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1. Introduction 

Twenty years ago Christ (1975) published a study that set out to judge the 
performance of several well-established structural econometric models of the US 
economy. Christ's study appeared as part of a general symposium on econometric 
model performance that was published in the b~ternational Economic Ret~iew dur- 
ing 1974-75. His study compared the post-sample, post-model building forecast 
performance of nine different models, using forecast root mean squared errors 
(RMSEs) to evaluate the results. In addition, Christ considered the multiplier 
effects over time of certain monetary and fiscal policy shocks to the models' 
exogenous w~riables. One of Christ's key discoveries was that there was great 
uncertainty across models about the macroeconomic effects that follow from im- 
portant fiscal and monetary policy actions. For instance, in studying the effect of 
an easing of monetary policy (measured as an increase of $1 billion in unbor- 
rowed reserves) on real GNP, Christ found that serious disagreement among the 
models set in almost immediately after the policy change. Some models showed 
only positive effects, others showed positive and negative effects on real GNP over 
time; some gave monotonic effects, others showed cyclical effects; some seemed 
to converge, others to diverge. Against this background of disparity among lead- 
ing econometric models of the US economy, Christ concluded that the models 
could not be relied upon as guides to the effects of economic policies even though 
their tbrecasting performance was quite respectable. 

Since the 1970s there has been less reliance, at least in academic research, 
on large structural econometric models (of the type studied in Christ's paper) 
for policy analysis purposes. Instead, more attention has been given to small- 
scale time-series modds like vector autoregressions (VARs) as instruments of 
policy analysis, and VARs and Bayesian VARs (BVARs) as tools of prediction. 
These models are ottcn regarded by their users as having f~wer subjective design 
elements than large structural econometric models. Nevertheless, they are far 
from being objective tools of prediction or policy analysis and, at least as they 
stand, they are certainly not automated modelling devices. Similar remarks apply 
to reduced rank regression (RRR) models and error correction models (ECMs), 
which are now becoming popular in the analysis of macroeconomic time series. 
These models come within the general category of VAR systems but explicitly 
incorporate certain information about the existence of unit roots and the presence 
of cointegrating relations among the variables. Such information can be either 
specified a priori or data-based (i.e. determined by the sample data). Either way, 
it cor,~titutes a design feature that will certainly affect both tbrecasts and policy 
analysis. 

The present paper studies how design features of the type just mentioned af- 
fect the large sample behaviour of VAR forecasts and policy analyses. Although 
they are certainly an important element in practical VAR modelling and do in- 
deed enter into our simulation exercises, we will not be spectiicaUy concerned in 
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this paper with model selection or model comparison issues. These have recently 
been extensively discussed in this context in other work by the author (1996). 
Instead, this paper seeks to develop an asymptotic theory for forecasting and 
policy analysis with VARs that allows for nonstationary elements (specifically, 
unit roots, near-unit roots and cointegration) and evaluates how design features in 
the models that accommodate these elements affect the asymptotic performance 
of these model characteristics. We are specifically interested in comparing unre- 
stricted VARs with RRRs and ECMs in forecasting and policy analysis, because 
these models are the backbone of much ongoing empirical analysis and because 
they highlight the differences that are known to occur in the asymptotic theory 
of estimation of nonstationary VARs. In that theory, the role of prior informa- 
tion in the asymptotics is substantial and determines not only whether coefficient 
estimators are efficient but also whether they are asymptotically unbiased - see 
Phillips (1991) for details. This paper examines the role of prior information (or 
data-determined model selection) on asymptotic forecast performance and policy 
analysis by considering the limiting behavior of a system's impulse responses, its 
estimated forecast error variance matrices and their associated decompositions. 

We start our analysis by showing that impulse responses that are calculated 
from unrestricted VARs with roots near unity have long period estimated impulse 
responses that are inconsistent. Ill fact, these estimated impulse responses tend 
to random variables rather than the true impulse responses as the sample size 
increases. Hence, policy analysis that is undertaken from unrestricted VARs using 
estimated impulse responses can be expected to be inheiently uncertain even 
in large samples as the horizon increases. Models that explicitly determine the 
presence and number of unit roots like data-based RRRs (see Phillips, 1994, 
1996), ill which the cointegrating rank is consistently estimated, do not suffer 
from this dilticulty asymptotically. However, these models as well as BVARs 
that are tbrmulated with unit root priors all suffer fi'om the same problem to 
a greater or lesser extent in linite samples. 

Forecast error variance decompositions are also inconsistent in unrestricted 
VAR models with neat" unit roots. An interesting feature of this tinding is that 
since the estimated prediction error variance of an unrestricted VAR with some 
roots near unity is a random variable in the limi~ it turns out that there is an 
appreciable probability (0.68 in a random-walk model) that the estimated predic- 
tion error variance is less than the actual prediction error variance of the optimal 
predictor. This means that unrestricted VAR regressions give inconsistent esti- 
mates of the forecast error variance at long horizons, and also have a tendency 
to understate this variance. 

We conduct simulation exercises to assess the sensitivity of forecasting per- 
formance and policy analysis to specific design features of models within the 
general VAR class. We look at short and long period ahead forecasts and multi- 
plier effects, and we consider models with and without unit roots and cointegrat- 
in~ relations. Our general conclusion, like Christ's, is that, while there are some 
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notable differences in forecasting performance, the biggest differences occur in 
policy analysis. Apparently, minor differences in models that seem to have little 
overall effect on average forecasting performance can have really substantial ef- 
fects on policy analyses. This is especially true when there are unit roots or near 
unit roots in the fitted model. 

2. Impulse response asymptotics with some roots at, or near, unity 

In stationary VARs the system's estimated impulse responses and forecast error 
variance decompositions are v6i-consistent and, upon appropriate centering and 
scaling, they have asymptotic normal distributions. The calculations leading to 
the limit theory are straightforward and simply make use of the functional rep- 
resentations of these quantities in terms of the estimated VAR coefficients, the 
limiting normal distribution of the latter and the continuous mapping theorem. 
Lutkepohl (1994, Chapter 3.7) provides derivations along these lines. When 
therc are some unit toots in the VAR system, the limit theory of the estimated 
VAR coefficients changes and has some nonnormal components - see Phillips 
and Durlauf (1986), Park and Phillips ( 1988, 1989) and Sims et al. (1990). 
In this case the full matrix of estimated regression coefficients in a VAR is 
asymptotically normal but singular to the extent that there arc some componettts 
in the system like unit roots and cointegrating vectors that converge at a |hster 
rate. Since the estimated VAR coefficients are consistent (and, indeed, converge at 
t~lster rates in some directions) it might reasonably be expected that the impulse 
responses arc also. Ilowever, as wc show below, this is not the case for long 
horizon impulses. Moreover, sincc the estimated VAR coelticients have a limit 
normal distribution, albeit singular, it might also bc anticipated that the impulse 
responses would be asymptotically normal. Again, we show this not to be the 
case. There are theretbre some major difl~erences in the limit theory of impulse 
responses between stationary and nonstationary VARs and these diflbrences do 
seem to be important in the analysis of empirical results. 

Let )'t be a m-vector time series generated by the following pth order VAR 
model 

.rt = J ( L  ) y t _ l  + ~:t. t = I . . . . .  n, (I)  

where J(L)= )-~i~l Ji Li-I. The system (!)  is initialized at t = - p  + I . . . . .  0 and 
we may let these initial values be any random vectors including constants. It 
is otten convenient to set the initial conditions so that the I(0) component of 
(I)  is stationary and we will proceed as if this has been done. The presence of 
deterministic components in ( I )  does not affect our conclusions in any substantive 
way. so we will proceed as if they are absent just to keep the derivations as 
simple as possible. It is also convenient to write ( ! )  in levels and differences 
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format as 

Yt = A y t - I  + ~P(L)Ayt_~ + ~:t, A = d (  1 ), 

p--I p 

~ ' (L)= ~ ~ V  -~, ~ , = -  ~2 Jh. 
i=1 h=i+l 

(2) 

To fix ideas for our subsequent analysis it is helpful to be specific about the :oots 
of  ( l ) ,  the dimension of  the cointegrating space and the form of  the cointegrating 
vectors. We therefore assume the following. 

Assumption 2.1 (Reduced rank regression). 
(a) ~:t is lid with zero mean, variance matrix £',: > 0 and finite fourth cumulants. 
(b) The determinantal equation 11, , -  J ( L ) L [ = O  has roots on or outside the 

unit circle. 
(c) A = I  + x[l' where x and fl are m × r matrices of  full column rank r. 

Without loss of generality, it will be assumed that fl is orthonormal. 
(d) ~ ( ~'( 1 ) - Im  )fl± is nonsingular, where y.± and fl± are m × (m - r )  matrices 

of  |hll column rank that are orthogonal to :~ and fl, respectively. 

These conditions ensure that (2) has a reduced rank regression tbrmat and is 
the error correction model (ECM) of a system with some unit roots and some 
stationary components - see Toda and Phillips (1993) for further discussion, in 
place of  condition (c) above we will also make use of the following weaker 
condition, which allows for some roots to be near unity. 

