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CONVERGENCE TO STOCHASTIC
INTEGRALS FOR DEPENDENT
HETEROGENEOUS PROCESSES

BRuCE E. HANSEN
University of Rochester

This paper provides conditions to establish the weak convergence of stochas-
tic integrals. The theorems are proved under the assumption that the inno-
vations are strong mixing with uniformly bounded 2+ moments. Several
applications of the results are given, relevant for the theories of estimation with
I(1) processes, I(2) processes, processes with nonstationary variances, near-
integrated processes, and continuous time approximations.

1. INTRODUCTION

A considerable research program has developed in econometrics concerning
an asymptotic distribution theory for integrated and near-integrated processes.
Frequently, the theory involves sequences of cadlag! processes { U, (s), V,(s)}
which converge weakly in the Skorohod topology to {U(s), V(s)}. It is
often desirable to obtain the limiting distribution of the integral process
s U, dV,. In certain cases, [, U,dV, = [; U~ dV,? but it is known that this
result is typically violated when V), is not a martingale. See, for example,
Phillips [16].

There is a growing literature studying the asymptotic distribution of sto-
chastic integrals. Chan and Wei [4, Lemma 2.4] derive the distribution of
fO' U, dV, when U, and V, are martingale arrays with uniformly bounded
conditional variances (which excludes many conditionally heteroskedastic
processes, such as ARCH). Phillips [19] extends the results of [4] to allow
the innovations to be general linear processes with independent identically
distributed innovations. Strasser [22, Theorem 1.7] derives a functional limit
theorem for [; U, dV,, for the case that V, is a martingale array and U, a
Lipschitz function of a martingale array. In another paper, Phillips [18] at-
tempts an alternative proof for mixing processes, but makes an error.?
Jeganathan [9, Proposition 6] provides a proof for the case that V, is a mar-
tingale array and (U, V') are continuous processes. The most general results
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yet published for martingale arrays are contained in Kurtz and Protter [10].
These authors consider a variety of limit theorems when V,, is a semimar-
tingale.

This paper provides an asymptotic theory for stochastic integrals which
arise in econometric applications. The assumptions allow for weakly depen-
dent heterogeneous data. Section 2 considers stochastic integrals with respect
to a martingale process. Section 3 develops a martingale difference approx-
imation for strong mixing sequences. Section 4 demonstrates the usefulness
of the results for several examples of major interest. In all cases, the differ-
ences of V,, are assumed to be strong mixing. The first example assumes that
the differences of U, are strong mixing, which has applications in the the-
ory of multivariate unit roots [4] and cointegration among /(1) variables
[8,12]. The second example assumes that U, is the product of processes
whose differences are strong mixing, which has applications in the theory of
heteroskedastic cointegration [6] and nonstationary variances [7]. The third
example assumes that the second differences of U, are strong mixing, which
has applications in the theory of cointegration among /(2) variables [13]. The
final example assumes that U, is a vector process with a root local to unity,
which has applications in the theory of near-integration [3,17,20] and con-
tinuous time approximations [14,15]. The appendix contains the proofs.

A word on notation. The symbol “=" denotes equality in distribution,
|B|, = (X, E|B;|")" denotes the L"-norm, “BM(2)” denotes vector
Brownian motion with covariance matrix Q, M*" denotes the real-valued,
k X m matrices,  denotes the space of cadlag functions, and “=" denotes
weak convergence with respect to the Skorohod metric (as defined in [2]).

2. MARTINGALE DIFFERENCES

Consider random arrays {U,,;, Y,,:1 <t <n; n=1} where U,,isa k X m
matrix and Y, is an m X 1 vector. We can transform these arrays into ran-
dom elements on [0,1] by defining

U,,(S) = Un[ns], Y,,(S) = Yn[ns]’ O0=s=1

Also, define the differences ¢,, = Y,, — Y, ,—;. We can then define the sto-
chastic integral

[ns]

f Un(r) dYn(r) = f Un dYn = Z Um‘fni+1'
0 0 i=1

To evaluate the limit distribution of fj U, dY,, we start by assuming that
Y,, is a martingale. This allows us to apply a result from Kurtz and Protter
[10] to obtain the following theorem.
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THEOREM 2.1. For each n, let {U,,, Y,,} be an {F,,}-adapted process
with sample paths in Dyemyzgm[0,1], and let Y,, be an {F, }-martingale.
If (U,, Y,) = (U, Y) in Dpimygm[0,1], and sup, ', E(e2) < oo, then Y
is a martingale with respect to a filtration to which U and Y are adapted, and

