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ASYMPTOTICS FOR NONLINEAR
TRANSFORMATIONS OF
INTEGRATED TIME SERIES
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An asymptotic theory for stochastic processes generated from nonlinear transfor-
mations of nonstationary integrated time series is develogadous nonlinear
functions of integrated series such as ARIMA time series are studietithe as-
ymptotic distributions of sample moments of such functions are obtained and ana-
lyzed The transformations considered in the paper include a variety of functions
that are used in practical nonlinear statistical analysis shown that their asymp-

totic theory is quite different from that of integrated processes and stationary time
series When the transformation function is exponentially explosfee instance

the convergence rate of sample functions is path depenldgperticular the con-
vergence rate depends not only on the size of the sample but also on the realized
sample pathSome brief applications of these asymptotics are given to illustrate the
effects of nonlinearly transformed integrated processes on regresh®mmethods
developed in the paper are useful in a project of greater scope concerned with the
development of a general theory of nonlinear regression for nonstationary time
series

1. INTRODUCTION

Nonstationary time series arising from autoregressive models with roots on the
unit circle have been an intensive subject of recent reseditoh asymptotic
behavior of regression statistics based on integrated time stvaes® for which

one or more of the autoregressive roots are yhias received the most attentjon
and a fairly complete theory is now available for linear time series regressions
The resulting limit theory forms the basis of much ongoing empirical economet-
ric work, especially on the subject of unit root testing and cointegration model-
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ing. The main elements of this limit theory as it is needed for linear regression
were reviewed in Phillipg1988, and a recent overview of the asymptotic sta-
tistical theory on which some of the literature draws was given in Jeganathan
(1995.

As in other regression conteximear models can be restrictivend they elim-
inate many interesting cases of practical importance where there are nonlinear
responses to covariatdsowever extension of the existing limit theory for inte-
grated processes to nonlinear models is not straightforwaid is because non-
linear functions of integrated processes often depend on fine-grain details of the
underlying processmost especially the sojourn time that the process spends in
the vicinity of certain pointsThese details need to be dealt with in the develop-
ment of a limit theory for the same functions that arise in regression

The present paper seeks to provide some tools that will be useful in the analysis
of time series regressions that involve nonlinear functions of integrated pro-
cessesVarious nonlinear functions that commonly arise in practical nonlinear
statistical analysis are studiethe results show that the limit theory can be very
different from that for simple linear and polynomial functions of integrated pro-
cessesThe case of exponential functions is especially interestiegause here
the sojourn time that the process spends in the neighborhood of its extrema de-
termines the asymptotic behavior of the sample functinrconsequencehe
convergence rate of sample moments of exponential functions of the process is
path dependent and relies on extreme sample path realizations of the time series

2. ASSUMPTIONS AND PRELIMINARY RESULTS
We consider a time seri¢g;} generated by
Xp = Xi—1 T W, (1)

where the errow, follows the linear process

W = @(L)g = kZ Pk Et—k> (2)
-0

in which {&,} is a sequence of independent and identically distributedi.)
random variables with mean zero and for whigfil) # 0. The system(l) is
initialized att = 0 with x, = O,(1). One of the following two assumptions will be
made throughout the paper

Assumption 21. > okY?| ¢y | < co andEe? < co.
Assumption 2.

(@ Drzok|ek| < o andE|e|P < oo for somep > 2.

(b) The distribution ofe, is absolutely continuous with respect to the Lebesgue mea-
sure and has characteristic functigiit) for which lim._,t"¢(t) = 0 for some
r>0.
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For simplicity, assumep (1) = 1 andEe¢ = 1. Other values simply have a scaling
effect in the subsequent analysis
Construct the stochastic process

o 1 [nr]
WR'(r) = 7h tZ W,
which takes valuesib[0,1], the set of cadlag functions on the interl@lL]. Phil-
lips and Sola1992 showed that Assumption Ris sufficient to ensure than/°
converges weakly to a standard linear Brownian mot#éan[0,1]. In our con-
text, itis more convenient to endol®[ 0, 1] with the uniform topology rather than
the usual Skorohod topologgee Billingsley1968 pp. 150-152. It then follows
from the so-called Skorohod representauon theorqy, Pollard 1984 pp. 71—
72) that there exist8\}, such thawy}, = W0 in D[0,1], where= d signifies equiva-
lence in distribution and for whictj, — . Wuniformly on[0,1]. We shall use this
representation repeatedly in the proofs in Section 8 of the pdparg strong ap-
proximation methodsspecific rates of convergence féf, — W can be obtained
under moment conditions like those of AssumptioR(8). The following result
(Csorgy’and Horvath1993 p. 4; Akonom 1993 is especially convenient

LEMMA2.3. Letn— oo.

(a) If Assumptior.1 holds thensupy=,=1|W,(r) — W(r)| = o(1) as.
(b) If Assumptior2.2(a) holds thensup<r<1|Wh(r) — W(r)| = op(n=(P~2/2P),

Our development relies on the local tingt, s), spent by the Brownian mo-
tion W at the spatial poins over the interval0, t]. HereL(t,s) is a jointly con-
tinuous stochastic process and satisfies the equétign Chung and Williams
199Q ch. 7)

[W(t) —s| = |[W(0) — s| + for sgn(W(t) —s) dW(t) + L(t,s),

where sgiiy) = 1,0,—1 asy > 0, = 0, < 0, respectivelyThe following important
formula appliesrelating temporal integrals of functions of Brownian motion to
spatial integrals involving local time

LEMMA 2 .4. (Occupation Times FormulaLet T be locally integrableThen

t o
JT(W(r))drzf T(s)L(t,s)ds
0 —o0

forallt e R.