( c' ) A = [Ix exp(n- t F )fl.~_ + tiff' + ~[1' where ~ and fl are m x r matrices of lull 
column rank r, fl is normalized to be orthonormal, and F is a constant matrix of  
dimension s x s with s = m - r. 

We write the model ( I )  in companion form as 

r, = c r ,  ~ + - , ,  - ,  -[~.,,0, 0], v,'. = [y;, v' - ~ ' ' ' '  ' ' ' ' .  t - p ¢ l  (3)  

where 

C =  

" . ]1  • • • J p -  i Jp  

0 0 

I 0 

(4) 

Let M ' =  [Ira,0 . . . .  ,0], and then, up to initial conditions and deterministic com- 
ponents, the moving average (MA) representation of the system is 

t - I  t - I  t - I  
Y, - ~ c '~ , _ , ,  or y, = ~ M'C imp:,_, = ~ O;,:,_;. say. (5) 

i=0 i=0 i=0 
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The system's impulse responses are given by the elements of the sequence of 
matrices Oi or certain linear combinations of the components of O~, depending on 
the information that is supplied concerning the ordering of the shocks or structural 
relations among them. We will not be concerned with these latter issues as they 
do not affect the limit theory in any material way (unless, of course, there is lack 
of identification in relations among the shocks, in which case we would need to 
proceed as in the analysis of partially identified sys tems-  see Phillips, 1989). 
Instead our primary interest is the behaviour of these impulse responses as the 
lead time i---, ,~c, and the asymptotic behaviour of estimates of these quantities 
a s  i1 --. ~ .  

Lemma 2.2. Under Assumption 2. I as i ~ 

19i t9 fl±fl'l + fl' E , 2 ( l  E22)-'Q ' ' = - =i~ , l l t - ,  say ,  (6) 

where Q'=[f l ,  H,O . . . . .  0] is m x ( m ( p -  1 ) +  r), and where EI2 and E22 are 
submatrices o f  the companion matrix E git'en #1 (A.3) below for  the tran,~[brmed 
O,stem (2'), i.e. O'stem (2) above rotated #lto separate l ( l )  and !(0) subo,stems. 
For the case o f  near unit roots as #l assumption 2.1(c'), when i =. fn where 
f >  0 is a .[ixed li'acthm o f  the sam/de we have as n ~ ~ 

1 9 ; -  O-r = fl± exp( .['F )fl~.:. (6')  

According to (6) and (6'), the limiting impulse responses are nonzero only in 
those directions where the model is nonstationary and has unit roots or near unit 
roots, i.e. fla.. The limiting rcsporLe" s matrices 6) and 19t both lie in the range of 
[tj .... The fact that these matrices are nonzero has some important implications tbr 
inference, as our next result shows. 

Theorem 2.3. Let .4ssumption 2. I hoM aml let Oi be the OLS  estimates o f  the 
#tqmlse response matrices t9, #t the MA representation (5): 

(i) For f ixed i we hare: Oi ~ 19i, nt ' (O;  - 19, )~N(0, /"[ )  as n ~ ,  where 
P 

i - I  
Vi Ni r t = ~,,Ni. N i = Y ~ O i - t - /  M ' C  ' iK  t 

,1:,=0 

V,, = X, × G~ X-I  G' . . ~:~ :. 

Here, S,~ = E( " =' ,.. ]' is the rector o f  sta- • ~.,~.,), where ~,=[y[_l[I, Ay[_l . ,Ay[_t , , i  
tionmT components in the s.l'slem; and G~ is the matrix 

G~= [ll 0 
0 I , . (p_l )  ' 
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and K is the matrLv that transfoswls ( ! )  hlto (2). Section A.2 below defines 
these mol~ices and ~h'tails the~'e lCan~Jbrmcttions. The sj,mbol ' ~ "  si.qn(]ies weak 
conrerge/t¢'e and we use the conrention that the matrix normal distribution is 
written h~ terms o f  stacked rows o f  the matrix variate. 
(ii) I f  i/n ~ 0 as n, i ~ oc, we have: ~)i > 69 as n ~ oo. 

P 
(iii) I f  i = f i t  where f >  0 is a f ixed fi'action o f  the sample, we have 

Oi ~- IJ± exp(.fU)[J~ + [1± exp( . fU)Ei2( l  - & 2 ) - ' O  

= D'± exp(fU)[J'L., saj', 

where U is ramhnn and has a matrix unit root distrihution (giren explicitlj, in 
(A.6) heh~w ). 
(iv) I f  comtithm (c ')  replaces cmulition (c) and i = fn with . f  > 0 JixetL then 

67i ~ [~1 e x p ( f U r  )[~ + [1± exp( .fUr )Ei2(l - E22 )-i  Q 

= [~I± exp( f u r  )[~., 

where Ur is ranthnll and has a matrix hwal-to-unitj' distribution (see (A.6) 
beh~w). 

Remark 2.4. Theorem 2.3 shows that when there are unit roots or near unit 
roots in a VAR system, the long period ahead impulse responses estimated by 
an unrestricted OLS regression are inconsistent. In particular, the limits of the 
estimated responses are random variables rather than the true impulse re;ponses. 
This may seem surprising given that the presence of unit roots or near unit roots 
accelerates the convergence of the coetticient estimates in an OLS regression ..... 
on that basis one might have anaticipated that the impulse rc, ponsc~'s " s  would, if 
anything, converge lhster in some directions. The reason tbr the inconsistency is 
that the true impulse responses no longer die out as the lead time increases, i.e. 
the elements of 6)i do not tend to zero as i ~ ~ ,  but carry the effects of the unit 
roots with them indelinitely. However, the unit roots are estimated with error anad 
the effects of the estimation error persist in the limit as n ~ ~ when we consider 
long period ahead impulses 6)i where i is some fraction ( f )  of the sample size 
(n). By contrast, when the system is stable the elements of 6); tend to zero as 
i ~ ~ ,  and the estimation errors have no effect in the limit, in this case, /~_t. is 
null, @ = 0 ,  anad 6 1 i -  ~ 0. Thus, ( i i ) - ( iv)  cover the stable case as well. 

P 

Remark 2.5. For fixed i we get asymptotic normal distributions for the impulse 
response matrices ~i, just as we do in the stationary case - see Liitkepohl (1993) 
for the latter. However, the limit variance matrix V,, of the estimated VAR coef- 
ficients that enter the formula is now singular because only the stationary com- 
ponents of the system contribute to these v6i-asymptotics. 
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Example 2.6. To illustrate the formulae, take the special case of the random- 
walk model v t = a y t _ i  + t:i, a =  I. i.e. set m =  ! and p =  l in (I).  Then the 
estimated impulse responses are ti ~ and when i = .ill we have 

h i = ! + 
il 

{ ' ,} 
-=~ exp f ( ' f  S d S ) (  j'S2)o as n ~ ~ ,  where S = BM( 1 ). 

Here, the lead time is a fraction of  the sample size, and the estimated impulse 
responses effectively exponentiate a random variable in the vicinity of unity and 
therefore tend to an exponential unit-root distribution. When the lead time i is 
fixed, we get ti ~ ~ 1 instead, but then 

P 

n ( t i / - i ) = i n ( ~ - l ) + O p ( n - I )  =~ i .] 'SdS "S 2 
o 

and the limit distribution is proportional to a unit-root distribution and is again 
asymmetric. In this case, G¢ is a null matrix (there are no stationary components 
in the system) and V,, = 0  in part (i) of the theorem. In both cases, the limit 
theory is nonnormal. 

Fig. I(a) shows the limit distributions of t~ i when i - . [ n  for various values 
of f .  The asymmetry of the distributions of the estimated impulse responses is 
similar to that of the usual unit-root distribution, but the support of the distribu- 
tion is the positive halt'line rather than the whole real axis. The asymmetry is 
strongly evident when f =  0.25 and less marked when . f =  0.02. The asymmetry 
of estimated impulse response distributions has been noted in some simulation 
work previously, and is often attributed to the nonlinearity of the impulse re- 
sponses. This has led to some research on ways to adjust confidence regions 
for the impulse responses to take account of the asymmetry (e.g. Quah and 
Bianchard, 1993; Sims, 1994). The above limit theory shows that in cases where 
there are unit roots or near unit roots, the reason for the asymmetry in the 
distributior~ is, in fact, the nonnormal asymmetric limit theory of the estimated 
impulse responses. As Theorem 2.3 shows, these nonnormal asymptotics domi- 
nate the distributional shape of the estimated impulse responses even when there 
are stationary components in the system. 

Example 2. 7. Next consider the AR(2) model yt = aJ't_ j + bAyt_ I + ~:t, a = I, 
Ibl < I. The impulse responses of this system are Oi = I + b + . . .  + b i ~ ( 1 - b ) - l .  
The estimated responses are 

lii = a i + a i -  I/~ + . . .  + b ~ 
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f = 0.25 
. . . .  f = 0 . 1 5  /~% 
. . . . . . . . . . . . .  f = o . m  t 
. . . . . . .  f = o . o 5  I i 

~ - -  - -  f = 0 . 0 2  I r , . i  
E 
a, i." "-I "1o 

...'.. ......... i..:! 

