a bootstrap quantile.
The steps of this calculation are as follows. For a given «, let
Gi(x|o) = Gu(x|a, (o)) be the bootstrap distribution of the
sample. We assume that it is possible by simulation to
generate random samples X} from this distribution. Gener-
ate B such samples. For each sample X3, calculate the test
statistic S¥(«). Sort the B simulated test statistics $( ). The
1000% order statistic §3(0|) is the simulation estimate of
q:(0]o). The accuracy of the estimate is increasing in B.
Setting B = 999 or B = 1999 are common choices that result
in fairly accurate estimates of relevant quantiles.’

We need to calculate the bootstrap quantile function
q;50]a) as a function of «, not just for a single value. A
numerically intensive (but feasible) solution is to select a
fine grid Ag = [y, o, ..., ag] and calculate §%(0]a) at
each a € Ag. A more efficient solution is to recognize that
¢8| w) is likely to be a smooth function of a; so nonparamet-
ric methods are appropriate. A computationally straightfor-
ward method is to apply kernel regression.

The technique works as follows. First, pick a grid Ag =
[aq, o, . . ., ag] and calculate §35(0 | ) by simulation at each
« € Ag. Second, smooth the estimated function §3(0]w)
using kernel regression. For given a, the kernel estimate is

G & — &
ZK( - ’)éﬁ(elap
j=1
G a— 09) ’
K
2 ( ;

where K(u) is a kernel function and #/ is a bandwidth. In my
simulations and applications, I use the Epanechnikov kernel
K@) = 31— u»)1(Jul= 1) and pick the bandwidth by
least-squares cross-validation. In practice, graphical dis-
plays of the unsmoothed estimates ¢ (0 |«) and the smoothed
estimates §:(0|a) help to assess estimation accuracy and
bandwidth choice.

The estimator §3(0]a) is not arbitrary. Chamberlain
(1994) shows that a parametric regression function fit to the
estimates §3(0|q) is a near-efficient GMM estimator of the
unknown quantile functions ¢3(8|«). Since the form of the
quantile functions is unknown and « is scalar, it is appropri-
ate to use a nonparametric estimator. We select kernel
regression because it is particularly flexible and easy to
implement.

The confidence set C, is defined as the set of points « for
which () lies between ;{6 |a) and g#(0,|a). Our estimate
C, is defined analogously:

gi®la) =

C, = € R: G0, l0) = S,(0) = §3(0, 10}
This may be found graphically by displaying graphs of
G5(01]a), Su(), and §;(02|q). In most cases, C, will be a

¢ Tt is convenient to pick B so that (B + 1)0 = i is an integer, for then the
ith ordered value of S}(w) is the quantile estimate § (6| ).
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simple interval, with the left endpoint & given by the
intersection of S,(«a) and §:(0, |a), and the right endpoint &y
given by the intersection of S,(«) and §5(6, o).

An important issue for implementation is the choice of B
and G. Consistent estimation of the bootstrap quantile
function g}(0la) requires that both B and G diverge to
infinity, which suggests that both need to be fairly large in
applications, but it is unclear how to determine their values
optimally in practice. While the broader goal is to calculate
confidence intervals with the desired coverage accuracy, the
more-narrow practical goal is to accurately estimate Cy as
defined in equation (5) which reduces to accurate estimation
of the endpoints oy, and oy determined by the intersections
of S,(a) with g%(®;la) and q(0,la), respectively. The
accuracy of the estimates &z and &y can be assessed as
follows. Consider ay. Let D, = (d/d) q%(0,]la) and D, =
(@d/do) S,(o) and assume D, > D,. If 1§50, l0) — g5 (6,] )| <
€, then, based on a linear approximation, |6z — oy <
€/(D, — Dy). This shows that the accuracy of & as an
estimate of «g depends on the accuracy of ¢ ;‘,‘(62|(x) (which
can be improved by increasing B), but also on the relative
slopes D, — Dy. oy will be more accurately estimated when
D, — Dy is large (for example, when q%5(0,] o) is increasing
in o). The estimate is particularly inaccurate if D, =~ Dj,
which occurs when the functions ¢3(0,|a) and S,(«) have
similar slopes at az. We show later (figure 3) that this is an
empirically relevant concern. When it is determined that
D, = Dy, the number of bootstrap replications B will have to
be increased to ensure accurate endpoint estimation.

Some experimentation suggested that choices are low as
G = 25 and B = 399 can produce reasonable results in many
cases. (These settings are used in the simulations of section
IV.B.) For the empirical results reported in section V, we use
higher resolution, setting G = 200 and B = 1999 in most
cases. In all cases, the computation requirements are quite
modest.

ITI. Autoregressive Models
A. Bootstrap Intervals

The observed datais (Y_p+1, . . .
model with trend is

Yy, ..., Yy). The AR(k)

Y, = po+ wt+y (6)
y=ay 1 tay ,+ - -+ay_;+e, (7)

t=1,...,n,with e;independent and identically distributed
with unknown distribution function P(-), Ee; = 0, and Ee,2 <
oo, The initial condition y§ = (y_g+1, . . . , Yo) is fixed.

The single-equation representation is

Y= po+ pit+a ¥ +a¥, ,

(3)
+ -t aq Y, + e,

THE REVIEW OF ECONOMICS AND STATISTICS

An alternative representation is the so-called ADF
reparameterization

Y, = po+ it + p Yo, + pAY,

9
+ -+ 0 AY gy e

We focus on equation (9). Let p = (py,..., px) be the
autoregressive parameters from (9). Our goal is to construct
confidence intervals for p.