The local timel(t, s) can be interpreted as a spatial occupation densiyan
the Brownian motioW. From the continuity of.(t,-), Lemma 24 can be applied
with T(x) = 1{|x — s| < &} to give
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L(t,s) = lim £l ft L|W(r) — s| < &} dr 3)
? e—0 2g Jg ’

the representation that explains wh-, s) is called the local time oV ats.
We define

1
Ny (vpia.b) = fo 1{a = y,Wy(r) = bj dr, @)
and similarly

1
N(vn;a,b) = fo {a=v,W(r) = b}dr, (5)

wherea andb are nonrandom constants and> 0 for all n. The following useful
result is due to Akononi1993.

LEMMA 2.5. Let Assumptio.2 hold. Then as n— o

(8 E(Na(¥1;0,8) — Np(wn; k8, (k +1)8))2 < c(8/nv,) (1 + (k§2nlog n/v?2)) for some
constant cand

(B) Nn(¥1;0,7m) = N(wp;0,7m) + 0p(N~@P~V/30%e) for 77, = p,n~2(P*/3P and any
g > 0.

It follows from (3) and(5) that (v,,/7n)N(v,;0,7,) —as L(L,0) asn — co.
And from Lemma 25(b), (vn/7n)Na(v4;0,77,) = L(1,0) + 0,(1) for 7, =
von~@2P=1/3p%e with somee > 0. In this sensgan appropriately defined, ap-
proximated. for largen. Also nN,(v,; &, b) is the number of visits of the process
v, W,(r) to the interval a,b].

3. FUNCTIONS OF NORMALIZED INTEGRATED PROCESSES

We start by investigating the asymptotic behavior of functions of normalized
integrated processeSuch functions sometimes arise in models formulated with
nonlinear functions of standardized partial sums of stationary time sege$

be a measurable transformatioriin We will considerregulartransformation3
defined as follows

DEFINITION 3.1. A transformation T is said to bexgularif and only if on
every compact set Ghere existl,, T, ands, > 0 for eache > 0 satisfying

T.00)=T(y) =T.(x) (6)
for all x,y € C such thafx — y| < §,, and

[ @ -1 @)
C

ase — 0.
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The class of regular transformations includes locally bounded monotone func-
tions and continuous functionBor a locally bounded monotone increasing func-
tion, for instancesetT.(x) = T(x— &), T,(X) = T(x+ &) ands, = . Likewise we
setT.(x) = T(x) — e andT,(x) = T(x) + ¢ for a continuous function with the
usualés, for the g, 6 formulation of uniform continuitylt is easy to see that
conditions(6) and(7) are satisfied for such choicebhey work for any compact
set It is also clear that finite sums of locally bounded monotone functians
hence functions that are locally of bounded variatiand piecewise continuous
functions are regular

THEOREM 32. Let Assumptior2.1 hold. If T is regular, then

2T<ﬁ> LN flT(W(r)) ar,
0

VN
as nN— co.
Remarks 3.

(@) Any regulartransformatiomis locally integrableThe local integrability off guar-
antees that the limiting distribution is well defindddeed T is locally integrable if
and only if

Pr{ JtT(W(r)) dr exists for allt} =1
o]

(seee.g., Karatzas and Shrey&988 Proposition &7, p. 216). We need a stronger
condition to ensure that the limiting distribution is invariant across different data
generating processes

(b) Given a transformatioi on R, we define a functionall; on D[0,1] given by

1
HT:f»—>f T(f(r))dr.
0

ForT defining a continuouHt onD[0,1], the resultin Theorem.3 follows directly
from the continuous mapping theoréexg., Billingsley, 1968 Theorem 51, p. 30).
Uniformly continuousl generate such a functiondfl T is continuousbut not uni-
formly continuousthe correspondingfi; is assured of being continuous only on
C[0,1], a subset 0D[0,1]. But the continuous mapping theorem still applies-
causeC[0,1]is of Wiener measure ondeedthe proof of Theorem.2 shows that
for any regulaiT, 11 is continuous on a subsetBf0,1] with Wiener measure one
(c) The functions

T(x) =log|x| and T(x)=|x|* for—-1<k<0 (8)
are locally integrable andherefore folT(W(r)) dr is well defined for such func-
tions However they arenotregular and Theorem.3 does not apply

To deal with such functions we may proceed as follolet T be locally inte-
grable with a pole or logarithmic type of discontinuity at a certain paay zera
Define
Ta(¥) = TOOU[X| = cp} + T(c) HO < x < ¢y} + T(=C) H{—c, <x <0} (9)

Similar modifications can be made for transformations with discontinuities at points
other than zero
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THEOREM 34. LetT be locally integrableSuppose for a sequenfig} such
that ¢, > 0 and G, = n~2(PT /3

IT(X) = T(y)| =v(c)Ix—yl,

with »(c,) = O(nP=2/2°) for all x,y € {z|z| = c,}, and T(xc,) =
O(n@P~b/3pte) for somee > 0. If Assumptior2.2 holds then

1 2T<ﬁ> N flT(W(r)) ar,
0

ni=1 vn
as n— co.
Remarks 3.

(@) The conditions in Theorem&require that the functiom be Lipschitz continuous
on{x:|x| = c,}. Also, the value of the functiof (+c,) around the discontinuity
point and the Lipschitz constantc,) may not grow too quickly with.