~ . ~ .  . . . . . . . . . . . .  . . , ,  ~ _ _  ,,-,,, ~ . . . .  

(a)  0 1 2 

Fig. I(a). Limit density of OLS impulse response h-periods ahead for a random walk: h=. f* . .  

# 
¢. t )  

E 

13 

(b )  

• f = 0 . 2 5  -.- 

. . . .  f = 0 . 1 5  i i l  

............. f = 0 . 1 0  I I 

. . . . . .  f = 0 . 0 5  t . i  t 
- -  - -  f = 0 . 0 2  t."' " . . I  

I' 1 

,.i. " i . . . .~ 
, , '  ; , . ,  

:.;t ....~, 
~ ~  % 

0 1 2 

Fig. l(b). Limit density of OLS Ibrecasl error variance h-periods ahead for a random walk: h = ! *  

/ ~Oi,{ ( ) ( ] " )  } for/fixed} 
I - I a s  I1 ---* ~ .  

exp f J'SdS 'S 2 ( I -b ) - I  fori=/')l 
0 i) ' 

Again, the impulse responses are inconsistent and have random limits. Note that 
the stationary coefficient (b) in this system does figure in the limit distribution. 
Because of the unit root, all of the stationary components are accumulated and 
this leads to the presence of the scaling factor 1/(1-b) in the above limit. 

Rethwed rank regression #~qndse responses 2.8. If (2) is estimated as a VAR 
of reduced rank then the limit theory for the impulse responses is different. We 
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may assume that the rank of the system is either known a priori to be r or is 
consistently estimated (e.g. by the order selection technique in Phillips, 1994; 
Chao and Phillips, 1994). The case where the rank of the system is incorrectly 
specified can also be analysed, of  course, and the unrestricted VAR regression 
considered above is one instance of  this. However, as we have seen, in this 
case the long period ahead responses are inconsistently estimated. In the case 
where the rank is correctly specified (or consistently estimated), the fact that the 
system has s = m -  r unit roots is also known (or consistently estimated) and this 
knowledge then becomes part of  the model. It turns out to have a pivotal influence 
on the asymptotic theory. In a reduced rank regression the matrix product ~fl' 
is estimated in place of an unrestricted coefficient matrix for the lagged levels 
variable in (2). In consequence, no unit roots are estimated (either explicitly or 
implicitly), and this affects the limit theory for the system's estimated impulse 
responses in a material way. 

Theorem 2.9. Le t  A s s u m p t h m  2. I hoM and let 69i be the est#nates o f  the #n- 
pulse response matrk,es Oi t~btamed.f i 'om a re~hlced rank reoression on (2). 

I .  ~ ^ 

(i) For f i x e d  i we have: Oi , Oi, and n " ( O i -  Ot)=~N(O, ~) as n - - , o o ,  
P 

;rhert, 

Vi=NiV ,  N' ,  Na= ~ O , _ . _ i  x, M ' C i K  - '  
/ --:0 

1,[,, = Y',:,: ,x, G~ £'7~ t G!;, 

where '2¢~ = E( ~" ~'' _ . _ Av~ ]' and G~ are as in 
i . . . . .  . - , , i  

Theorenl 2.3. 
(ii) l.l'i ~ ~ ,  as n ~ oc with either i = f n  or i/n ~ 0, we have: ~9i ....... , 0 aml  

P 
nl2(O - 6~)=,, N(0, I 7) as n ~ c ,  where 

V = N E N ' ,  N = 6 9 ~ [ f l ,  H,O, , 0 ] ( / -  E~,) -I r 1/,. 
' ' "  b6 L 0 

0 ] 
lp , X H '  " 

Remark  2.10. Theorem 2.9(i) shows that the estimated impulse responses in a 
cointegrated V AR model are consistent when they are based on a reduced rank 
regression in which the cointegrating rank is consistently estimated. The result 
shows that it is important in a reduced rank regression to estimate the cointe- 
grating rank by a consistent method. Order selection methods like those used in 
Phillips (1994) are one possibility here. Another is to use classical likelihood 
ratio tests, as in Johansen (1988, 1991), that are suitably modified to ensure that 
the size of  the test goes to zero as the sample size goes to infinity. The consis- 
tency of the estimated impulse responses applies to both short period and long 
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period ahead responses. In the latter case, shocks have a persistent effect on the 
system indefinitely into the future. It is these persistent effects that the reduced 
rank regression estimates consistently. Part (ii) of the theorem shows that when 
there are near unit roots in the system, the reduced rank regression mistakenly 
takes roots near unity as roots at unity when n---, c~. The same is true when 
model selection criteria such as BIC and PIC are used to select cointegrating 
rank. In consequence, the reduced rank regression long period impulse responses 
are inconsistently estimated when there are near unit roots. The limit distribution 
of these estimated impulses is still Gaussian. 

Examlde 2.11. As an illustration, consider the model 

Ylt = Yl t - - I  + F"lt. 

Y2t = b y  I t - I  q" ~:2t" 
i.e. Yt = A Y t - 1  + l:t, 

with 

1 O[ = h + x [ t ' ;  ~ =  
q 

A = b o  J " 

0 

1 ' 

- - - .  

b 

-1  

The impulse responses are O, = A i =  A, Vi. The estimated coefficient matrix from 
a reduced rank regression is ,,i = 1 + 02[/', and the associated impulse responses 
are ,~i. Let /-)= [[i'~ [l"] where the superscript n signifies the normalized vector. 
Then 

L 0 i +/}':i 
and a s  i l  ~ ~X;, 

(with i -~  ~ such that ha -I --, 0, or i = ./il) 

Thus, 

h'Yz7 = [ 

:[ 
A ,  

A' , H 
P 

o (! +/~'~)' 

b 

0 

-[ 
P 

t /t~{! -(I +//':~)}-'l 
0 0 

0 0 
H'  =(1 + b2) -t {ll±lJ~ + [l±bll'} 

:,1+,2, {El 
b b a + 

b 2 

b 3 

,0] 
b 0 
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giving consistent estimates of the impulse responses in the lirnit. The limit of  the 
OLS estimated impulse response matrix on the other hand is the random matrix 

"1 

tt. .... ! O/ 
e 

b 0 J 
g 

Remark 2.12. In the above example, the cointegrating coefficient b could be es- 
timated directly by regression methods, such as fully modified least squares - see 
Phillips and Hansen (1990). The limit theory for the estimated impulse responses 
is the same in this case as it is for reduced rank regression. More generally, mod- 
els such as that of Example 2.11 are explicit error correction models (ECMs), 
where the number and location of the unit roots and cointegrating vectors is given 
as part of the specification of the system, in such cases we get the same asymp- 
totic theory for ECM estimators like FM-OLS as that given in Theorem 2.9 for 
the reduced rank regression. Thus, all these procedures share the same advantage 
over unrestricted VAR regression that they deliver consistent estimates of the 
impulse responses. 

Remark 2.13. The case of a reduced rank regression in the presence of  near 
unit roots can be handled in the same way as Theorem 2.9. In such cases, model 
selection procedures like BIC and PIC will mistakenly take roots that are near 
unity as roots at unity, at least in large samples, in this event, although the 
true impulse response matrices behave as in (6'), the reduced rank regression 
estimates will satisfy 6 ) , -~ ,  6), as in Theorem 2.9. 

P 

3, Forecast error variance asymptotics 

The limit theory for the estimated impulse response matrices can be used to 
deliver Ibrecast error variance asymptotics. From (5), the tbrecast error of the 
optimal h-step ahead predictor, Yt.h, and its variance matrix are: 

h - I  

)'t+h -y t .h  = ~ "~tl:t,h-i, 
i 

h - I  

F F, V(. l ' t ,  h ) = E (  .vt~_ h -- .l 't. h ) ( .VI-~ h -- .l't, h = E (~i"~:(~i 
i:=O 

h - I  

--= E ¢b, ti~' = F( h ) 
i l l  

say, 

where qJi = O~P and P is a lower triangular matrix from the Choleski decompo- 
sition of Z = PP'. By virtue of Lemma 2.2 and Cesaro sununation we have 

h - I F ( h ) ~ O Z , : O ' = P  say, and therefore F(h)~,hOZ,:O' as h ~  %. 
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Let ¢P;,iA be the .jkth element of ~ .  Then 

h - I  
=h-'E 'd,;k 

i = 0  

is the contribution to the h-step forecast error variance of the jth variable in the 
system that is due to the (orthonormalized) innovations in variable k. Similarly, 

¢oi~..h = r ik.h/k'~' rjA-.h 

is the proportion of the overall forecast error variance in variable j that is due to 
variance k. These quantities are the critical elements in the forecast error variance 
decomposition of a VAR model. They are used extensively in empirical work for 
policy analysis purposes to determine the effects of unanticipated shocks to one 
variable on other variables in the system over time The following result gives 
the limit theory for estimates of these quantities obtained from an unrestricted 
VAR regression. 