(U,,, Y,,,fU,,dY,,) = (U, Y,fU‘dY) in D pphmegmgt[0,1]. n

Theorem 2.1 is a special case of one of the several theorems provided in
Kurtz and Protter [10]. Their results encompass a broad range of processes,
including semimartingales with weaker moment conditions. For the applica-
tions considered in this paper, however, the level of generality provided in
Theorem 2.1 is sufficient.

3. MIXING SEQUENCES

Theorem 2.1 gives general conditions for the convergence of stochastic in-
tegrals when the process ¢,; is a square integrable martingale difference.
This is not sufficiently general for many applications in econometrics. Phil-
lips [19] used a martingale difference approximation taken from Hall and
Heyde [5] to derive analogous results for strictly stationary linear processes.
We extend this analysis to cover strong mixing («-mixing) sequences.

To facilitate the analysis, we assume that the array {V,,} is a normalized
stochastic partial sum process:

1 '
V= —V, V = .. 1
! N ' 1 i=210 (¢))

The stochastic integral of interest is
s 1 [ns]
J; U,dv, = ﬁ Z} Univig-

We assume that the sequence {v,} satisfies the following assumption.

Assumption 1. For some p > 8 > 2, {v;} is a zero mean, strong mixing
sequence with mixing coefficients «,, of size —pB/(p — 8) and sup;,|| v;|, =
C < oo. In addition, (1/r)E(V,,V;) > Q < o as n - co.

Set F, = o(U,;, v;:i < t, n = 1} to be the smallest sigma-field containing
the past history of { U,,, v, for all n, and denote E(.X |TF;) by E; X. Define

had oo
6= 2 (Eiviek — Eioyvis)s  2i= 25 Eivjgx.
k=0

k=1
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It is not hard to verify that
Vi=¢€ + 2 — 2y Ei_1¢,=0. 2

This representation is useful because of the equality

f U, dv, = f U, dY, + AXs) @)
0 0
where Y,(5) = Y,(ns)» Y = Y./V0, Y, = 2| ¢, and
A* — l z’; — U ) ’ — L U ’
nt — n P ni—1)%i \/71‘ ntli+1.

Since {¢;,F;} is a martingale difference sequence, f; U, dY, can be ana-
lyzed via Theorem 2.1. This is stated in the following theorem.

THEOREM 3.1. If Assumption 1 holds and (U,,V,) = (U, V) in
S)Mkmxmm [0,1] then

fU,,dY,,:f Uu~dyv,
0 0

with V(s) = BM(Q), and Q being defined in Assumption 1. [ |

Theorem 3.1 gives a convergence result for the martingale approximation
o U, dY,. To achieve a convergence result for the process [ U, dV, itself, it
is necessary to examine the process A},. We have not been able to establish
a general result. Instead, in the next section we illustrate the results for sev-
eral common applications. We will find the following two results useful
in the sequel. Theorem 3.2 gives a mixingale-type bound for the sequence
{v;z/ — Ev;z/}. Theorem 3.3 shows that L!-mixingales are asymptotically
uncorrelated with arrays which have continuous asymptotic sample paths.

THEOREM 3.2. If Assumption 1 holds, then

| Eimm(viz/ — Ev;z{) "5/2 = Czllzm

where Y, = 12ma 2 VP=VP) 4 1430, a2 VETVP and ¥ = B0 _ Y, < .
n

THEOREM 3.3. Suppose U,,= U in Dy «m[0,1] and U(-) is almost surely
continuous. For a random sequence {e;} and a sequence of nondecreasing
sigma fields (T ¢} to which {e;} is adapted, assume that sup; E|E(e;| F¢_,,) |-
0 as m —» . Then

[ns]

> Use

nll

—»0 n

O<s<l
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Theorem 3.3 has the following interesting corollary.

COROLLARY. For a random sequence {e;} and a sequence of non-
decreasing sigma fields {F{} to which (e;} is adapted, assume that
sup; E|E(e;|F¢_,,)| = 0 as m— oo. Then

1 t
P

max

t=n

> 0. u

4. APPLICATIONS

In the following applications, ¥V, is defined as in (1).