(b) For the logarithmic functiof (x) = log| x|, the conditions in Theorem&are sat-
isfied withc,, = n~?° for any§ such that 0< § = (p — 2)/2p. For the reciprocal func-
tion T(x) = |x|* with —1 < x < 0, one may choose,=n"?for0<é < (p—2)/
2p(1— k) to show that the result in Theorendds applicable

(c) For any fixedn, T andT, are identical over any finite set of nonzero pojritsve
takec, to be smaller than the minimum of their moddlhereforeif {x} is driven
by an error process whose underlying distribution is of the continuous type speci-
fied in Assumption 2(b), thenT andT, are practically indistinguishable in finite
samples

4. ADDITIVE FUNCTIONALS OF BROWNIAN MOTION

The asymptotic behavior of functions of unnormalized integrated processes can
be quite different from the results in the previous sectlarparticular the as-
ymptotics depend in a more critical way on the properties of the functions in-
volved To illustrate the dependencies that ayige first investigate the asymptotic
behavior of additive functionals of Brownian motion given by

At
f T(WC(r))dr,
0

as\ — oo. The results from this section will be applicable in the statistical analy-
sis of the data that are continuously recorded from Brownian motiom the
development of the asymptotics when the sampling frequency and the time span
of the data increas@pplications of this type occur with financial data in econo-
metrics(Phillips, 1987). More directly the limit behavior of these functionals
sheds light on the behavior of nonlinear functions of integrated processes and is
thereby useful in the development of an asymptotic theory for regression that
involves such nonlinear functions

Three classes of transformation are explored hietegrable(l) functions
asymptotically homogeneousl ) functions and explosivé E) functions These
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will be referred to respectively as Classés (H), and(E) in the paper and will
be denoted by (1), 7(H), and7(E). More explicitly we define these classes as
follows.

DEFINITION 4.1. A transformation T is said to be in Clagk), denoted by
T e 7(l), iff itis integrable

DEFINITION 4.2. A transformation T is said to be in Clagd ), denoted by
TE T(H), iff

T(AX) = v(AM)H(X) + R(x, 1),
where H is locally integrable and R is such that

(@ |R(x,A)| = a(A)P(x), wherelim sup,_,..a(A)/v(A) = 0and P is locally integrablg
or

(b) |R(%,A)] = b(A)Q(Ax), wherelim sup,_,,,b(1)/v (1) < co and Q is locally inte
grable andvanishes at infinityi.e., Q(x) — 0 as|x| — co.

Transformation3 € 7(H) with Rsatisfying conditionga) and(b) will be said
to belong to7(H,) and7(H,), respectively

Remarks 4.

(@) If Te T(H), T has an asymptotically dominating component that is homogenous
All homogenous functions are of this type and therefore belorig td) as long as
they are locally integrabléf T is homogeneous of degreethen we haved = T
andv (1) = A<, Examples of such functions includ@éx) = x* for k > 0 andT (x) =
sgn(x).

The finite order polynomial given by (x) = xk+ ayx** + ... + a, fork=1isin

T(Hq) with v(A) = AXandH(x) = xX Fora(A) = XX tay + a/A + --- + a /AN

andP(x) = 1 + |x|*" we may easily show thdR(x,1)| = a(A)P(x). Clearly

a(A)/v(A) = 0 asA — oo, andP is locally integrable fok = 1.

(c) The logarithmic functionl (x) = log| x| belongs to7(H,), with the homogenous
component given by (A) = log A andH(x) = 1. The residual function then be-
comesR(x,A) = log|x|. To see that it satisfies the preceding conditi@ata( ) =
1 andP(x) = log| x|. Iterated logarithmic functions and polynomials in logarithms
are also in7(H), which can be shown similarly

(d) The distribution function of any random variable belongs to cla@s,), with the
homogeneous component specifiediiy) = 1 andH (x) = 1{x = 0}. Clearly His
locally integrablelf T is such a functionthe residuaR(x, A) is bounded in mod-
ulus byQ(Ax), whereQ(x) = T(x)1{x < 0} + (1 — T(x))1{x = 0}. It is easy to see
thatQ is locally integrable and vanishes at infinitf;, in particulay the underlying
random variable has finite expectatidghenQ € 7(1).

(b

=

DEFINITION 4.4. A transformation T is said to be in Cla$g), denoted by
T e 7(E), iff

T(x) = E(x) + R(x),

with E and R satisfying the following conditians
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(a) Eismonotongf E is increasing decreasing then it is positve and differentiable
onR . (R-). Furthermore if we define Gx) = log E(x) onR ;. (R -) with deri-
ative G, then as\ — oo, G(Ax) = v(A)D(x) + o(» (1)) uniformly in a neighborhood
of x, where D is positie (negatie) and continuousand Av(A) — co.

(b) Ris gven such that for any x and y

Av () R(AX)
E(Ay)

asA — oo, whereR(x) = sup<|x|R(Y)|.
Remarks 4b.

(@) ForT € 7(E), E denotes the exponential component that is asymptotically domi-
nating The derivative of the exponent function Bfis assumed to be asymptoti-
cally homogeneous with base functibrand degree of homogeneityIf we write
E(x) = exp(G(x)), then the conditionr (1) — oo ensures thab increases ofk
(or decreases oR ) faster than the logarithmic functiokVhen there is such an
exponential componeydll other components with polynomial orders become neg-
ligible. They satisfy our conditions fdR, as one may easily check

(b) The conditions for the exponential compon&nf T € 7(E) obviously hold for
functions likeE(x) = exp(x*) for k > 0, or E(x) = x“e*{x > 0} for any finitex. In
the former casave haver (A) = A*~TandD (x) = kx“~ . For the lattery (A) =1 and
D(x)=1

THEOREM 46. Let T€ 7(l). Then

%fOAZtT(W(r))dr N (f_iT(s) ds) L(t,0),

asA — oo.

THEOREM 47. Let T€ 7(H) with H(-) as in Definition4.2. Then

1
Av(X)

f“T(W(r))dr LN foo H(s)L(t,s) ds
0 —o0
asA — oo.

THEOREM 48. Let T € 7(E) with » and D as in Definitiond.4. Then as
A —

v () AztT(W(r)) ar S L(t,Sa)
AT (SUR—r - W(r) Jo D(Spm) "
or

v(A) A2t
/\T(infOSrsAzt W(I’)) 0

d 1
T(W(r)) dr — “bs) L(t, Smin),
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depending upon whether the exponential component E is increasing or decreas
ing, and where §ax = SUpy=r=1 W(r) and sy, = info=, =1 W(r).