Theorem 3.1. Let Asstmu, tion 2.1 hoht and let O)i he the O L S  estimates o1" tlw 
impulse re.wonse matrices 19i amt Z~: be the O L S  estimate o f  the equation error 
rarhmce matrix. Demote by 16(h) the corresponding estimate o] the .forecast 
error variance matrix F( h ). 
(i) For.hxed h we hare: P ( h ) - - ~  F(h),  n t 2 ( l ~ ( h ) - F ( h ) ) ~  N(0, ~,) as n ~ ¢,c, 

P 
II'h(Jl'(J 

l~t N a h , .  t , t = L~N., I',,N,h + N~ 

h I 

N,,;, = ~[] 1(I x O;Z,: ) + ((-),.2;,: :,~: ! )K,,,,,,]Ni 
i ::::0 

i - I  
Ni = ~ Oi_ t - i  ~: M'  C 'i K - I 

.j :-0 

h - - I  

N. = ~_. ( O i,X O i )D. 
i=O 

V.= Z, ~× G~.S~:IG ' amt V. :-D~(var(~:, r>:,;:,))D ~' o . . %  ~ 

The above .folvnuhw enlploy the ./bihnrhlg notation: D i;" the duplication 
matrix .~or which vec (d )=Da,  where a is the rector q f  nonredundant eh,- 
merits o f  a sj,mmetric matrix A; the matrix D + = ( D ' D ) - I D  ' is a generalized 
&verse o.]" D;Km,,, is the commutator matrix for  which Km,,,vec(X)=vec(X'),  
where X is an arbitrary m × m matrix. The other notation is the same as 
that defined #1 Theorem 2.3. I f  the errors in (2) are normally distributed, then 
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var0:t ,~ ~:, ) = 2PD(Z',: ~, Z,:), where Po = D(D'D) -I D', and the covar&nce man'& 
Vo is s#nply 2D + (Z',: ,:~ Z',: )D +'. 
(ii) I f  h = fit where f > 0  is a fixed fi'action of  the sample, we have: 

(a) It-I fi.(h) ~ f - !  fo/ fl.L e.~U [I'E Z',: flee -'U [1'1 = Vr(U ), say, where U is the 
unit-root matrix variate given #t (A.6). 

(b) z/k.h ~ f - l  f~ (~/.Le#V fl~Pk )2 ds, 
(c) u, jk.h :::> .~/'(flj_L e sU f l e e ,  )2 ds/ fof (fl/_L eSu [I~E.~,: . ..sU' ,,, ' pe~ P i_L ds, where [Ij.L is 

the j th row of  fl.L and Pk is the kth cohmm of P. 

(iii) l f  comfition (c'} repkwes comfition (c) #1 Assumption 2.1 am/ i  =.fn with 
./'> 0 fixed, then 

.[" 

h - t ~ ( h ) = ~ . f - !  " .~c.', , "' J ilze [I E2",:/lee ~t', [1'1 = ~ . ( U r  ), 
o 

where Ur is the local-to-unity matrix varktte oit'en #~ (A.6). SOnikn" cltanoes 
occur #a the I#nits oiven #t (ii) (b) and (c) above. 

Remark 3.2. In models with nonstationary elements, we expect the forecast error 
variance to grow in a linear way with the forecast horizon. This is precisely what 
happens with the tbrecast error variance matrix of the optimal predictor. As shown 

m 

above, the matrix F ( h ) ~  hOZ,: O' as h - - ~ .  in contrast, the estimated tbrecast 
error variance matrix from an estimated unrestricted VAR with some roots at or 
near unity behaves like a random matrix multiple of the lead time h rather than 
a constant matrix multiple of h, as shown in part (ii) (a) of the theorem. The 
expression tbr Vr,(U) shows that the random matrix is a continuous average of a 
matrix quadratic form in the limiting impulse responses. Thus, estimated Ibrecast 
error variance matrices tbr long lead times in unrestricted VARs are inconsistent. 
The same conclusion follows for the corresponding estimates of the forecast error 
variance decompositions. 

Examph, 3.3 (E.vamph, 2.6 continued). This is the scalar random-walk case, and 
when h = ./)1 we have 

I e2!U 
] ,I e" '"dp = o'~ - I 

o " 2tf/" =vl.- say, 

where u = (,I~:S dS)(fl $2 )~-' is the scalar unit-root distribution. Note that when 
f =  l, we have the elementary inequality e x > 1 + x, Vx ~ 0 so that 

P( vI." < ~ ) = P(e 2/" - I > 21}~; u <0) = P(u <0) = P(Z~ < ! ) = 0.68. 

Since limb-.o h -l F(h)= o'~, it follows that ve underestimates the actual forecast 
error variance of the optimal predictor with a probability of 0.68 in the limit 
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as h ~ oc. This means that unrestricted OLS regression estimates not only give 
inconsistent estimates of the forecast error variance of a random walk at long 
horizons, but also have a clear tendency to underestimate this variance. 
Fig. l(b) shows the limit distribution, VF, of the forecast error variance when 
h =.fit for various values of f .  The distributions are similar to those of the 
impulse responses. Again the asymmetry is strongest when f is largest. 

Theorem 3.4. Let .V,,.h be the h-step ahead forecast o f  y,,+h from an unrestricted 
VAR reoression (1), usimj sample data t <~n. Umler Assumption 2 and when 
h = fit we have the Jbilowinq limit theory as n ~ oct: 

(i) n-I  2y,,.h ~ fl±fl'L-S(l ); 
(ii) n-12);,,.h ~ [1± exp(fU)fl~.S( ! ); 
(iii) n-I/Z(y,,+h -- .f',,.h )=~ fl_L[l -- e x p ( f U  )]fl~:S( i ) + fl±fl~S+(f ); 
(iv) ,-~ 2(y,,+h - y , , . h ) ~  I : ; . l l ~ S + ( . f ) .  

hz t!~e above.formuhte, S and S+ are imlependent Brownian motions with the 
same variance matrix .qiven by h'var(ult). 
(v) When (c t) repkwes (c) #! Assumption 2, the matrix U #t the above limits is 

rephtced with Ur, the unit-root matrix ! is replaced with exp(fF),  and the 
Brownian motions S and S+ are rephwed with J r ( r ) =  f i e x p ( ( r - s ) F ) d S .  

r 
ami Jr + ( f )  = .~) exp((r - s)F)dS+. 

Remark 3.5. in a stationary VAR the forecast error of the optimal predictor is a 
random sequence that converges to a limit random vector as the forecast horizon 
tends to infinity. When there are nonstationary components in a VAR, the error 
in the optimal predictor behaves like a random walk, is of the same order as 
tile square root of the forecast horizon, and when appropriately standardized it 
tends to a Brownian motion process, as shown in part (iv) of Theorem 3.4. Part 
(ii) of the theorem shows that the feasible predictor obtained from an estimated 
VAR does not have the same limit behaviour as that of the optimal predictor, 
but carries with it the effects of the estimated unit roots (or near unit roots) in 
the model. In consequence, the error in the feasible predictor has two indepen- 
dent components in the limit: one component is the same as that of the error in 
the optimal predictor; the other component measures the difference in the limit 
between the feasible and the optimal predictor and results from the estimated 
nonstationary components in the model. Hence, the latter component figures only 
in nonstationary directions, as is apparent from the form of the limit shown in 
part (iii) of the theorem. The upshot of this result is that prediction from an 
unrestricted nonstationary VAR regression is not asymptotically optimal in the 
sense that the predictions do not converge to tl~e optimal predictors, at least 
over long forecast horizons. This result is in direct contrast to that of a station- 
ary VAR, where the coefficient estimation errors have no effects asymptotically 
and the difference between the feasible and optimal predictors tends to zero as 
I1--* ~JG. 
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Reduced rank regression a~:vmptotk's 3.6. As shown in Sections 2.8-2.9, the 
limit theory for impulse responses that are estimated by a reduced rank regres- 
sion differs from that of  an unrestricted VAR. As a consequence, forecast error 
variance asymptotics also differ. When the cointegrating rank of  the VAR is con- 
sistently estimated, then so are the forecast error variances and forecast error 
variance decompositions. 

Theorem 3.7. Let Assumption 2.1 hoM and assume that (2 )  is estimated by 
a reduced rank reoression with co#ltegratino rank r either known a priori or 
consistently est#nated as #~ Chao and Phillips (1994). Let ~i be the est#nates o f  
the #npulse response matrices 0~, and ~,: be the est#nate o f  the equation error 
variance matrix obtained .fi'om the resMuals o1" the re~h,ced rank regression. 
Denote b), l~(h ) the correspond#to est#nate of  the forecast error varkmce matrix 
F(h). 