The model is estimated by least squares. Let p denote the
estimate of p from OLS estimation of equation (9). Let &
denote the OLS residuals and (s, . . ., S) the least-squares
standard errors for p. Let ¢ = (p; — p;)/s; denote the
t-statistic for p;.

The model is described by the parameters (p, P, U, Mp).
The sampling distribution of the #-statistic #; and estimate p;
are invariant to the values of yj and p,, so, to evaluate these
distributions, we can describe the model by the set (p, P) €
(R¥ X Z), where = is the space of mean-zero random
variables. P is estimated by P, the empirical distribution of
the residuals é;. (Since an intercept is included in the
regression, note that P € =)

The conventional percentile-f confidence interval for p;,
denoted Cj(j), is obtained by evaluating the sampling
distribution of the ¢-statistic # at the point estimate (p, P).
This may be numerically implemented by simulating time
series from equation (7) using the autoregressive coefficients
p and drawing the errors independently from the OLS
residuals (€4, . . . , €,).

The grid bootstrap confidence interval for p;, denoted
C,(j), is obtained by taking that parameter as the parameter
of interest (a in the notation of section II) and the remaining
parameters as nuisance parameters (1 in the notation of
section II). For example, the grid bootstrap confidence
interval for p; is constructed by setting o« = p; and n =

(P2, . - -, Pr, P). Our constrained estimate of n is f(a) =
(), ..., Pp(a), P) where P is described above, and
(P2(®), ..., pr(®) are the constrained OLS estimates of

equation (9), imposing the constraint p; = «. These can be
computed from OLS regression of ¥, — «o¥,_; on (1, ¢,
AY, 1, ..o AY i gr1). Let p(a) = (o Pa(a), - . ., Pr(a)). The
grid bootstrap evaluates the sampling distribution of the test
statistic at the estimates (o, (®)) = (p(w), P). This may be
numerically implemented by simulating time series from
equation (7) using the autoregressive coefficients p(o) and
drawing the errors independently (with replacement) from

@1, ...,e,).

B. Bootstrap Consistency

Bose (1988) has shown that, for stationary autoregres-
sions with finite 8th moments,

sup |Fn(x|(b) - F,,(x|&))| = o(n—l/Z)
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(in the notation of section II.B) which is a stronger result
than proposition (1). Under weaker conditions, we now
show that the conventional and grid bootstrap methods
achieve first-order asymptotic coverage. Let a(z) =
(1 - a,Z - aZ* — - - - — a;Z*) be the lag polynomial cor-
responding to model (7).

Theorem (1) In model (6) through (7), if all roots of a(z)
lie outside the unit circle and Ee;” < < for some r > 1, then
the conditions of proposition (1) are satisfied. Hence, for all
1=j=k P € Cy(j)—>Band P(p; € C, (j)) —>Bas
n—

Theorem (1) shows that, if the autoregression is station-
ary, then both the conventional bootstrap and the grid
bootstrap achieve first-order correct asymptotic coverage.
Since the limiting distributions of the #-statistics are standard
normal, we expect that both methods achieve asymptotic
refinements (along the lines of Carpenter (1999)), but do not
provide a proof here.

We now consider near-nonstationary autoregressions and
focus on confidence intervals for p;. Suppose that

Ve= PV 1 F PAY - DAY T e
P = 1+ C/n

with C fixed as n — . Assume that the roots of p(z) = 1 —
P2z — -+ - —ppz¥1 lie outside the unit circle. This is known
as a near unit root model, nesting a pure unit root (C = 0),
large stationary roots (C < 0), and mildly explosive roots
(C > 0). Technically, we should let p; and y; depend on n
(array notation), but we will not do so here to preserve
continuity in notation.

In this model, it is known that the asymptotic distributions
of the OLS estimate p; and its ¢-statistic are nonstandard,
indeed, letting p = p(1),

1
S, waw
nP; — py) —>d§1—, (10)
Jw:
0 (4
1
01— P "; WdW
t = (11)

§ 4 1 2
2
S, w:

where W is a standard Brownian motion and W, is a
detrended Gaussian diffusion process with parameter ¢ = C/
p. Since the asymptotic distributions depend on C which is
not consistently estimable (observe that C = n(p; — 1) has
an asymptotic distribution given by equation (10)), it
follows that the conventional bootstrap cannot achieve
first-order asymptotic consistency. This was observed by
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Basawa et al. (1991). The grid bootstrap, in contrast, is able
to produce consistent coverage.

Theorem (2) In model (6) through (7), if p, = 1 + Cin,
all roots of p(z) lie outside the unit circle, and Ee”” < <« for
somer > 1,then P(p, € Cy(1)) > P asn — oo

Theorems (1) and (2) together show that the grid boot-
strap achieves bootstrap consistency for p; throughout the
parameter space, including p; = 1, unlike the conventional
percentile-¢ bootstrap. This global property is good news for
the grid bootstrap, for it suggests that this procedure should
be less sensitive to model parameters than the conventional
bootstrap, and thus has better size.

While it would be desirable to establish an asymptotic
refinement for the grid bootstrap, it appears impossible
given present knowledge because it is unknown whether
there exists an Edgeworth expansion for this model. While
Abadir (1993) and Knight and Satchell (1993) provide
Edgeworth expansions for the random-walk model with
Gaussian errors, their arguments do not carry over to the
non-Gaussian case. Furthermore, in AR(k) models other
than the AR(1), it is quite likely that an asymptotic
refinement is impossible, since the limiting distributions
(10) and (11) depend on the nuisance parameters (P, . . .,
px) through c.