Remarks 4.

(a8 Theorems &6—4.8reveal thatthe asymptotic behavior of the three different types of
additive functionals of Brownian motion differs in fundamental wadar integra-
ble functions only the local time spent bW in the vicinity of the origin matters
This is not so for asymptotically homogenous functidonswhich the local time of
W at all points contributes to the limit distributioRinally, the local time thatV
spends in the neighborhood of one of its extrema completely determines the as-
ymptotic behavior of an explosive function

(b) The convergence rates for explosive functions are path depenéeitiey depend
not only on the size of the sample but also on the actual path of the sample by virtue
of the fact that supWV(r) and inf W(r) influence the convergence rate

5. FUNCTIONS OF INTEGRATED PROCESSES

Not surprisingly the moments of functions of integrated processes asymptoti-
cally behave rather like the corresponding additive functionals of Brownian mo-
tion. We just need some extra conditions to make their limiting behavior invariant
with respect to the underlying data generating processes

THEOREM 51. Suppose E 7(l)and Assumptio.2 holds with p> 4. If T
is square integrable and satisfies the Lipschitz condition
T = T(y) =clx—yl
over its support for some constant c afid> 6/(p — 2), then

F tZlT(Xt) N (fZT(s) ds> L(1,0),

as n— oo.
Remarks 2.

(a) Foranindicator function on abounded,gbe resultin Theorem.kis applicable as
long asp > 4. The Lipschitz function witH = 1 requiresin particularthatp > 8.

(b) The collection of transformations for which Theorem Bpplies is closed under
the operation of finite linear combinatioriBhus the result in Theorem.5 holds
for any piecewise function for which each piece satisfies the given conditions

THEOREMA3. LetTe 7(H ) with H(-) regular. Alsg assume that T is either
in 7(H,) with P locally bounded or irff (H,) with Q bounded andanishing at
infinity. If Assumptior2.1 holds then

d (o)
nv(\m) ET(xt)—> f_wH(s)L(l,s)ds

as Nn— oo.



278 JOON Y. PARK AND PETER C.B. PHILLIPS

Remarks 54.

(a) For Theorem 3, we only need Assumption® This is in contrast to Theoremsl5
and 55 for functions in7(l) and7(E), where the stronger Assumptior24s in-
voked

(b) The resultin Theorem.8 is applicable to such functions @$x) = x“ for k > 0,
T(x) = sgn(x), T(x) = xk+ a;x¥ 1+ ... + a for k=1, and to all “distribution
function”-like transformations

THEOREM 55, Let T€ 7(E) andv(A) = A™ with m< (p — 8)/6p. If As-
sumption2.2 holds then as n— oo

W D
VNT(MaX<i=n X t:ZJ_T(Xt) - D (Smax) L(l’smax)
or

v(v¥n) n d 1
mT(minlstsnXt tZZlT(Xt) - _D(Smln) L(Lsmin),

depending upon whether the exponential component E isincreasing or decreasing

Remarks %.

(@) The convergence rates are path dependenin Theorem 4, i.e., they depend
upon maxx; or minxg, t = 1,...,n, respectivelyfor the increasing and decreasing
exponential component of the transformatior?i(g).

(b) The result in Theorem .5 is applicable for explosive functions such as
x“exp(x){x > 0}, as long agp > 8. However we only allow functions to be
mildly explosive Functions likeT(x) = exp(x2?) are excludedThe asymptotic
behaviors of such functions may not be invariant and can be more dependent
upon the underlying data generating process

6. NONLINEAR REGRESSION ILLUSTRATIONS
WITH INTEGRATED PROCESSES

In this sectionwe briefly show how to apply the preceding theory to develop
regression asymptotics for models with transformed integrated regrekstrs
{x} be generated bgl) and(2) and consider the regression model

Vi = af (%) + U (10)
fort=1,...,n, wherea is the regression coefficigrtis a transformation iR,

and{u,} are stationary errorg he least squares estimatgf of « in regression
(10) is given by
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=]

M:

f(X)s F (%) Uy
an=——"—"=a+ =

f2(x)

>
-
I
=
-
I

f2(x)

M:
M=

t

Il
[N

t

1

Whenf is the identity transforgregression10) reduces to what is known &a
linean cointegrating regressiosuch regressions have become very popular in
time series econometrics following the work of Engle and Grat@87). How-
ever it is not always clear that the relationship betwseandx; is linear and
such considerations lead naturally to models of the f(f) (just as in the case
wherey, andx, are stationary

Let{%} be the natural filtration fofu,} and make the following assumption

Assumption 61.

(@) {u}isindependent ofw;}, and
(b) (u, /) is a martingale difference sequence Wiku?|%_,) = o2 for all t, and
sup E(Ju 9] F_1) < oo as. for someq > 2.

Assumption 6l(a) is stronger than is needed but is made for simplicity to
highlight the effect of the nonlinear transformation on the regression asymptot-
ics. As before we leto? = 1, because it has only a scaling effect

The lemma that follows gives the Skorohod embedding of a partial sum and a
strong approximation to its quadratic variation as in Phillips and Plobé&t§66.

Itis useful in the derivation of the regression asymptotics in Theor8nwhich
follows.

LEMMAG.2. Let AssumptioBf.1(b) hold. Thenthere exists a probability space
supporting a standard linear Brownian motion U and an increasing sequence of
stopping timeg$},~o With 7o = 0 such thatl/vh 3_; uy 4 U(7/n) and

as n— oo for anyd > max(1/2,2/q).