( i )  Forf ixedhwehave: l~(h)  ;F(h), n l : z (P(h ) -F(h) )~N(O,  V h ) a s n ~ e ~ ,  
P 

where the variance matrix V,, is the same as that given in Theorem 3.1 (i). 
( i i )  / f h  ~ ~ as  n ~ oc with either h = fn  or h/n--.0, we have 

' ~ ( O j k .  h-'F(h)--~p -F, rik.t, ~p rik and (oik.h P 

H e r e  ~ = limb .~ h - I v ' t ' - m  , - ,  -. z..~.o ¢P7.i~ = (PT~" and ~i~ = ~i~/y~t t~iA., where ~/k is the 
jkth eh,ment of -~=  ~P. 

Remark ~ ' ..,'/. Theorem 3.7 shows that lixed period horizon decompositions of 
the tbrecast error variances that are estimated from a reduced rank regression 
have the same limit theory as unrestricted VAR estimates. But when the fore- 
east horizon tends to infinity with the sample size, the reduced rank regression 
estimates continue to be consistent, whereas those from an unrestricted VAR are 
inconsistent and have random limits. 

Theorem 3.9. Let .¢',,.h he the h-step ahead fin'ecast o1" Y,,+h fi'om ¢1 rerh.'ed 
rank regression on (2) ,  us#ig sample chtta t <<.n. Under Assumption 2 and when 
h = fn  we have the.[bilowhul I#nit theory as n ~ ~ "  

(i) n -I~' , . . . .  "3,,., ," 12Y,,.h ~ IIJ_II;~.S(1 ); 
, " )  ~ ~1 " (ii) n -  t - ' (3, ,  ~, - y,,.I, ), n -  I "( .~ ,, ~h - .f',,.h ) ~ Ih_l L.S+ (.I  ). 

Wlwn ( e ' )  repkwes ( c )  in Assuoq~tion 2 we have 

(iii) n - i  2.f,.,./, ~ [Iz/J~;Jr(I. ), 

, ~' J+ • (iv) n-I'~'(y,,+t, - ~r,,,~, ) ~ / I l l  I~. r ( . l  ), 
- - I  ~ (v)  n "(.v,,+, ~' - 3 , . h )  ~ , q ~ [ e x p ( f r )  - l ] l l ; . : J r ( l )  + I I~ l l ; . :J ; ( . t ' ) .  

The notathm in the above formukw is de[ined hi Theorem 3.4. 
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Remark 3.10. Parts (i) and (it) of Theorem 3.9 show that forecasts from a 
correctly specified reduced rank regression are asymptotically equivalent to the 
optimal predictor. Again, the same result holds if a consistent estimate of the 
cointegrating rank is used in the fitted model. However, when the system has 
near unit roots instead of unit roots, the reduced rank regression forecasts are no 
longer asymptotically equivalent to those of the optimal predictor. As is apparent 
from the first term on the right-hand side of part (v), within sample estimation 
errors figure in the limit formula for the error in the reduced rank regression 
forecasts. Thus, we lose the consistency of the reduced rank regression predictor 
for the optimal predictor as the model itself drifts because of the presence of near 
unit roots and the localizing parameter matrix F is not consistently estimable. 

4. S i m u l a t i o n  evidence  

4.1. DGP, #nlmlse responses and FEVD 

Some small-scale simulations were conducted to assess the accuracy of fore- 
casting and policy analysis of models in the VAR class. We used the following 
data generating mechanism so that we could focus attention on the effects of a 
unit root and cointegration on the |brecasts and impulse responses. 

.l't - - . 4 Y t - I  + ct, 

,4= 
1 0 O] 
2 0 0 
I - I  0 

~:, = iidN(0,13 ), [oo 
= / 3 +  I 0 

0 ! 

2 - I  0 ] (7) 
I - !  - I  " 

This system has one unit root (in the first equation) and two cointegrating vectors. 
The impulse responses are: 

I 0 0 ]  
A~= 2 0 0 , Vi>_.2; (8) 

-1  0 0 

and the forecast error variance matrix is 

h-I [ I 
F ( h ) =  Y]~AiA~i=h 2 

i=0 

so that h-i  F(h) = 

[! 2 - l ]  

I 
I 2 - !  
2 4 - 2  

- I  - 2  i 
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The VAR estimated impulse responses, and estimated FEV and the FEVD quan- 
tities have the following limits: 

/'U I __ efU 
1 0 0]  
2 0 0 , 

- I  0 0 

h-il~(h)::> (.1"- ' ) ./'e 2stj ds [(L. fl~Z,:/3e3~_ 
0 

= f i l l  
e 2,/ i t -  1 

2u fl.l_ [~ -- I'F 
, -,] 
2 4 - 2  , 

- I  - 2  I 

I VFfl/±, 
+j .h   .lljl, ik = 0 ,  

k- l ,  
k # l ,  

tFJ./k,/, =¢'(E.LcJlk. )2/([1,/~_ ) 2 _ _ .  { 0,1' k - - l ,  
(9) 

Note that the VAR estimated FEVD quantity rb/~.h has a nonrandom limit in this 
case, and is consistent. Also, 100% of the FEVD for each of the 3 variables in 
the model is due to error I in the limit, and this is explained by the fact that the 
error in the first equation is the only persistent error in the model. Finally, note 
that the V AR estimated FEVD is consistent in this case ...... the random component 
that arises from the estimated unit root in the model scales out of the nmnerator 
and denominator of the FEVD formula. 

4.2. Model chlsses, model selection and parameter settings 

Our simulation experiments employed the range of models listed below tbr 
comparative purposes. In the Bayesian vector autoregression (BVAR) models we 
used a pre-set trend degree t = 0 (i.e. an intercept was included in the regression), 
a uniform prior on the intercept, and a Minnesota prior (see Litterman, 1986; 
Todd, 1990)on the AR coefficients with both Litterman (designated as "lit ')and 
data-determined (designated as 'opt') settings for the tightness hyperparameter. 
The data-determined hyperparameters were selected using the predictive PIC cri- 
terion given in Phillips (1994, Eq. (45)) applied to the hyperparameters over the 
tbllowing intervals: ;. E [0.01,0.60] tbr the general tightness hyperparameter; and 
0 c [0.01, 1.00] for the cross variable hyperparameter in the symmetric Minnesota 
prior. Lag length, trend degree and cointegrating rank were all data-determined 
using the predictive PIC criterion in the reduced rank regression (RRR) model 
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and the error correction model (ECM) - again see Phillips (1994) for details of 
the implementation of this model determination criterion. The models are: 

I. VAR(p)+ Tr(t): A VAR model with trend degree t and lag length p, both 
determined by predictive PIC. 

2. BVAR(lit & opt): BVAR models with pre-set trend degree t =0 ,  uniform 
prior on the intercept, and a symmetric Minnesota prior on the matrices of AR 
coefficients using both Litterman(lit) and data-determined(opt) settings for the 
tightness hyperparameters. 

3. RRR: a V A R ( p ) +  Tr(t)model with lag-one coefficient matrix of possible 
reduced rank(r) to allow for cointegration among the variables. Lag length(p), 
trend degree(t) and cointegrating rank(r) are all data-determined by predictive 
PIC. 

4. ECM: a V A R ( p ) +  TR(t) model formulated in differences with a coefficient 
matrix on the lag-one levels variable that allows for cointegration of the specific 
form given in the DGP above (i.e., the structural component of the model is 
assumed to be correctly specified). The lag length (p)  and the trend degree (t) 
are determined by using predictive PIC. 

Our settings for the maximum lag length and trend degrees in model classes 
l, 4 and 5 above are as follows: lag length, p max = 4; trend degree, t max = l. 
in the BVAR models we set the parameters to p = 4, t = 0. Past experience with 
BVAR models in forecasting has shown that the inclusion of a linear trend gen- 
erally causes a deterioration in forecasting performance - some recent evidence 
is reported in Phillips (1992, 1995a). Our setting ot" t = 0  in the BVAR models 
reflects this experience and is designed to make the BVAR results more realistic 
from this perspective, in the other models, the trend degree is selected using pre- 
dictive PIC, and we therefore allowed for a search over the cases of no intercept 
(t = -- I ), intercept (t = 0) and linear trend (t = I ). 

We ran 1000 replications of 112 sample observations generated by the system 
(6). For each replication the parameters of the various models described in the 
preceding section were estimated fi'om the first 100 sample observations, forecasts 
were generated up to 12 periods ahead, and impulse response coefficients (up to 
30 periods) and tbrecast error decompositions were calculated. 