The asymptotic distributions of the #-statistics for p;
through pg, however, are standard normal, so both the
conventional percentile-f bootstrap and the grid bootstrap
are expected to achieve first-order asymptotic consistency
for the coefficients (py, . . ., px). We do not provide a proof
of this proposition, however, as it appears to involve a rather
delicate argument. As the nuisance parameter C is not
consistently estimated, the conditions of proposition (1) and
(2) are not satisfied, implying that an alternative proof
method is necessary. Furthermore, since the asymptotic
distribution of the ¢-statistics are standard normal, it is
possible that the bootstrap procedures will achieve an
asymptotic refinement. This is not obvious, however, since
the nuisance parameter ¢ is not consistently estimated.
Whether or not the bootstrap methods achieve an asymptotic
refinement may depend on whether the second term in the
Edgeworth expansion depends on ¢ (and this is currently
unknown).

IV. Monte Carlo Simulations

To assess the performance of the grid bootstrap in
practice, we report two Monte Carlo experiments for the
AR(1) and AR(2) models. We consider the problem of
constructing central confidence intervals with 1003 = 90%
coverage. (Equivalently, we are assessing the properties of
one-sided 95%-confidence intervals.) A correctly-con-
structed central confidence interval will have the property
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that, in 5% of the samples, the true value will lie to the left of
the confidence interval, and, in 5% of the samples, the true
value will lie to the right of the confidence interval.

The bootstrap methods require a treatment of the initial
condition. We treat the initial condition y§ = (¥y_zs1, ...,
¥o) as fixed, and estimate its value by the first k values from
least-squares detrending of the time series. These fixed
initial values are then fixed for each bootstrap evaluation.
Since the bootstrap distributions are quite sensitive to the
initial conditions when the model is explosive, we set the
initial condition to zero when the autoregressive parameters
used in the bootstrap evaluation have an explosive or unit
root. The treatment of the initial conditions was symmetric
across the various bootstrap methods compared.

All experiments are based on 5,000 replications and
consider samples of size n = 60, 120, and 240.

A. AR(1) Model

Samples were generated from the AR(1) model y, =
ay;-1 + e setting « = 0.6, 0.9, 1.0, and 1.02 using Gaussian
errors. The initial value y, was drawn from the unconditional
distribution when « < 1, and was set to O for a« = 1.

Seven confidence interval methods were compared.” All
methods are based on OLS estimation of the AR(1) with
trend

Y, = o+ wt+pY_, +e,.

1. Conventional asymptotic confidence interval & =*

1.645s (&).

2. Stock’s (1991) local-to-unity asymptotic confidence
interval.

3. Percentile bootstrap (e.g., Efron & Tibshirani, 1993,
ch. 13).

Percentile-£ bootstrap (e.g., Hall, 1992).
Biased-corrected percentile bootstrap (Kilian, 1998).
Grid-o.

Grid-t.

Nk

The conventional bootstrap methods used B = 999
simulated samples for each Monte Carlo replication. For the
grid bootstrap methods, we set Ag to be G = 50 evenly
spaced points on [& * 6s(&)] and generated B = 399
simulated samples at each grid point. The quantiles were
smoothed using an Epanechnikov kernel with the bandwidth
selected by least-squares cross-validation. When the confi-
dence intervals C, are disjoint, we report the convexified re-
gion Cy.

The results are summarized in table 1. For each method of
computing confidence intervals, the percentage of samples
in which the true value of « lay to the left of the estimated

7 To be fair, most of the existing methods (other than Stock’s interval)
were designed and motivated for stationary autoregressions , so there is no
reason to be surprised if they fail to provide good coverage for near-
nonstationary cases.
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TABLE 1.—AcTUAL AR(1) CONFIDENCE INTERVAL TYPE I ERROR

a= 0.6 a=09 a= 1.0 o= 1.02
Py Py Py Py Py Py Py Py

n= 60
Asymptotic  0.01 0.14 0.00 034 0.00 0.76 0.00 0.89
Stock 0.03 0.17 005 0.06 006 005 0.05 0.06
Percentile 0.00 035 000 0.87 0.00 1.00 0.00 1.00
Percentile-t 0.06 0.07 0.05 0.13 0.02 031 001 043
Kilian 0.03 0.09 000 0.13 000 033 0.00 048
Grid-« 0.05 0.05 004 0.04 005 005 0.03 0.07
Grid-¢ 0.05 0.05 005 0.04 005 004 0.03 0.07

n=120
Asymptotic  0.01 0.12 0.00 023 0.00 0.77 0.00 0.64
Stock 0.00 050 005 0.06 005 005 0.04 0.05
Percentile 0.00 024 000 061 0.00 1.00 0.00 0.96
Percentile-t 0.05 0.06 0.07 0.09 002 030 0.15 0.28
Kilian 0.04 0.07 000 0.09 000 029 0.00 0.73
Grid-« 0.04 0.04 005 0.05 005 005 0.07 0.07
Grid-¢ 0.05 0.04 005 0.05 005 005 0.06 0.07

n = 240
Asymptotic  0.02 0.08 0.01 0.16 0.00 0.77 0.05 0.11
Stock 0.00 1.00 004 0.07 005 005 0.04 0.05
Percentile 0.01 0.15 000 041 000 100 0.01 0.19
Percentile-¢ 0.05 0.05 0.06 0.07 002 031 0.05 0.03
Kilian 0.04 005 003 0.07 000 027 0.01 0.19
Grid-« 0.05 0.05 005 0.05 005 005 0.04 0.04
Grid-¢ 0.05 005 005 0.05 005 005 0.05 0.05

confidence interval is reported in the row labeled Pj.
Similarly, the percentage of samples in which the true value
of « lay to the right of the estimated confidence interval is
reported in the row labeled Pg. Ideally, these percentages
should be close to 0.05. (The standard errors for the
percentages are 0.003.)