In view of Assumption 61(a), we may assume th&/ andU are independent
and defined on a common probability space

THEOREM 63. Let T=f2and denote %V a standard linear Brownian mo
tion independent of Wsuppose Assumptid@il holds

(a) If T satisfies the conditions in Theoréri, then as n— oo

V(1)

%) 1/2°
(f T(s)ds L(],O))

WN(an— a) >
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(b) If T satisfies the conditions in Theore8, then as n— oo

Jv(VR) (&, — @) 5 V@

o 1/2°
<f H(s)L(L,s) ds)

(c) If T satisfies the conditions in Theorésrd, then as n— oo

1/2
(W‘T(l@ixnxt>> (G — ) 55 D(Emad V(D)

v(Vm) L(L S0
or
. 1/2
(mT<th|QnXt>> (A _ ) d _D(Smin)l/ZV(l)
»(y7) T T L2

depending upon whether the exponential component E is increasing or decreasing

Theorem &3 shows that, is consistent when the conditions in Theorents 5
and 55 are met fofT = f 2 Also, it is consistent ifT = f 2 satisfies the conditions
in Theorem 33 with A2»(A) — oo asA — co. Thus we may generally expect
consistencyin the same way as in other time series regressions under persistent
excitation The limiting distributions are mixed normah the same way as for
cointegrating regression®hillips, 1991). The rate of convergenc&owever
will vary depending ot. It can be faster than the convergence fatefor linear
cointegrating regressionisut it can also be slower than tki@ rate for stationary
regressionWhenf is explosiveas in the case of exponential functiotize con-
vergence rate foé, is dependent upon the entire sample patl,aind on the
sample size

Because the sample path of an integrated process typically shows trending
behavior it is interesting to compar€l0) with nonlinear regressions on deter-
ministically trending regression$o be explicif consider the following two re-
gressions

- o
Vi = % |? + (11)
and
o
o=+ (12)

whereB > 0 is a known constant and the other notation is defined 680nThe
least squares estimatorswin (11) and(12) are denotedrespectivelyby &,, and
an. Unlike @,, &, is not properly defined without some modificatidrecause;
may take values in the neighborhood of z&ocould even be zero with positive
probability in the case of discrete innovationg in which case the regression
function is singularTherefore we follow the convention introduced i(9) and
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assume that,, is computed from a regression &g = X {| x| = ¢} + c.{| x| <
C,} (in lieu of x,) with c, =n"°for 0 < 6 < (p — 2)/2p(1 + 28). See Remark
3.5(b) for our choice ofc, here We let Assumption 2 hold in the subsequent
discussion

The asymptotic behavior of boty, and &, is critically dependent upon the
value of 8. For 0< 8 < 3, both&, anda are consistent and have limiting dis-
tributions given respectivelyby

( ) d 1 1 —1/2
nA2(q, — a) — f—dr) V(1
(G — a) ( NG (1)

and

P § 11 \-v2
V2-B(r _ -
n (@p—a) — <J;) 78 dl‘) V(1).

If B> %, howeverthe asymptotic behavior is very different

Wheng = 1, (logn)Y2(a&, — a) —4 V(1) anda, from regressioii12) is there-
fore consistentThe estimato#,, becomes inconsistent if exceeds the critical
values, becaus&{_, 1/t% < oo for 8 > 3, and the excitation condition fails to
hold. Faulty intuition here might suggest that regressib?) with 8 = 3 is anal-
ogous to regressiofll) with 8 =1, because, = Op(\ﬁ). This might lead to the
conjecture that,, from regressioril1l) becomes inconsistent wh@n> 1. Inter-
estingly however &, from regressior{11) is consistent foall values ofg, in-
cluding 8 > 1, as shown in the following propositipnvhich establishes the
validity of the excitation condition for the regressor(iti) for all 8.

PROPOSITION &. Let Assumptior2.2 hold. Then
n
2 ‘Xt ‘K & o,
t=1
as n— oo, for anyk # —oo.

7. CONCLUSION

The examples given in the previous section involve models that are linear in the
parameters and nonlinear in the regresSach models are obviously very simple
examples of regressions that involve nonlinear functions of integrated processes
and our theory therefore provides only a basic extension of cointegrating regres-
sion asymptotics even though its methods are quite nawvalpite of their sim-
plicity, howeverthe models do illustrate some important features of more general
nonlinear cointegrating regression problems

First, it is apparent that the signal emanating from a nonstationary regressor
can be substantially altered in strength by nonlinear transformatibmzover
as the strength of the signal is modifjelde corresponding rate of convergence of
the regression coefficient is affectedur simple examples show that nonlinear
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transformations can decrease the rate of convergence over that of a linear cointe-
grating regression and also increase this.r&econd the rate of convergence

may in some cases be path dependearthe sense that the rate itself is stochastic
and depends on properties of the process such as its maximum or minimum
Finally, the limit theory in all cases considered turns out to be mixed nqrasal

in linear cointegrating regressiansdeed if a Gaussian likelihood approach
were adoptedthe likelihood would turn out to be in the locally asymptotically
mixed normal classso that an optimal theory of inference can be develppsd

in Jeganathafil995 and Phillips(1991).

With these new methods in hanele are ready to undertake the general task of
developing a theory of regression for nonlinear functions of nonstationary re-
gressors in which the parameters also enter in a nonlinear fasthentask is
inevitably more complex and of broader scope than what has been completed in
this paperNeverthelessthe results rely intimately on the methods we have in-
troduced hereThe results of the broader investigation will be reported by the
authors in a later articléPark and Phillips1998.

8. PROOFS

Proof of Lemma . Parts(a) and(b) are respectivelyTheorem 34 of Phil-
lips and Sola1992 and Theorem 3 of Akonor(L993. u

Proof of Lemma 2. Seeg e.g., Corollary 7.4 of Chung and William$1990.
[ |

Proof of Lemma &. In what follows let N,(a,b) = N,(v,,;a,b) to simplify
notation For the proof of parta), we first deduce from Lemma 4 of Akonom
(1993 that

1 2 5 k62nlogn
E(Na(0,8) = = Ny(8,(k+1)8) | =c— 1+ ——— |,
k nv, 7
and similarly
1 2 ) kd2nlogn
E( Ny(k(k+1)8) = = Na(8,(k+ 1)) | =c— 1+ ——5— |,
k nv, Vs

wherec is some constant depending only upon the distributiofedfand{¢,}.
The stated result now follows immediately because

E(N,(0,8) — N, (k8,(k +1)8))?