4.3. Forecast#lO results 

The tbrecasting results are shown in Figs. 2(a)-(c) .  These figures plot the 
average forecast root mean squared errors (RMSEs) over the 1000 replications 
for forecasts of the three variables obtained by the methods described above. 
Specifically, we calculated forecasts and performed policy analyses using: 
(i) unrestricted vector autoregression (denoted OLS); (ii) restricted ECM esti- 
mation (denoted ECM); (iii) reduced rank regression (denoted RRR); (iv) and 
(v) Bayesian vector autoregression with Litterman settings for the Minnesota 
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Fig. 2. (a) Avenlge forecast RMSEs: equation: Ytt = YI,-~+el~. (b) Average tbrecast RMSEs: Eq. 
)~ = 2 )'1~- I + e~, (c) Average Ibrecast RMSEs: Eq.: )~t = Ynt-n - )~t - i  + et. 
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priors (denoted BVAR(Iit)), and optimum data-determined settings for the hy- 
perparameters obtained by the predictive PIC criterion (denoted BVAR(opt)). 
The graphs show the forecast RMSEs from the simulations with these estimated 
models against those of the optimal predictor (which is calculated analytically for 
the above system (6) with the true parameter settings). The latter graph (shown 
as the solid line in the figures) represents the optimal forecast envelope for this 
system. The conclusions to emerge are as follows: 

(i) The data-determined RRR and FCM models produce better forecasts on av- 
erage than the BVARs and the unrestricted VAR. This is so uniformly over 
the full forecast horizon and for all variables in the system. There is a ten- 
dency for the dominance of these methods to increase as the forecast horizon 
increases, again for all variables in the system. 

(ii) For the cointegrated variables (Figs. 2(b) and (c)), the BVAR(lit) forecasts 
are poor relative to the other methods, especially for the first few periods 
ahead, where the forecast RMSE is 50-100% greater than that of the other 
methods. For these cointegrated variables, there is a clear advantage to using 
data-determined hyperparameters, as the BVAR(opt) model does, to allow 
for the effects of other variables in the system. 

(iii) For the random-walk variable (Fig. 2(a)), the BVAR(opt) forecasts are 
marginally superior to the BVAR(lit) forecasts. This is explained by the 
fact that the data-determined hyperparameters allow for a choice that can 
shrink the coefficients closer to those of a random walk, and this tends to 
produce sligiltly better forecasts on average than those with the Litterman 
settings. 

(iv) Overall, these figures show that there is a benefit to the use of data- 
determined procedures in forecasting. Not only is the use of a consistent 
cointegrating rank model selection method like PIC useful in tbrecasting 
from a reduced rank regression, but it is also clear that BVAR tbrecasts are 
improved by the use of data-determined selection of the hyperparameters. 

4.4. Policy analysis results 

The impulse response results are shown in Figs. 3(a)-(d).  These figures graph 
the median (of the 1000 replications) impulse responses !-30 periods out for the 
BVAR, RRR and ECM models against the true impulse responses (the solid line 
in each figure, as given in Eq. (7)). The median (rather than mean) responses are 
used so that the results are less affected by occasional very large responses that 
occur in the simulations. The impulse responses calculated from the unrestricted 
VAR regression had so many large responses that the graphs cannot be shown 
on the same figures without so distorting the scale that the graphs for the other 
models are indistinguishable. Instead, Figs. 5(a) and (b) show the fidl sampling 
distributions of the OLS responses 5 and l0 periods out. The dispersion of these 
distributions is enormous and the figures clearly show how unreliable the impulse 
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Fig. 3 (a ) (d ) .  Impulse responses. 

32 

32 

rcsponscs calculated I'rom an unrcstrictcd V AR regression arc, at least when there 
is a unit root in the system. We must conclude that in such cases the unrestricted 
OLS estimated impulse responses seem to be so unreliable that no meaningful 
inferences about policy effects can be drawn from them. 

The results shown in Figs. 3(a)-(d)  tbr the other methods of estimation seem 
much more reasonable. The main points to emerge are as follows: 

(i) The median ECM responses are highly accurate. This is explained by the 
Fact that in the ECM model, the Form of the cointegrating links between the 
variables and the presence of a unit root in the first equation of the model is 
part of the prior specification. (Note that the cointegrating coetlicients and the 
stationary dynamics, including lag order, are estimated in the ECM system). 
Thus, it is apparent that accurate structural knowledge pays off handsomely 
in delivering highly accurate impulse responses. 

(ii) The median RRR impulse responses arc also very accurate. Again this is 
explained by the thct that the correct cointegrating rank is selected in a 
large number of the simulations. In those cases the fitted model correctly 
incorporates a single unit root, and the estimated impulse responses then 
exhibit the persistence of shocks to the first equation on the first and second 
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Fig. 4 ( a ) -  (d). FEV decompositions.  

variables - see Figs. 3(a) and (c). Since the iigures give median responses, 
they do not show that when the coimegrating rank is chosen incorrectly, 
the estimated impulse responses from the RRR tend to suffer from the same 
problem as those of an unrestricted V AR, viz. that some impulse response 
paths can be poorly estimated and even diverge if there is an explosive root. 
Nonetheless, the RRR responses are decidedly superior to the unrestricted 
V AR responses in general. 

(iii) The median BVAR(opt) impulse responses appear to be more accurate for 
the first few periods than those of the BVAR(l i t ) -  see Figs. 3(c) and 
(d) especially - but also seem to be more variable for the longer pe- 
riod responses. The most likely explanation of this phenomena is that the 
BVAR(opt) estimates are more influenced by cross equation eitbcts because 
the data-determined tightness hyperparameter is generally larger than the 
Litterman setting (due to the presence of two cointegrating vectors in the 
true system). 

Figs. 4(a) - (d)  graph the mean simulated forecast error variance decomposi- 
tions (FEVDs) against the true FEVDs as given in Eq. (8). As discussed earlier, 
for this system the FEVDs estimated by an unrestricted VAR are consistent be- 
cause the random component in the forecast eiTor variance is a scalar and scales 
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Fig. 5. Sampling distribution: (a) 5-period ahead OLS impulse responses (b) 10-period ahead OLS 
impulse responses. 

out in the FEVD calculation - see (8) above. So this is a case where we may 
expect unrestricted VARs to perform satisfactorily. The main results can be sum- 
marized as follows. 

(i) The unrestricted VAR estimated FEVDs display the most bias, especially with 
respect to the effect of shocks on the first variable. 

(ii) The BVAR(lit) estimated FEVD's are also biased, especially with respect to 
the effect of the shocks in the first equation on the second and third variables. 
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(iii) The other methods generally seem to perform well in estimating the FEVDs, 
both in cases where there is shock persistence (Figs. 4(a), (c) and (d)) and 
where there is not (Fig. 4(b)). 

(iv) in general, these simulations suggest that unrestricted VAR recession and 
BVAR(Iit) regression are the least reliable methods for estimating FEVDs, 
at least when some unit roots and some cointegrated variables are present 
in the system. 

Obviously, it is of interest to extend the simulations reported here to cases 
of different cointegrating rank, different cointegrating vector configurations, near 
unit roots and completely stationary systems. However, provided consistent model 
selection techniques that allow for the presence of some unit roots and cointegra- 
tion are employed, it seems reasonable to expect that such automated methods of 
model-based policy analysis will generally perform better than unrestricted VAR 
regressions (see Fig. 5). 

5. Conclusion 

Unrestricted VARs have been extensively used in recent empirical research to 
assess the evidence in support of central propositions of macroeconomics, such 
as the role of money in the determination of aggregate output. Estimated impulse 
responses and forecast error decompositions have played a key role in these 
exercises. The calculation of long horizon impulse responses are now routine 
in this type ot' research and stem from the desire to learn about the long-run 
effects of shocks on the system. Tile approach has been vigorously pursued, for 
example, in studying the long-run effects of unanticipated monetary shocks on 
output, tbllowing the research of Sims (1980). 

This paper raises some important issues about what we can expect to learn 
from this line of empirical research. Our asymptotic analysis shows that in non- 
stationary V AR models with some roots at or near unity the estimated impulse 
response matrices are inconsistent at long horizons and tend to random matrices 
rather than the true impulse responses. Thus, even in very large samples, we must 
inevitably expect uncertainty about policy analyses that are conducted using im- 
pulse responses that are estimated by unrestricted VARs. Our simulations indicate 
that there is also substantial sampling variation in tlaese estimated responses in 
finite samples. 

Some previous research (e.g. Spencer, 1989; Todd, 1990) has shown that es- 
timated impulse responses and FEVDs can be very sensitive to changes in V AR 
model specification, such as the inclusion of trends and additional variables; and 
there has been debate about the robustness of the empirical findings in this line 
of research (see Todd, 1990, for an overview of the debate and some simula- 
tion analyses of sensitivity). Our results corroborate these earlier findings about 
unrestricted VAR impulse responses, give clear analytical reasons why impulse 
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responses and FEVDs from unrestricted VARs are unreliable even in very large 
samples, and show that different models in the VAR class produce impulse re- 
sponses and FEVDs with very different behaviour. Some models, like unrestricted 
VARs and Bayesian VARs produce inconsistent impulse responses and FEVDs. 
Others, like reduced rank regressions that employ consistent estimates of the 
cointegrating rank, and correctly specified error correction models produce con- 
sistent estimates of impulse responses and FEVDs. It is particularly important 
that the number of cointegrating relations in a system (and hence the number 
of unit roots) be estimated consistently. Model selection methods are important 
in achieving this. In particular, a reduced rank regression approach to impulse 
response analysis can be expected to improve upon unrestricted VARs only if 
the cointegrating rank selection methods work well in practice. 