The asymptotic interval is biased downwards, which
means that the true value is too rarely to the left of the
confidence interval and is much too often to the right of the
confidence interval. The percentile method is even more
biased than the asymptotic interval, with considerably worse
sampling performance. The percentile-£ method works well
in large samples with stationary roots, but is quite biased at
or near the unit root. Kilian’s bias-corrected percentile
method performs somewhat similar to the percentile-£
method, with poor coverage probabilities in small samples
or near the unit root. The only nongrid method that provides
good coverage is Stock’s confidence interval, which pro-
vides very accurate coverage rates for « equal or near unity
(including the explosive case), but is quite poor for a = 0.6,
and the error increases with sample size.

In contrast, the grid bootstrap methods provide near-exact
or conservative coverage for all experiments. The grid-a and
grid-£ are near-exact central confidence intervals for o < 1,
but are slightly biased for a > 1. In addition to the coverage
rates, the median length of the confidence intervals was also
computed (but not reported). The grid-« and grid-f intervals
had nearly identical lengths.

This simulation verifies the predictions of the theory: The
grid bootstrap methods are the only confidence interval
techniques that work well globally in the parameter space.
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Other methods work well in subsets of the parameter space
but not globally, and hence have poor size.

B. AR(2) Model

Samples were generated from the AR(2) model

Ye= P1Ye1 + PAY, |+ e

setting p; = 0.6, 0.9, and 1.0, p, = — 0.4 and 0.4, and using
Gaussian errors. The initial values (y_i,yo) were drawn
from the unconditional distribution when p; < 1, and were
set to zero for p; = 1.

Three confidence-interval methods for p; and p, were
compared. All methods are based on OLS estimation of the
AR(2) with trend

Y= pu+Bt+p Y+ pAY,_ + e,

We compared the performance of the conventional asymp-
totic 90%-confidence interval, the percentile-¢ interval, and
the grid-t interval. (In AR(k) models, the Stock procedure
provides confidence intervals for the largest autoregressive
root, not for the individual autoregressive parameters, so it
could not be included in this comparison.)

To reduce the computation burden, the grid-f intervals
were calculated using G = 25 evenly spaced points on
[& £ 55(®)]. Otherwise, the methods are identical as de-
scribed in the previous section.

The results are summarized in tables 2 and 3, for p; and p»,
respectively. The tables report the probabilities of the two
errors P; = P(p < C) and P = P(p > C), which should be
close to 5% if the methods are working properly.

For nearly all the cases considered, the grid-f interval has
near-correct coverage. In contrast, the asymptotic intervals
for p; are quite poor in all cases considered, and the
asymptotic intervals for p, are poor when p, = —0.4. The
percentile-¢ intervals for p; perform similarly to the results
found for the AR(1) model, with good performance in large
samples and stationary parameters, but poor performance
when p; is near unity. The percentile-¢ intervals for p,, on the
other hand, are generally quite well behaved, except when
n=60andp; = 1.

In summary, the simulation results confirm the theoretical
predictions. The asymptotic and percentile-f intervals for p,
are highly inaccurate when p, is large, and this inaccuracy
can be eliminated through the use of the grid-# bootstrap. For
inference on the parameter p,, both the conventional percen-
tile-¢ interval and the grid-f interval are quite accurate.

V. Empirical Illustrations
A. Velocity

We now illustrate the application of the grid bootstrap to
an AR(1) using a widely studied data series. We use the
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TABLE 2.—AR(2) CONFIDENCE INTERVALS FOR P

n =60 n =120

n = 240

pp 06 09 10 06 09 10 06 09 10

p,=—-04

0.00 0.01 0.00
0.77 0.14 0.28
0.02 0.07 0.06
0.31 0.06 0.10
0.04 0.06 0.05
0.06 0.04 0.04

py =04
0.00 0.02
0.76 0.10
0.03 0.06
0.31 0.06
0.05 0.05
0.06 0.05

0.00
0.42
0.05
0.15
0.06
0.04

0.00
0.77
0.02
0.31
0.05
0.05

0.02
0.10
0.06
0.06
0.05
0.05

0.01
0.20
0.07
0.08
0.06
0.05

0.00
0.77
0.02
0.31
0.05
0.06

Asymptotic P, 0.00
Pr 020
Percentile-t P, 0.07
Pr 0.09
Grid-¢ P, 0.05
Pr 0.04

0.00
0.28
0.07
0.11
0.06
0.05

0.01
0.18
0.06
0.08
0.05
0.05

0.00
0.77
0.02
0.31
0.05
0.06

0.02
0.08
0.05
0.05
0.05
0.05

0.01
0.13
0.06
0.06
0.05
0.04

0.00
0.78
0.02
0.31
0.05
0.06

Asymptotic P, 0.01
Pr 0.14
Percentile-t P; 0.06
Pr 0.07
Grid-¢ P, 0.05
Pr 0.05

TABLE 3.—AR(2) CONFIDENCE INTERVALS FOR p;