4.1. /(1) Processes

For our first application, we set U,, = V,,. Thus,

s s 1 los]
[(vavi= [ viavi=1 5 vius.
0 0 n =

Convergence of matrices of this form is an important component of re-
gression theory under cointegration (see [12] for an application involving
fg V,dV,, or [8] for an application using the stochastic integral process
fo V. dV},). The only existing valid result which allows for serial correlation
is [19] which uses general linear processes with square integrable i.i.d. inno-
vations. This is quite restrictive, excluding, for example, conditional heter-
oskedasticity. The following theorem allows for strong mixing processes, and
provides the first proof of weak convergence of the stochastic integral pro-
cess for serially correlated arrays. Define

A = lim 1 > 2 E(viv)).

n—oo M =1 j=j+1

THEOREM 4.1. If Assumption 1 holds, then
s S
f V,,dV,’,=>deB’+sA, asn— o,
0 0
where B = BM(Q).

4.2. Products of /(1) Processes

For our second application we set U,, = V,, ® V,, = (1/n)V, ® V,. Thus,

s s 1 [zl
f UndV,'.=f Ve ® Vp)dVy, = P 2 (Vi ® V).
0 0 i=1
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Stochastic integrals of this form have arisen in models with nonstationary
variances [6,7].

THEOREM 4.2. If Assumption 1 holds with 3 = 3, then

fS(V,,®V,,)dV,',=>fS(B®B)dB’+A®fSB+fsB®A. n
0 0 0 0

4.3. /{2) Processes

The third application sets U,, = (1/n)Xi_, V,; = n~*?V,, where V, =
Z;:l l/I' Thus)

s [ns]
f U, dV,=n"%3 Vivj,,.
0 i=1

V; is known as an I(2) process. Stochastic integrals of this form are studied,
for example, in [13].

THEOREM 4.3. If Assumption 1 holds, then
f U,,dV,’,=>f BdB’, as n-— oo, |
0 0

where B(r) = [} B.

4.4. Near-Integrated Processes

The final application is to near-integrated arrays, which have been studied
by (3], [17], and [20], and relate to continuous time approximations [14,15].
Define for some matrix G the near-integrated array

Xni = exp(G/n) Xpi—y + v;

and the limit diffusion
Ug(r) =f exp{(r — N)G}dB(M\).
0
Set Uy; = (1/vn)X,;. Here
s 1 [ns]
f UndV,’, = - Z X,,,'U,".
0 n =

THEOREM 4.4. If Assumption 1 holds, then

(a) Un[ns] = UG(S);
(b) .’.os U,,dV,’,:f; UGdB"FSA. n
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NOTES

ste

1. A process is cadlag if it is right continuous with left limits.

2. U~(-) is the left limit of U(-).

3. Equation (24) in the proof of Lemma 2.5 (b) in [18] is valid, but the subsequent critical
p is invalid, for the processes w, and L depend upon the matrix G.
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APPENDIX

Proof of Theorem 2.1. We simply need to verify the conditions of Theorem 4.6 of
[10]. Since Y, is a martingale, it is a semimartingale, and their condition (4.20) holds
trivially with 4] () = 0. To show that their condition C2.2(i) holds, set = c and
77 = 2a. Thus, for all @ > 0, P{r{ < a} = 0 < 1/a. In the notation of Kurtz-Protter,
Mi=Y!=Y, A%=0, and

sup E(IM2)ars + Tensa(A%)

[n(sA2a)) ) n
= sup E[Yn]sA2a = Ssup E Z €n; = SUp EZG;%I‘ < .,
n n 1 n 1

In this expression, [Y,] denotes the quadratic variation process of Y,, and T(A) de-
notes the total variation of A4. | |

Proof of Theorem 3.1. We first establish the moment condition for ¢,;. By
Minkowski’s inequality and McLeish’s strong mixing inequality [11]