= 2<E<Nn(0,6) - é N, (8, (k + 1)5)>2

+ E(Nn(k,(k +1)6) — ;—i N, (8,(k + 1)6))2>.

Part(b) is due to Akonon(1993, Theorem 4 |
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Proof of Theorem 2. Assume temporarily thad, = 0, and using the Skoro-
hod representatignvrite

1.0 d 1
H; ( >—f0T(Wn(r))dr.

Let C = [Smin — 1, Smax+ 1], wheresi, ands.care defined as in Theorenmg4As
a result of Lemma 3(a), we may taken sufficiently large so that su,(r) —
W(r)| < §, for anys, > 0 and so that botk\,, andwW are inC a.s. (Note thatC is
path dependent oW by constructior) Therefore

T.(W(r)) = T(W,(r)) = T.(W(r)) (13)

for largen because of6). However

1 o)
fo(i—L)(W(r))dr=f (T. — T.)(s)L(L,s)ds

= (SLSJIOL(LS))L(TS = T)(x) dx

as.

— 0, (14)

ase — 0, due to(7). The stated result now easily follows froib3) and(14). For
the case&q # 0, simply replace, with x,/vn + W, in the preceding proof B

Proof of Theorem 3. Again, temporarily assumg, = 0, and write

1 n Q 1
E; < )—JOTn(Wn(r))dr,

as in the proof of Theorem.2 We define

1 1
=U Tn(Wn(r))dr—f To(W(r)) dr|,
0 0

B, =

1 1
J T,(W(r)) dr —f T(W(r))dr
0 0

and show

1 1
‘ f T, (W, (r)) dr —f T(W(r))dr| = A, + B,=0,(1)
0 0

subsequently
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Given the conditions on the ordersiafc,) andT (xc,,), we may easily deduce
from Lemmas B(b) and 25(b), settingw,/v, = ¢, in the lattey that

A, = v(cn)jo IW,L(r) = W(r)|[dr + |T(£c,)|

1 1
X J LW, (r)] < c,} dr—f HIW(r)| < cn}dr| =o0,(1). (15)
0 0
Thereforeit suffices to show that
1 1
n = = Cny — d
B UO TWr)HIW(r)| = ¢y} fo T(W(r)) dr
+ |T(icn)|f HIW(r)| <c,pdr=0(1) as. (16)
0

It follows from (3) that
1
T(ic@f LW(r)| = cohdr = 6, T(%¢,) (L(L0) + (1)) =0,
0
becausé is locally integrable and therefoosT (£ ¢,) — 0 for c,— 0. Moreover

1 o
jo TOWOHIW = ehar= [ T8 = e} LLs) ds

as.

— : T(s)L(1,s)ds

—o0

- | W) dr,
0

by dominated convergence and repeated applications of Len¥mid@&ice that
T(){]-| = c,} — T(-) pointwise except at zeravhich is of Lebesgue measure
zera The stated result now follows frofi5) and(16).

Whenx, # 0, we may define

1 Xo 1 Xo
A’nzf Tl —= + Wi(r) dr—f Tol — + WI(r) | dr,
0 vn 0 vn

. 1 ﬁ B 1
Bn—JO Tn<\m +W(r)> dr fOT(W(r))dr,

instead ofA, andB,,, and the stated result holds in the same way u

Proof of Theorem 4. See Proposition.2 in Chapter Xlll of Revuz and Yor
(19949. u



NONLINEAR TRANSFORMATIONS OF INTEGRATED TIME SERIES 285

Proof of Theorem #. We have

1 t
m J(; T(W(A%r)) dr

1 t
m f T(AW(r)) dr

1 t
fH(W(r))dr+W R(W(r), A) dr.

BecauseH is assumed to be locally integrable

FEREY fo T(WC(r))dr

Il

fIH(W(r)) dr = foo H(s)L(t,s)ds
0 —o0

by Lemma 24. Thereforeit suffices to show that

ifR(W(r) Ndr 250
v (0 Jo AT

to finish the proof
If T € 7((H,), it is immediate that
a(A)

()\)f |IR(W(r),A)|dr = (—/\) . P(W(r))dr — 0,

because is locally integrableFor T € 7(H,), we have from Lemma.2

b(A) (!
()\)f IR(W(r), )] dr = (/\)LQ(AW(r))dF

bW

(M)
BecauseQ vanishes at infinityQ(As) — 0 for all s excepts = 0, which is of
Lebesgue measure zellbe may assume Wwo.g. thatQ is monotone decreasing
(increasing asx — o (X — —o0), by consideringQ.., Q.(X) = sup=x Q(Yy), in
place ofQ, if necessaryNow, for all A =1, Q(A-) is bounded byQ(-) which is
locally integrable Becausd.(t,-) has compact support for any fixédwe have

fw Q(As)L(t,s)ds

f Q(As)L(t,s) ds=25 0, (17)
by dominated convergence u

Proof of Theorem 8. We letE be increasingThe proof for the decreasirig
is quite similar and is omittedn the proof we let s,,,, = S and sy, = s for
notational simplicityNotice first that



286 JOON Y. PARK AND PETER C.B. PHILLIPS

v(A) 2t B Av(A) ! 2
AT(OsuertW(r)> fo TWr)dr = T(OiugtW(/\zr)> foT(W(/\ P)r
d )\V(/\) t
~Tow ), T(AW(r)) dr,

for all A. However we have

because fos, = max(§,—s)