n =60 n =120 n =240

pp 06 09 10 06 09 10 06 09 10

p,=—-04
0.20 0.12
0.01 0.02
0.10 0.06
0.05 0.06
0.07 0.05
0.04 0.05

py =04
0.05 0.06
0.06 0.04
0.04 0.05
0.09 0.06
0.04 0.05
0.07 0.05

0.15
0.01
0.08
0.06
0.05
0.05

0.12
0.02
0.06
0.05
0.05
0.04

0.14
0.01
0.07
0.04
0.06
0.04

0.09
0.02
0.06
0.05
0.05
0.05

0.10
0.02
0.05
0.05
0.05
0.05

0.11
0.02
0.06
0.05
0.06
0.04

Asymptotic P, 0.16
P 0.01
Percentile-t P, 0.07
P 0.06
Grid-t P, 0.05
P 0.05

0.07
0.04
0.06
0.06
0.05
0.05

0.06
0.04
0.06
0.06
0.05
0.06

0.05
0.05
0.04
0.07
0.04
0.06

0.06
0.04
0.06
0.05
0.05
0.05

0.06
0.04
0.05
0.05
0.05
0.05

0.05
0.05
0.05
0.06
0.04
0.05

Asymptotic P, 0.07
Pr 0.03
Percentile-t P; 0.06
Pr 0.06
Grid-¢ P, 0.05
Pr 0.05

TABLE 4.—EXTENDED NELSON-PLOSSER
VELOCITY, 1869-1988, AR (1)

L Qy
Asymptotic 0.924 1.0011
Stock 0.944 1.036
Percentile 0.813 0.968
Percentile-¢ 0.958 1.030
Kilian 0.862 1.015
Grid-« 0.955 1.038
Grid-¢ 0.956 1.034

annual log velocity series of Nelson and Plosser (1982)
extended by Schotman and van Dijk (1991) to cover the
years 1869-1988. The AR(1) specification was used by
Nelson and Plosser in their analysis, so we adopt the same
specification here. Figure 1 shows the construction of the
percentile-f and grid-f confidence intervals. The solid down-
ward sloping line is the #-statistic function #(a) = (& — )/
s(®). The dashed lines are the 5% and 95% bootstrap
quantile functions, which are clearly quite nonlinear in «.
The open circles denote the intersection points, and the black
arrows indicate the endpoints of the grid-¢ interval. The
percentile-¢ intervals can be read using the dotted lines,
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FIGURE 2—VELOCITY: 1869-1988
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Note: The dashed lines are the 5% and 95% bootstrap quantile functions ¢ (8 |@). The solid line is the function (& — «). The intersections mark the endpoints of the grid-« confidence interval.

which show how the percentile-f approximates the bootstrap
quantile functions by flat lines at the OLS estimate &. The
open arrows denote the percentile-f endpoints.

Figure 2 shows a similar construction for the grid-«
interval. The solid line denotes the normalized estimate
function b(®) = & — «, and the dotted lines the 5% and 95%
bootstrap quantile functions. The intersections denote the
endpoints of this grid bootstrap confidence interval.

Table 4 reports the confidence interval endpoints con-
structed by the various methods described in section IV.A.
For these calculations, the conventional bootstrap methods
used 1,999 bootstrap replications, and the grid bootstrap
method used 1,999 at each of 200 gridpoints.

B. Real Per Capita GNP

Considerable attention has been devoted to the persis-
tence properties of U.S. output. We now explore this series
(real per capita GNP from 1909 through 1988) in greater
detail. Following Nelson and Plosser (1982), we use an
AR(2) with trend, and 90%-confidence intervals were calcu-
lated for the two AR coefficients both by the percentile-¢
method and the grid-f bootstrap using 9,999 bootstrap
replications and a grid with 200 gridpoints. The results are
reported in table 5. Figures 3 and 4 plot the bootstrap grid-¢
quantile functions and 90%-confidence intervals for the two
parameters.

The reason for the choice of an extremely large number of
bootstrap replications was because of the difficulty in

identifying the right endpoint of the grid-£ interval for p;. As
can be seen in figure 3, the right endpoint lies in a downward-
sloping region of the function ¢;(0.05 o), and it appears that the
slope is quite similar to that of the #-statistic function. As a
result, the exact point of intersection is difficult to determine
unless g} (0.05|a) is precisely estimated, as discussed in
section II.C. It is for this reason that the number of bootstrap
replications was set high. Observe that this contrasts with the
situation in figures 1 and 2, where the right endpoint lies in
the region in which the quantile functions are upward-
sloping, implying greater estimation precision.

The grid-t bootstrap yields strictly larger confidence
intervals than the percentile-f bootstrap for both parameters.
Most notably, the right endpoint of the confidence interval
for p; is much larger (0.983) using the grid bootstrap than the
percentile-¢ (0.937). The reason can be seen from figure 3.
The lower bootstrap quantile function falls as p; increases
towards unity (reflecting the increased bias in OLS estima-
tion), and this dropoff is entirely missed by the percentile-¢
bootstrap. The left endpoint is less affected because the
upper bootstrap quantile function is relatively flat in that
region.

Figure 4 shows that the distribution of the ¢-statistic for p,
is relatively insensitive to the value of p,, so that the grid-¢
and percentile-¢ intervals will be quite similar. Nevertheless,
the grid-¢ bootstrap produces a slightly larger confidence
interval for p, because the bootstrap quantile functions
(lower and upper) are decreasing as p, moves towards unity.
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FIGURE 3—GNP PER CAPITA: 1909-1988
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Note: The dashed lines are the 5% and 95% bootstrap quantile functions g5(8 | ). The solid line is the £-statistic function £,(p;) = (p; — p;)/s(D;). The intersections mark the endpoints of the grid-f confidence interval.
The linear projections mark the endpoints of the percentile-f interval.