Iz =

=] [=2]
Z Ei V| = Z 1Ei—1viskllg
k=1 8 k=1

(<] (<}
< 23605 P vk, = 6C 23 PP < oo, (A.1)
k=1 k=1

uniformly in i. Set e,; = ¢;/</n. It follows that

M-

Ee2; < sup Ee? = (sup|v; — zi—y + zi]2)?
1 i=n i=n

1

1
< (sup|vilg + 2sup|z;[s)* < . (A.2)
I=n i=n
Note that V,(s) = V(s) = BM(Q) as shown by Wooldridge and White [23, Cor-
ollary 4.2]. It remains to show that (U,, Y,) = (U, V). Since
(Urn Yn) = (Un) Vn) + (Oy(Yn - Vn))a
the result follows from the continuous mapping theorem since (U,, V,,) = (U, V)
and (Y, — V,) = 0. We now show the latter. For all n > 0,
n
P{sup|z;| > vnn} = 3 P{|z| > vnn)
i=n i=1

n 1 oo B
—1 1/8-1/ 1-8/2
Sznﬂnﬂ/z E|z|f = (ﬂ 6CZl]akB p)” 250
i=

since 8 > 2. Therefore

1
511519|Y,,,— Vil < Zﬁ SIISIE|Z,| - 0. (A3)
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This establishes that (Y,, — ¥,,) = 0 in the uniform metric, which implies convergence
in the Skorohod metric as well (since the zero function is continuous). The conditions
of Theorem 2.1 are satisfied and we conclude that

fU,,dY,’,:f U-dv: (]
0 0

Proof of Theorem 3.2. By Minkowski’s inequality

oo

VEicmlvizi — Eviz{ g = Z i—mViVk — Evi0{ )

i1 82
m
= kZ | EimviVisx — Eviviiillgrn
=1
[=-]
+ 23 Ei—mvivisalor + Eviv/iilsrn)- (A4)

k

m
By McLeish’s strong mixing inequality [11], Minkowski’s inequality, the Rao-Black-

well theorem, and Holder’s inequality

m
Z ]EI mUi¥ 1+k EU;U{+k|’3/z

< 6moay PP | vivf sk — Evivivilpa

< 6maP2P(|v;v!\ i |lpa + | Eviv!

= omay, I Viligk Ip/2 U; U:+k"p/2)

< 2ma P72 v p | visk ]l < 12C?ma /P27, (A.5)
In addition,
1Eimviviiilar < 10Eiviilsr

" U,",,"E U:+k"Bp/(2p 8) = 6Cz 7 Z/p (A'6)

Finally, by an «-mixing inequality [5, Corollary A.2],
1 Ev:viiillge < 82727 | 0;0] 4]l prr < BC2a}P722. (A7

(A.4), (A.5), (A.6), and (A.7) together establish the main result. Finally,
S ¥n= 2 <lzmaw W14y akw~2/p)
m=1 m=1 k=m

oo
=26 %) maZV8 1P < oo,

m=1

/B=1/p ;

since a,, is of size —1 by Assumption 1. ]

Proof of Theorem 3.3. For some é € (0,1), set N = [1/68], t, = [kn/N] + 1, and
ty =ty — 1Ny = [(N — 1)s], and ¢}, = min(#g,[ns]). Then
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] [ns] s tsk
Sup 2 U,iei| = sup E Z U.e
O=s=<1|N j= O=s=<1 nk =0 r=t;
I5k 1 NStk
= Z Uniy Z e+ sup |- Z Z (U= U, e,
0<s<l nk =0 =t O<s=1 | N k=0 =t
1 N= 7
5‘2 i | Zet +"Z Z | Une = Uy el
n k=0 1=ty N k=0 1=t
1 N-1 7
< sup U, () = 2 | Qe
O=s=<1 N k=0 | 1=t

1 n
+ sup |Un(r) = Uy(s)| = 25 |eil.
|r—s|=é n ;=1

Smce U, converges in the Skorohod topology, sup,| U,(s)| = O,(1), while (1/n) x
i le| = O, (1) since e; is uniformly integrable. Furthermore,

1 N-1 | % N 3 t+6n
2| Xe|=— su E|}e|=ssupkE|— LS e |-
” k=0 | 1=t, 0sks=N—1 |r=1 t=n n =t

as n — oo, by Andrews [1, Theorem 1]. The proof is completed by noting that

sup [Un(n) = Up(s)l 5 sup (UM =UG)] as nom,

|r=s] {r—s|=<é
-0 as 6—-0,
D
since U(-) is continuous. n

Proof of Theorem 4.1. As discussed in the proof of Theorem 3.1,

[ns]
U,(s) = V,(s) = NG 213 v; = B(s) = BM(Q).