[RA9)| _ ROSY as

E(AS)  E(XA3)
Av(A) _

fo [R(AW(r))|dr = % R(As,) — 0O,

Av(A)
E()S)

by the condition orR.
It follows from Lemma 24 that

Av(A) [t W Av(A) ([ A

Now we choose a functios(A) = 0 of A such that
sS(A) -0 and Ar(A)s(A) — oo, (20)

asA — oo. It will be sufficient in what follows to se$(A) = (Av (X)) " for some
smalln > 0. As a result 0f(18) and(19), it suffices to show that

YACY N

£ S(A)E(A(s—s))L(Ls—s)dsa—%o, (21)
M) (5 s Lts—9) ds2 —— Lt 22
ES Jo (A(8=9)L(t,5—s)ds—> O (1,9 (22)

to finish the proof Note for 0= s = s(A) that
G(A(5—9)) — G(AS) = —ASG(A(5— 5(A)))
= —Av(1)s(D(5) + 045(1)), (23)
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uniformly in s for large A, where 0= s5(A) = s(A). By (20), s(A),s0(A) — 0 as
A — 0.

Subsequently using the fact thatis increasing and”_L(t,s) ds=t, along
with (23), we have

Aw(A) [
E(AS) Jsin

E(A(5—5s))L(t,5—s)ds

E(A(s—s(A)
E(AS)
= A (D)texp(G(A(S—s(A)) — G(A3))

= (Mt

= w(A)texp(—Ar(A)s(A)(D(S) + o(1)) = 0,
asA — oo, becaus®(5) > 0 and
Av(A)exp(—Av(A)s(A) = Av(A)exp(—(Av(A)P7) — 0,
by (20). This showsg21). Now, by (23) again

Av(A) W
E(AS) Jo

E(A(5—9))L(t,5—s)ds

s(A)
= /\v()\)fo exp(—Av(A)sD(5)(1+ o(1)))L(t,5—s) ds

s(A)

= L(t,5)Ar(X) exp(—Av(A)sD(S)) ds(1 + o(1))
0

Av(A)s(A)
= L(t, S)fo exp(—sD(8)) ds(1 + o(1))

as. 1 _
—> FS) L(t,5),

and this prove$22). [ ]

Proof of Theorem A. Assumex, = 0 and write

1 n 1
ET00 =0 fo (AW, (1) .

If Xo # 0, then we may consider the functidri- + xo) in place ofT(-). Itis easy
to see that all the proofs go through under this replacement
Now let

k,=n% and &,=n" (24)
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for a,b > 0 satisfying

a—(1+0b<0, (25)
(6b—1)p+2<0, (26)

2a—-1<0, (27)
4a—4b—-1<0, (28)
(a—bp—-1>0 (29)

and definel,, T, and T, by

To(X) = T(X) Y —knbn = X < kpdn},

Ta(¥) = T(X) X = knbn},

To'(x) = T()H{X < —Knbn},

so thatT =T, + T + T,/'. We will show that

W\f T,.(vAW,(r)) dr = (foo T(s) ds) L(1,0) + 0,(1), (30)
(0] — o0
and
1
v f TH(AVG() dr = 0y(D), (31)
0
1
- f T (AW, (1) dr = 0y(D), (32)
0

from which the stated result follows directlyor notational brevitysety, = vn
and letN,(a,b) = N,(v,;a,b) andN(a, b) = N(»,,; a, b) in what follows for N, and
N defined in(4) and(5).
To show(30), we first define

kp—1
Ts.(X) = > T(ké,)1{ks, =x < (K +1)8,}.

k=—kn
It follows from the Lipschitz condition foll that supT,(x) — T, (X)| = cét, and
therefore

1 1
Vﬁf Tn(mvm(r))dr—mf T, (VAW (r)) dr
0 0

Vn
5 Nn(_Knén, Kn8n)> = Op(Knar}Hf) = Op(l)’ (33)

= Cckp61t¢ <
n+¥n
given the conditions fok, andd, in (24) and(25). Note that

Vn

KnOn

Nn(—Kn6n,kn8n) = 2L(1,0) + Op(l)’

under condition(26), as a result of Lemma.2(b).
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Now,

1 Kn—1
/ fo Ty (VL) dr = V11 S T(k8,)No(kSps (K + 1)5,)

k=—xn
kn—1
= Vﬁ(kZ T(kfsn)> Nn(o,‘sn) + Ry, (34)
where
Kn—1
R = mkE T(k8n) (N, (k8p,(k +1)8,) — N,(0,5,)).

It follows from the Cauchy—Schwarz inequality and Lemn&(@) that

k=—kp k=—kn

* K k282logn
- T2(s)d LA R AL I
<fw 5.(9) S> <01m (o m 0(2),

because of the conditions fef, andé, in (24), (27), and(28), and wherec; and
C, are some constants
However we have

m( » T<k5n>> NA(0,8,) = ( f RS ds) TN, 0.5)

k=—xp - n

kn—1 kp—1
E(Rﬁ)sn( > T(kan)2> > E(Ni(0,8,) — No(k8pn,(k+1)8,))2

= (f T(s) ds) L(1,0) + 0,(1), (35)
as a result of26) for «, andd, in (24). Notice that

? N,(0,8,) 2 L(1,0),

n

under condition(26), by Lemma 25(b). Moreover

foo Ts.(s)ds= foo T,(s) ds+ o(k,62),

fO;Tn(s) ds= foo T(s)ds+ o(1).

—00

We now haveg30) from (33), (34), and(35).
Next we show(31) and(32). Let

en = sup [Wy(r) — W(r)|. (36)
O=r=1
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By taking n sufficiently large we may assume thaf, and T,” are monotone
(decreasing and increasiirgspectivelyon their supportsThis causes no loss in
generality because we may always boufigland T,’ by such functions ifT is
integrable Therefore

To(VAWL(r)) = T(VR(W(r) — &n)) HVR(W, (1) + &n) > Knbnl,
T (VAWL(T)) = T(VR(W(r) + £0)) IVA(WL(T) — £7) < —Kndn}.