FIGURE 4—GNP PER CAPITA: 1909-1988
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Note: The dashed lines are the 5% and 95% bootstrap quantile functions g (8 | ). The solid line is the £-statistic function £,(p2) = (P, — P2)/s(D,). The intersections mark the endpoints of the grid- confidence interval.
The linear projections mark the endpoints of the percentile-f interval.
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TABLE 5—REAL PER CAPITA GNP, 1909-1988 90% B0OOTSTRAP CONFIDENCE
INTERVALS, AR(2)

Grid-t
Percentile-¢ Bootstrap
Parameter o s(p) Interval Interval
[ 0.816 0.052 (0.768, 0.937) (0.763, 0.983)
P2 0.402 0.103 (0.220, 0.554) (0.211, 0.560)

C. Nelson-Plosser Revisited

Nelson and Plosser (1982) made a major impact on
econometrics by making the forceful case that the hypoth-
esis of an autoregressive unit root could not be rejected for
most major long-term macroeconomic time series. To make
this case, these authors used the augmented Dickey-Fuller
test with asymptotic critical values. Stock (1991) considered
the problem of constructing asymptotic confidence intervals
based on a local-to-unity approximation for the largest
autoregressive root. Schotman and van Dijk (1991) extended
the original Nelson-Plosser data (which ran to 1970) through
the year 1988. We apply the grid bootstrap to construct
confidence intervals for p; for both data sets.

We use the same transformations as Nelson-Plosser
(natural logs for all series with the exception of the bond
yield) and run the tests with a constant and time trend
included in the regressions. We use the same autoregressive
order k as Nelson-Plosser. Table 6 reports the thirteen series
used, the sample period, sample size, autoregressive order,
leading coefficient p; and standard error s(p;), and 90%-
confidence intervals for p; constructed by the grid-¢ boot-

TABLE 6.—GRID-T BOOTSTRAP CONFIDENCE INTERVALS FOR P,

Series Period n k s(p1)  90% Interval
Nelson-Plosser Data Set
Real GNP 1909-1970 62 2 0.825 0.058 (0.775, 1.030)
Nominal GNP 1909-1970 62 2 0.907 0.029 (0.880, 1.014)
Real per capita GNP 1909-1970 62 2 0.818 0.059 (0.762, 1.031)
Industrial production 1860-1970 111 6 0.835 0.063 (0.783, 1.048)
Employment 1890-1970 81 3 0.861 0.051 (0.816, 1.034)
Unemployment rate  1890-1970 81 4 0.706 0.081 (0.620, 0.954)
GNP deflator 1889-1970 82 2 0.915 0.033 (0.890, 1.025)
Consumer prices 1860-1970 111 4 0.968 0.016 (0.961, 1.019)
Wages 1900-1970 71 3 0.910 0.039 (0.884, 1.035)
Real wages 1900-1970 71 2 0.831 0.055 (0.782, 1.029)
Velocity 1869-1970 102 1 0.941 0.035 (0.929, 1.043)
Bond yield 1900-1970 71 3 1.032 0.046 (1.020, 1.078)
S&P 500 1871-1970 100 4 0.908 0.043 (0.878, 1.040)
Extended Nelson-Plosser Data Set

Real GNP 1909-1988 80 2 0.824 0.050 (0.773, 1.013)
Nominal GNP 1989-1988 100 2 0.936 0.022 (0.916, 1.012)
Real per capita GNP 1909-1988 80 2 0.816 0.052 (0.763, 0.983)
Industrial production 1860-1988 129 6 0.841 0.058 (0.789, 1.040)
Employment 1890-1988 99 3 0.864 0.046 (0.822,1.024)
Unemployment rate  1890-1988 99 4 0.715 0.071 (0.634, 0.909)
GNP deflator 1889-1988 100 2 0.968 0.020 (0.962, 1.025)
Consumer prices 1860-1988 129 4 0.987 0.010 (0.989, 1.018)
Wages 1900-1988 89 3 0.939 0.029 (0.922, 1.028)
Real wages 1900-1988 89 2 0.929 0.041 (0.906, 1.042)
Velocity 1869-1988 120 1 0.962 0.023 (0.956, 1.034)
Bond yield 1900-1988 89 3 0.953 0.034 (0.958, 1.051)
S&P 500 1871-1988 188 4 0.932 0.035 (0.911, 1.036)
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strap. These bootstrap intervals were constructed using
1,999 bootstrap replications at each of 200 gridpoints.

The results for the original Nelson-Plosser data are quite
consistent with those reported by Nelson and Plosser. Our
90%-confidence intervals contain unity for every series
except the unemployment rate. The confidence intervals are
quite different from those that would be constructed by an
asymptotic approximation. Most notably, the left endpoints
are quite close to the point estimate.

The extension of the sample to 1988 provides some
important new information. While the point estimates are for
the most part not meaningfully changed, most of the
confidence intervals are shorter. In fact, for two of the series
(Real per capita GNP and the Unemployment rate), the
bootstrap confidence intervals do not include unity, suggest-
ing that these series are trend stationary. This result is
consistent with the findings of Diebold and Senhadji (1996).

VI. Conclusion

Conventional bootstrap methods work well in regular
statistical problems. The autoregressive model is nonregular
in that the asymptotic distribution of the #-statistic changes
discontinuously at the unit circle. This is a context where it is
known that conventional inference can fail. To remedy this
problem, we propose basing confidence intervals on test
statistic inversion, and call this method the grid bootstrap.
This method is first-order consistent under strictly broader
conditions than for the conventional bootstrap, and these
conditions are satisfied for the AR(k) model with a near unit
root.