The martingale difference approximation (2) allows decomposition (3), which in this
case is

S S

f v,dv; =f VydY)+ Al
0 0

with
* 1 d ’ l ’

A= ; iZ:lvizi - ; Vizisy.

By Theorem 3.1, f; V,,dY,, = [, BdB'. It remains to show that A, = sA. Since the
limit process is nonrandom, this is equivalent to uniform convergence in probabil-
ity. It is therefore sufficient to consider the case where A}, is scalar.

First, observe that

sup lz:| 70

1
sup - [Vizissl = sup ’— |4 N

since sup,<,|V;| = O,(vn) and (1/Vn)sup,<,|2z,] - 0 as in (A3).
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Second, by Theorem 3.2, the sequence {v;z; — Ev;z/} is an Lg,,-mixingale. Since
B > 2, the sequence is therefore a uniformly integrable L;-mixingale. Applying the
Corollary to Theorem 3.3, we find

1 1
sup | — >3 (v;z; — Ev;z))

t=n | N j=

Finally, observe that

[ns] [ns]

l ns oo
E; 20z == Z E(v, 2 E; v1+k) = 2 2 E(ivly) =2, sA u
i=1 i k=1

i=1

Proof of Theorem 4.2. By the continuous mapping theorem, U, =V, ® V, =
V ® V. Employing the martingale difference approximation (2)-(3) and Theorem 3.1,
we obtain

fm@ V,,>dY;=fS<V® vyav:
0 0

To analyze the bias term A},, note that

AL = n;/zg((V@) V) = (Vi ® Vis))zi + 0,(1)
=%—§;((V L ® b))+ (U ® Vi) + (1, ® )] + 0,(1)
= n_;ﬁ,é L ® (viz)) + —n Z(vz,)@
+ n—%g (v; ® v))z/ + 0,(1). (A.8)
First,
Estgg n:/z Z W ®v)z/ | = 31/2 Ig loil3lzils ~0 (A.9)

as n — o by (A.1). Second, set e; = ¢; = v;z{ — A, which by Theorem 3.2 satisfies
the conditions of Theorem 3.3, yielding

1 lns)

ZV;H l®el

n i=1

-

sup

O=<s=<1

and therefore

1 [ns}) 1 [ns] ][ns] s
—5 2 Vi ® (viz)) ==z Vi ®A+ - 23 Ve ®e,-=f B® A
i i=1 0

i=1 i=1

(A.10)
by the continuous mapping theorem. Similarly,
1 lns)
—7 Z (viz)) ® V; 1=A®f (A.11)

(A.8)-(A.11) combine to yield the result. |
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Proof of Theorem 4.3. Since V, = V, it follows that U, = ¥ by the continuous
mapping theorem. Therefore by Theorem 3.1,

s s
fU,,dY,’,:f vdv:
0 0

Additionally, A}, = 0 since

'IS

n- Z zl+l

’ +0,(1)
1

| sup An(s)|; = | sup
O=s=<1 O=<s=<l1

n n
n=? z; 1Vizisilli + 0,(1) = n? ZI 1Vil2lzie1 12 + 0,(1)
i= i=

-0 as n — oo, | |

Proof of Theorem 4.4

1 lns) —k
@) Unpns) = \FkEoex < (%—)G)v,ﬁop(l)

1 L) k
oo (21)e) &y S (B 2000
Note that

o) 5 & e (7))e

exp| —| — ex

p( ( n n kz% P
s s

= exp(—sG)f exp(AG)dB(\) = f exp(—(s — N)G)dB(\) = Ug(s)

0 0

by Theorem 3.1. In additon, standard manipulations can show that

= & en((3)o)

= ex -G ) (zx — 24-1) =0

\/E,ZE) p((n (Zg — 24-1)

establishing the result.
(b) By Theorem 3.1, f; U,dY,, = [; UgdV. In addition,

* 1 (s
A,,(S) = - Z Aszl + Op (1)

S

ll

1 G 1 L]
~ [exp(——) } 20 Xni1zi + 0p(1) = sA
n = n n =1

as shown in the proof of Theorem 4.1. (Note that the 0,(1) terms hold uniformly in
s e [0,1].) | |
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