In general, our results echo the earlier findings of Christ (1975) for structural 
econometric models. While there certainly are differences in forecasting perfor- 
mance in linear time-series models, the most serious disagreements between time- 
series models arise in policy analyses. Our main conclusion is that differing treat- 
ments of nonstationarity in the models plays a big role in afli:cting the outcomes 
of policy analysis. Although this issue was not investigated by Christ, it seems 
likely (by analogy to our results for reduced rank regressions and error correc- 
tion models) that similar etlbcts to those we have discovered come into play in 
structural econometric models when unit roots or near unit roots are estimated. 

Appendix A. Model  formulations and proofs 

A.I .  The !(I) / I (0)  t ' A R  rel, resentotion 

Construct the orthogonal matrix ! t  = [/tL,/t], and deline :, :: t t ' j ; .  The systern 
(2) translbrrns to 

", = B-',-I + Fir; + ;I, with B = H ' A H ,  

F = H ' [ ' P ,  . . . . .  'Pv-,](/i,_, x H ) ,  ,I ,=H'~:, .  (2') 

and whereu,~=(Av~ t . Av' . . . . . .  . , -  t, + l )(! × H )  is the vector of transfornled differ- 
ence regressors. Partitioning :,, ~1, and F conformably with the partition of H, 
and noting that B has the explicit partitioned form 

B =  
0 l , . + l f x "  

we can write (2') as 

2It ~- ' l t - - I  + [~LX22t-I + FIwt  + Oll t - 2It_ 1%- Hit say 

-2, = (!,, + /~ 'x)z2 , - t  + Fzw, + 112,. 
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In this representation of the VAR system, zl, is 1(i), z,, is I(0), there are s unit 
roots in the first subsystem, and the second subsystem is stationary. 

. !  ,I ! Define x, = ( '2 , - i ,  IIt ) '  the transformed stationary components in the system, 
and then 

X !  "-" 

/ 0 

0 1 =~ H '  

_ _ [ ,  o 
0 I X: H' 

"E2t- I 

A y , _  I 

A ) ' t -  t'+ I 

]~ ,  say. 

_[, o 
0 I~H' 

[ [Y);-I ] 
A)'r- ! 

A.vt_ p+ I 

A.2. Altermtte companion .fomis 
it will be helpful in subsequent derivations to use alternate companion tbrms of 

the VAR model ( 1 ) that correspond directly to the model in levels and differences 
- see Eq. ( 2 ) -  and the model in partitioned I(I) / i (0)  format. We start by 
transtbrming (3) and (4) into the companion form for the model (2). This can 
be accomplished using the matrices 

[i °.-.°] {0 °...°] K =  - /  . . .  0 and K--I= 5 - /  . . .  0 , 
, , t • , • , • • • • 

- I  . . . .  / . . .  / .--/ 

giving the new companion Ibrm coellicient matrix 

D = K--ICK= I 
/ +  ~fl' 

=//' 

0 

I111 " " " I l l p - I  

'lfl . . .  V'p_  

/ 0 

(A.I)  

Now define the orthogonal matrix 

G=lt,.:H= [ill fl 0 ] =[G~_,G,], G'l =[fl],O], 
0 0 l,,_l:<H 

which we use to transform the companion matrix D again so that it corresponds 
with model (2') where the variables are partitioned into !( 1 ) and !(0~ components. 

Specilically. the matrix E = G'K -I CKG = G'DG is the coefficient matrix in the 
companion form of (2 t). Note that it has the same eigenvalues as C and can be 
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written in the partitioned form 

E = G ' D G  = 

!, fl~:( 

0 I , .+i~ '~  

o I~ .  
0 I~'~ 
0 /,,, 

, . . 

m 

'PI 

~t 

"~lP-- I 

w 

I~p-- I :[ Is Et2] 

0 E22 ' 
(A.2) 

where 

El2 =[fl~_~lPl'" ~i'-' ] and E22 --- 

I,. + l~'~ ~l 
#; ~ q'l 

l,,, 0 

0 0 

•lP-- I 
II~p - I 

/m 0 

and where 'i;'~ = [1[ 'P~ H, 'i~ = [l"t't H, and ~h = H"I'~ H. When we take powers 
of E we get 

Ei =G,D~G=[I, E12(14 ....... +E~2t)] [ I ,  Et2(l .... E22) t) ..... 
0 I:; 2 - '  0 0 . (A.3) 

since E2, has stable roots. The impulse response matrices can be rewritten in 
terms of the new companion tbrm involving the matrix E as tbllows: 

6)i = M ' C ' M  = M ' K D i K - i M  

[I,. E,2(I +... + E~;')] 
= M ' K G  ' "" G ' K -  

0 E~2 

in the near integrated case under (e') we have 

IM. (A.4) 

(9, = M ' C' M 

[ explin -I F) 
= M ' K G  O(n_t ) 

exp(in -I F)Ei2( I  + . . .  + E'~ I )] G , K _ I M "  

E'~ J 
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A.3. Proo.l" o f  L e m m a  2.2 

From (A.4), we have Oi ~ O, where 

0 = M ' K G  

x[ 

, Eiz ( I  - Ez2) -I ] 
• G t K -  

0 0 

" [ ~  " 

IS' 
H '  /s EI2( I  - E22) - I  ] 

0 0 J 0 

~M = [/J_L,,& 0 . . . .  ,0] 

0 

+ # . E , 2 ( t  - = 

as required, in case of (c') and i = . f n ,  we get Oi ~ 69r = [1± exp(fF)[l ' t :  :. 

A.4. Prool '  o.f Theorem 2.3 

When ( ! )  is estimated by unrestricted least squares we can write lhe estimated 
impulse response matrices in a form that is similar to the representation (A.4) 
above for the true impulse response matrices, viz. 

69i = M ' C i M  = M'KI~ iK  .... I M = M ' K G E i G ' K  -I  M. 

in this expression I~" is tbrmed from the unrestricted OLS estimate of the coeffi- 
cients in the system (2'). Specilically, 

:-, : , , ,  : ; , ,  
J i , , , ,  

0 0 . . .  ! 0 

Now E---- ,  E, and, for fixed i, [7 i , E i as n---, ~ .  in this case, the estimated 
P P 

impulse responses O; are consistent, proving the first part of part (i) of the 
theorem. The limit given inpart (ii) follows using Lemma 2.2, as shown below. 

The limit distribution of 6)i for fixed i is obtained as follows. We take difli~ren- 
tials of these impulse response estimates with respect to the coefficient estimates 
giving 

i - I  
d69~ = M d(?~M = M ' K G d E ~ G ' K - I M  = M ' K G  ~ ~i-I--I~ d~ ,~ ,~G,K- IM.  
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Note that 

Ill [d /~ ,dA, . . . , d~ , - i ]  = r-ZMtd/tlid/~2,dfi'i . . . .  ,d~,_,]  

= K -  IM[d/~lid/~x] say, 

= K-IG'GM[d~iid~., .] = K-IG'MH[d/Blid~x] = K- tG'M[d,4 ,d~JlG 

= G 'K- t  M[d,4,d~']G, 

in the original coordinates of system (2). The partition [d/~!!d/~.,.] above corre- 
sponds to the nonstationary and stationary coefficients in the transformed 
system (2'). From Theorem 5.7 and Remark 5.8 of Phillips (1995), we have 

t - I  i n ) 2[ , ' l -Ai~ '  ~P] ~ N(O,,~,,:×G.,.Z.~-~.)G~.)= N(O,,%:<X>G~Z~ G~), 

where, ~,.~=E(xtx~), Z¢~ E( ~" "' = ~ , ~ , )  and ~ , = r v '  fl, Av~ A v '  ] ' and  
. .  . - - t .  / - - I  • - - I "  . . . .  - / - - l ) + l  

• "; 0 /m(t , -I  

....... " = x " ' - l  O, .... i - - ~ l d / J ' , d ' ] q  It follows that dO, ~ ~ "  ..... I O, 0--~[d/i,d*/°] GI~'~G'K IM z.,A- () 
K tC"~M and nl 2({~),_ (.),) =~ N(0, V,), where ~ = Ni(Z,:xG,.Z~,.IGI )N" = Ni(2',:>: 

I C , ~ K ,  .... . G,:r.i i'G a n d  = O, ....... :.: M '  ' T h i s  completes the proof of 
part (ii) of the theorem. 

When i= . lh ,  where .f is a constant, the consistent limit for E; is no longer 
valid. Instead, the asymptotic distribution of the nonstationary components of/~ 
figures in the limit, as we now demonstrate. 