We do not explore the high-order properties of our grid
bootstrap. We expect the grid bootstrap to achieve an
asymptotic refinement under the same conditions as the
conventional percentile-£ bootstrap, and possibly under more
general conditions. We leave this demonstration to future
research.
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APPENDIX

Proof of proposition (1):  Letd = (a, 1) and (i) = (&, M). Observe that

Cp = [0 € R: F(gu(8,|0)|d) = Fu(S,()| ) = F(qu(8,]d)| b))
= [0 €ER: 0, = Fy(Sy(w|d) = 65,

SO

P(@ € Cy) = P(®, = F,(S,(e)|d) = 6,). (12)
As discussed in section 2.3 of Beran (1987), the assumptions (a restate-

ment of Beran’s condition 1) imply that F,,(X|(b) —, F(x| ) uniformly in x.
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They also imply that F,(x|$) — F(x|d), where F,(x|®) is the distribution
of S,(a). Thus, F,,(S,,(u)|(b) —,; U[0, 1], and, from equation (12), we
conclude P(a € Cy) — 0, — 0, = B. O
F,(x| a, fi(«)). Observe that

Proof of proposition (2): Let Fi(x|a) =

Figq%(6lw)la) = 6. Thus,

C, = |0 € R: Figi®,| )| ) = Fi(S,()| o) = Fig0,] 0| )]
= [0 € R: 6, = FXS,(0) ) =< 6,

SO
P(aE Cp) = PO, < FiS () = 6)).

The assumptions imply that Fixlo) = F,(x|o, f(0) —p F(xlo, )
uniformly in x, and that F, (x|u n) — F(x|a,n), where S,(a) has
distribution F,(x|a, n). It follows that F(S,(o)| a) =, U[0, 1], and thus
P(a€ Cp) >0,— 0, = B. O

Proof of theorem (1): We show that the conditions of proposition (1)
hold, and thus the conclusions of proposition (1) and (2) follow. Let ¢ =
(p, P) and ¢ = (P, P). Define Mallows’ distance (Mallows, 1972)

d,(H,G) = inf | X - Y||,,
pas

where the infimum is over all possible joint distributions of (X, Y) whose
marginal distribution s are H and G, respectively. Then, set

d,0) = lp— p'l + dp(P,P).

Under the assumptions, it is known that d(¢, ¢) —, 0. (For a discussion of
convergence with respect to d,,, see Shao and Tu (1995, section 3.1.2).) It
remains to show that, for all sequences ¢, such that P, € = and d(d,,
®) — 0, then F,,(x|(b,,) converges weakly to a continuous distribution
function F(x|d).

Letx, = (L /)y, Y17 - -

n
= _Z etv Zx,x,,

. ¥, and set

n

n =

It is sufficient to study X, as the statistics p; — p; and & = (p; — p;)/s; are
continuous functions of X,. Under the assumptions, it is well known that

xe, |

X, >4 X = (0%, M, 2), 13)

where Z ~ N(0, 02M) and

1 n
M = lim— Z Ex,x;.

n—>o R =

Now, for any ¢, = (p,, P,) where d(d,, ) - 0and P, € =, let y,, be
determined by ¢,,. That is, y,, follows the process

Yu = PmYu-1F P AYu—1+ -+ Pl Yy por1 + €y (14)
where e, are i.i.d. mean-zero draws from P, and p, = (0,1, - - - » Pux)- This
process is nonstationary (unless the initial condition is drawn from the
unconditional distribution). As long as the initial condition is bounded, it
does not affect the distribution theory presented here, so we make the
simplifying assumption that process (14) has been generated over an
infinite time horizon.

Letx, = (1 @/n) Yu—1 Yui-2 - -

n
.
X Zemv antxmv

- Yu-i) and

n
D Xulu |
e
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The proof of the theorem is completed by showing that X} —; X as n —> oo,
(Since the limit is the same as in (13), and the statistics are continuous
functions of X, and X ¥, their limiting distribution s are the same.)

Let R satisfy Ee,z’ < R < . Since d,.(P, P,) — 0, then Eef; —>Ee,2’ <R
(Bickel & Freedman, 1981). Thus, for 7 sufficiently large, for all n = &,
Ee” < R. Thus, €% is uniformly integrable . Hence, as n — <,

1 1
=Dlek == (X — Eel) + e’ —, ¢ (15)
n- n-

by the WLLN for independen t uniformly integrable random arrays and the

fact that d,,(P, P,) — 0 implies Eeﬁt —>Eet2 = o2
‘We next show that

1& 1&

2: 2 . 2: 2
- —, lim = Ey;.
”t=1ym p""wnt=1 Yt

16)

Extended arguments of this form show that (1/r) L. x,x -, M.

Since a(L)y, = e, and the roots of a(L) lie outside the unit circle, then
y; = b(L)e, where b(L) = a(L)™' = 1+ b,L+ b,L*>+ - - - . Since a(L) is
finite-order, it follows that the b; coefficients decline exponentially, so
2;1 Jj1b;l < . For any p,, there is a correspondin g polynomial a,(L). Since
[, — pT — 0, there is an 1 sufficiently large so that, for all n = 1, b, (L) =
a,(L)™' =1+ b, L+ b,L*>+ ---exists and Zjilj|bnj| < K < <. For
the remainder of the argument, assume that n = n. Thus, y,, = b,(L)e,,. For
j=0,1,...,1let

Juj = Z buib s j-

k=0

Following the decomposition for squared linear processes introduced by
Phillips and Solo (1992),

Vo = froln + 21 — Zut — Zu-1)

where

.
Eyy = anjemﬁ
=

and
- 2,2
Znt = Z Z bnsentfk +2 Z Z Z brlsbns+jent7kemfk7j-
k=0 s=k+1 Jj=1 k=0 s=k+1