Working in the transformed system (2'), we note that the limit distribution of 
those components of/~ which relate to the !( I ) elements of the system (viz. the 
lirst s columns of B) is given by 

- I  ' ) ,l's,s  
o 

(A.5) 

where Si is vector Brownian motion with covariance matrix =irvar(ul,),  and 
S, I is vector Brownian motion with covariance matrix = lrvar(Ih) - see Phillips 
(I 995, Theorem 5.5) tbr the derivation of (5). Note that S, t and Si are correlated 
Brownian motions because a/it is a component of ult. From (3) we see that 
B~ =[!,.,O]=[Bli,Bi2], say, so that when we partition /~ in the same way as B 
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we get 

n(~,~ - 1,) ~ ( 
- I  

' )(j) "Si ' j'dS,,, S[ S, 
0 

= U  say, /~12 -- Op(n-! ). 

(A.6) 

Thus, 

~,, _. [ /~I' L'I2] and 
Op(it-I) L'22 

/~,i [/~1 -t-Op(/l -I ) ~-"~.:0/~illk~'12E'~2 WOp(n-I)] 
Op(n_l ) E%2 + Op( n- I  ) . (A.7) 

The eigenvalues of E, ,  converge in probability to the eigenvalues of E2e, which 
are the stable roots o f  the system. Therefore, E/',2 converges in probability 
to a zero matrix as n ~ ~ .  On the other hand, 

/~, = [!, + (/}i, -/.,.)]i = [/,. + n(/~,i - !,)tn] I;' ==>, e x p ( f U )  (A.8) 

as n ~ ~c. Let i * ~  ~ be such that i*n-x ~ 0. Then, 

S__, B',q " ,2E2: = 8',, + 
/ .=0  A-~.i" k > i  ° 

(A.9) 

Now for k ~< i*, we have/~l n-~ ..... > !, and the lit'st term on the right-hand side of 
P 

(A.9) converges weakly to exp( . fV)Ei . , ( / -  El., ) - i .  The second term converges 
in probability to zero since the roots of E22 are stable, and/~;li ~ = Op(l).  Thus 

F~' =~ [exP(0fU) exp(.l'U)E,2(io - E . , 2 ) - ' ]  = E,. say, 

and so 69i =~ M'KGEI .G 'K- I  M = [l± exp(.fU)[l~ + [ij_ exp( . fU)Ei2(!  - E22 )-IQ, 
as required for part (iii) of the theorem. 

Part (ii) follows by noting that, in place of (A.8), when in -I---, 0 as n---, ~c 
we get/~il , L and hence ~-i , Eo. Then, ~i  ~ ~ ,  as required. 

P P P 
To prove part (iv) we note that when the model ( I )  has near unit roots rather 

than unit roots, i.e. when assumption (c ')  holds in place of (c), then we have 
the new coefficient matrix A = [1± exp(n- ! F)[i~ + [~[J' + ~[~' in (2) rather than 
A =1+~[~'. Then, in place of (A.5) and (A.6) above, we have the alternative 
limit theory 

( ) (  , (~ ,  - B, ) ~  .l'dS, JI. f .lrJ[. , (A.5') 
0 0 
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and 
- I  ( ' ) ( '  ) , , tb, .  - e t l ) ~  f dS.,J/" f drJ[- = g r  say. (A.6') 

0 0 

where Jr(r) = f~'exp{(r - s)F} dSi is a vector diffusion process - see Phillips 
(1988) for similar derivations. Part (iv) now follows upon appropriate redefinition 
of U. 

A.5. Proof of Theorem 2. 9 

We proceed in the same general way as the proof of Theorem 2.3. As before, 
we can write Oi = M'KffK-IM and now 

I + :~/~' 

/ ) =  0 1 

, , , / 0 

I P p -  I 

where ~ and /} are the reduced rank regression estimates of ~ and ft. We can 
take it here that fl is normalized in such a way that its components are identified. 
Thus, we can set f l '=  [!,.,-.4#], and require fl to be normalized in the same way. 
These matrices can subsequently be orthonornlalized by using the transformation 
[1 ~ fl(fl, fl)=l~., in the same way, we can define the coordinate system for the 
orthogonal conlplement space in such a way that ffL ' . = [A#, I,,_,.] and orthonor- 

realize the matrix with the transtbrmation / l i - , /~l ( / t~/! l )  -1~2, doing the same 

thing for fl~. Then, :{/, ==,  :1/,, and, in, consequence,/}  ........ : fl and / }±  - - ~  fl±. 
P P P 

As in the proof of Theorem 2.3, we lind that dO~ = ,-i 
A~ ~ A 

C M, but now d,,~ d ( i f l ' ) = d i f l '  + id[l'.  Since [I is O(n - I )  - consistent tbr 
fl (recall that the components of  fl are identified), the dominant contribution to 
the limit distribution comes from [di//',d~']. If we define ~=[~, ~P], then the 
asymptotic distribution of  the reduced rank regression estimator of • is (see Ahn 
and Reinsel, 1990, Theorem 2) 

nt 2($ - ~) ~ N(O, 2,, × 2 - '  ),-- 

. .  _ _  • ] I  v' fl, dv~ ,,.. dv: t,~, as before. Next, write where X~ E(~t~)  and ~ , = [ . , - I  . - • . -  

d $ = [d~, d q' ] and then 

,,' :[(~ - ~)17, ,i, - ,/,] ~ NtO, Z,:,: ~.< GcXf~'G~ ). (A.IO) 

It follows that 

nt:2((9, - O,) ~ N(0, V~ ), 
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Here : / and  tp are the OLS estimates of the coefficient matrices in (2), A)i = ~-']~-=oi- 
O;-~-k ® M'C "'kK'-~ and vec(Z) =Do' ,  o" is the vector of  nonredundant elements 
of Z and D is the duplication matrix. The limit distribution of the coefficient 
matrices and the covariance matrix estimates are independent and are given by 

. , /2[.~_A. tp_ ~p] = n " 2 [ ( ~ _  ~)ff, ~p_ ~] ~ N(0,Z,:,: ® G~Z~'G~), 

hi 2(~ - a)=:> N(0,D + var(~t ~ ,~:~ )D+'), 

where D + =(D'D)- ID ' is a generalized inverse of  D. If the errors in (2) are 
normally distributed, then var(~:, ® ~:t ) = 2Po(Z',: ® Z',: ), where Po = D(D'D)-I D', 
and the covariance matrix in the second limit distribution is simply 2D+(Z',: ,~ ~',:) 
D ÷'. Part (i) of  the theorem follows directly. 

To prove part (ii), we first write h-II~(h) =h- t  z..,i:0v';'-I O~Z~:O;" " ~' =f-IV';'-I=.,i:0 

i "i''' Oi,~,O~ ds. From the proof of Theorem 2.3, Oi = M'KGE, iG'K -i M, and • t ( i -  I )'n 
for i = ns, we have as in (A.7) - (A.9)  

/ ~  + Op(, -~ ) 

Op(n -I ) 

^ ,  ,,~ 

B~IEI2(I - E22) -I + op(l)  

E;, 2 + Op(, -~ ) 

and Oi =~ fl_L exp(sU)fl~., it follows that 

, BI! => exp(sU) 

h-, I i :n 

h~P( h ) = . / ~  ,1' 
i = 0 ( i - I ) n  

f 

&£-,:b~d.,. ~./-'f/k expf.,.u)/J:~z,& 
0 

x exp(sU')fl~ ds, 

giving the stated result (a). Result (b) follows in a similar way. We have 

tp~,/~. = h-I (OiP)~. 
i ::: 0 i :  0 

h -  I t n  f 

= f-' E .I" (O,P)~., ds=> j'-' f(fl_Le"u fl~P)~.k ds, 
.;:-:0 { i -  I )/n 0 

giving the stated result. Part (c) is a direct consequence of part (b). Part (iii) 
tbllows in a straightforward way using the near integrated asymptotics, and then 
the random matrix U is replaced with Ur in the above formulae. 

A. 7. Proof of  Theorem 3.4 

~-.,n+ h -  ! From (5) the optimal predictor is 3;,.h = z..,;=h tg,~:,,+h-,. When h = f n  and 
n ~ ~ ,  we deduce from Lemma 2.2 that 

I I  

- I / 2  
n Yt,,h ~ Oh n-l:2 ~ l:i =~ OS( I ) = 8.LS'ES(I ), 

i=I 
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as required for part (i). In a similar way, since Oi, =:> flz exp(fU)fl'L-., we obtain 
part (it). Parts (iii) and (iv) are immediate. 

A.8. Proof of Theorem 3. 7 

The proof of part (i) is the same as that of  Theorem 3.2 (i) in all key respects. 
However, RRR rather than OLS estimates of  the coefficients in (2) are used. We 
then have [,4, @]=[~2/}', ~'], and we use the limit theory (A.IO) for the RRR 
coefficient estimates. The stated result follows in the same way as Theorem 3.2(i). 
Part (it) of  the theorem is a consequence of  the consistency of  the RRR impulse 
responses for long horizons that was shown in Theorem 2.9(ii). 

A. 9. Proof of Theorem 3. 9 

The stated results follow in the same way as Theorem 3.4, but rely on the 
consistency of  the RRR impulse responses. 
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