Hence,

1 1 1 Zuo — %,

2 _ 2 - n0 nn
= D V= o 2 € 2= D el + T (17)
n = n = n - n

We now examine the terms on the right-hand side of (17). First, notice
that e,,€,,— | is a MDS, and is uniformly integrable since

lewbu- 1l = D01 fiil lewen ill, = D D0 1bubus,| R
j=1

j=1 k=0

< (Z |bnk| )RZ/r < KZRZ/r < oo,

k=0

Hence, (1/n) X[_ | €,&,._ —, 0. Second, z,, = O,(1) since

|bm| |bns+j| ”ent*kem*k’j”’
1

leal = 2 3% Bhlled i +23 >

k=0 s=k+1 j=1 k=0

s

< (K+ 2K»)R"* < oo,
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Thus, (z, — z m)/n —, 0. Finally,

1& 1&
=D VL = fo= 2. ek + 0,(1) >, fio?
n- n=

by equation (15), where f, = X5 b2. This yields (16) as needed, since

1 n
fi0% = lim = >, Ey?.

n>* R =

Finally, since x,e,, is a martingale difference array, n~ 2 X \x€,, =4
N(0, o2M) if

1 n
- Z XX s —p M
ni

(18)
and

19)

— max [x,e,|—, 0.
n t=n

(See Davidson (1994), theorem (24.3).)
Consider equation (18). It consists of elements of the form

1& 1& 1&

_ 2 2 _ _ 2 2 _ ~ 2
Zynt—lem - .ﬁt() Z €—1€n +2 Z €nt—1€nt—2€

ny= ny= ny=

1 n
2
+ - E Az €5 —>, 10207
nig

by calculation s similar to those above, and the facts that e?, is independen t
of €31, €18y, and Az, ,, that E(e,.— &, —,) = 0 and E(Az,,) = 0.
This establishes equation (18).

To show equation (19), observe that || y|l, = X7 bl |l €w—ill, = KRY?;
thus, E|x,| < kK'R, and, hence, E|xe,|> = El|x,|”Ele,|>” < kK'R>.
Thus, for any & > 0,

1 1 1
Pl—=max |x e, > 8 |< E Pl—=lx,e,l> 8
T =

n

Elxye.” KkK'R?
-3 P _

puy anZ/r n- 1821'

—0.

This completes the demonstration of X* —, X as n — o, which completes
the proof. o

Proof of theorem (2):  For simplicity of exposition, we will discuss the
proof for the case where there is no included constant and time trend. In
this case, under our assumptions, the asymptotic distributions of n(p — p,)
and ¢, are given by equation (10) and (11), respectivel y, where W, (r) is the
Gaussian diffusion process that solves dW,(r) = ¢W,(r) + dW(r).

Leta=p, =1+ C/n,n = (py,...,0P)E R!'X =) and set

k
dn.n’) = D lp;— ol + doy(P. P,
j=2

It is clear that d(n, fi(®) —, 0.
Take any sequence 1, € (R¥!' X =) such that d(n, n,) — 0. Let y,, be
determined by (a, n,). That is, y,, follows the process

Yu= A+ CM)yy 1+ PpAYu1+ -+ Pl Yier1 + €

where e,, are i.i.d. mean-zero draws from P,. Let p,, denote the OLS
estimate of p, from this sample and ¢, its ¢-statistic. To complete the proof,
we need to show that the asymptotic distributions of p,; and ¢, are
equation (10) and (11), respectivel y.
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As discussed in the previous section, for n sufficiently large, Ee* < R,

and e2, is uniformly integrable. Since (1/n) X1 Ee?, — ro? for all r, (1/n)
Y7 en —> 02 and n~"? maxe=a le,| —, 0, (by arguments similar to
equation (18) and (19)) it follows by Donsker’s theorem for martingale
difference arrays (Davidson (1994) Theorem (27.14)) that

1 [nr]

=

asn — . Let S, = (1 + ¢/n)S,—, + e,. Then equation (20) and Hansen
(1992, theorem (3.1)) imply

1 [ar] |1 [ t
ES"["'] = exp|-—e \/;;exp —t e, +0,(1)

= exp (=rc) J: exp (A\¢)o dW())

e, = oW(r) (20)

= oW.(r).

Letp,(z) = 1 — ppz — - - - — puz™ . For sufficiently large n, p,(z) = P, +
p¥@)(1 — z) where p, = P,(1) and the coefficients of pZ(z) have exponen-
tial decay. Let &, = p(L)Ay,, and S}, = D,(L)y,,. Observe that

c c
ASE = ;S:},l +;§m,1+em.
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Since n™ "2 supr=n|€,| —, 0, then_n='2S¥,,, = 0™ 28,y + 0,(1) =
oW, (r). Now, let b,(z) = p,(z)"!sob = 1/p. Then,
1 _ _ _ o
\_/—yn[mj = bn(L)Sj[m'J = bnsj[nrj + op(l) :>b0'va(l‘) = % VVC(I‘)
n
By the continuous-mappin g theorem, we conclude that
1 & 02
—_ 2 —_ 2
== fw @)
and, by Hansen (1992, theorem (3.1))
1 i o? fl
; & Ynt-1€m 3% o W, dw. (22)

Results (21) and (22) are the fundamental determinants of the asymptotic
distributions of f,;, and #,, (10) and (11). The only addition equations
needed to establish is (15), and that for j = 1, ..., k,

1 n
E Zl: Yne— lAynt—j —p 0,
p

and both follow from standard arguments. We conclude that the asymptotic
distribution s of f,,; and ¢, are (10) and (11), respectively, which completes
the proof.