It follows that
mf Ta(¥AW,(r)) dr
0
1
= mf TOWR(W(r) — &) LIVA(W(r) + &) > kp8,) dr
0
= mfoo T(vn(s— &n)) {VN(S+ &) > kndntL(L,8) ds

* S
= f T(s)1{s> k.6, — 2msn}L<L wt sn) ds5 0,

because,5, — 2vNe, —p oo, as a result of24) and(29). Similarly,
| Ty ()
= TN + 60) VAW — o) > kydo)
=0 [ TOm(s e LS 60) > kedelL(L9) O

e S
=f T(s)1l{s< —Kn5n+2\/718n}L<ZL— —sn> ds5 o0,
— VN
because-«n6, + 2VNe, —, —oo, again because @R4) and(29). The proof is
therefore complete u

Proof of Theorem B. Again letxy = 0 for simplicity. The proof forxy # 0 is
the same with only\V,(r) being replaced byy/vn + W, (r) in what follows Write

n 1 1
- (m)g —V(m)foT(mV\A(r))dr

1 1
= f H(W,(r)) dr + f R(W,(r),yn)dr.
0 0

v(vyn)
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BecauseH is regularit follows that

(o]

1 1
fH(wn(r))drﬁ H(W(r))drzf H(s)L(Ls)ds
0 0

It therefore suffices to show

1 as.
V(m)fo R(W;(r),yn)dr — 0

to complete the proof
If T 7(H,), it follows immediately that

(m)f |R(W,(r),yn)| dr = (W)f P(W,(r)) dr =5 0,

because is locally boundedFor T € 7(H,), we need to show

f |R(W, (r)m)ldr< f Q(VAW,(r)) dr 225 0, 37)

v(vn) (\F)

whereQ is bounded and vanishes at infinit{/e may assume Wo.g. thatQ is
monotone decreasin@ncreasing for x > 0 (x < 0), as noted in the proof of
Theorem 47. We may thus writ€) = Q, — Q, with bothQ, andQ, bounded and
nondecreasing and let, be defined as i1(36). It follows that

Qu(vR(W(r) = &n)) — Qa(vN(W(r) + &p))

= Q(VAW,(r))

= Qu(VR(W(r) + &) = Q2(VN(W(r) — &y)). (38)
However

1 o)
foQi(m(W(r)isn))dr=J Qi(vn(s = &y))L(L,5)ds
- jw QOMSIL(LS T 5, ds

= foo Qi(vns)L(L,5) ds(1+ o(1)) as,

because th@;’s are bounded and(1,-) is continuousTherefore

1
fo (Qu(vA(W(r) F &n)) — Q(VR(W(r) + &5))) dr
= I (Qi(VN(s F &q)) — Q2(VN(s + &n)))L(L5) ds

= foo Q(vns)L(1,s)ds(1+ o(1)) as. (39)

Now (37) follows easily from(38) and(39), as a result of17). |
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Proof of Theorem %. Let E be increasing and let, = supW,(r) ands =
supW(r). For simplicity assumexy = 0. For the caseg # 0, we replace,(r)
ands,, respectivelyby W, (r) + Xo/vn ands, + Xq/vn in what follows All the
proofs go through with this replacemeXtrite

v Qo eGm) [
(e &0 Tomay J, TOMWHOI

and notice that

Viw(vn) Viv(vn) (1t
—_— T(Vn rNdr= ———
Toms) Jo 1M s U,

which we can show in the same way(@$) in the proof of Theorem 8.

Let v, = vTiw(vN) and lets, be a sequence of numbers such that> 0 and
vn$, — co. Becauses, —, Sands, — 0, we have similar td23) in the proof of
Theorem 48

G(VN(8, — 8)) = G(VNS,) = —vps(D(S) + 0,(1)), (41)

uniformly in's € [0, s,], for sufficiently largen. Therefore if we write

E(WNWL(r)) dr(1+ 0y(1)), (40)

Vi 1
E(W\Sn) fo E(\/ﬁV\A(r)) dr = An + Bn, (42)
where
Vn 1
"= Ene) fo E(IV () LW, (1) = §, — s,} dr,
v 1 i
"= Ene) fo EGIV () LW, (1) < § — s dr,

then it follows from(41) that

An = an exp(—v,D(8)(8, — W, (r))) dr(1 + Op(l)),
0
B, = Op(l),

in parallel to(21) and(22) in the proof of Theorem 8.
DefineW, andW' by

Wi (r) = 8, —Wy(r) and W'(r) =s—W(r),

i.e., Brownian motion reflected at the supremum and its sample analbguete
by L’ the local time ofV'. Furthermorewe defineN;andN’ for W, andW' in the
same way a®, andN for W, andW given in (4) and(5), respectively Write
Ni(a,b) = Ni(v,;a,b) andN'(a,b) = N’(v,;a,b) for short Though we do not
provide the detailst is obvious that all the results in Akono(h993, and there-
fore our Lemmas 3 and 25, hold for W, andW’, and also folW, andW.
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Now we write

An = an F(vaWa(r))dr(1+ Op(l))y
0

with
F(x) = eP®{x=0}.

To analyzeA,, we definek,, ands, as in(24) with a andb satisfying

a—2b<0, (43)
2a+tm—1<0, (44)
da—4b—-m-1<0, (45)
(6b+3m—-1)p+2<0, (46)
(2a—2b—mp—-2>0 47

and letr,s, = k,6,. It is tedious but straightforward to check tteandb satis-
fying all (43)—(47) exist given our conditions om andp.
We decompos€ into F,, andF,;,, where

Fr(X) = e7P91{0 = x < k,6,),
Fl(x) = e PO Ux = k,8,}.

It will be shown that

anl Fa(waWi(r)) dr = (J‘OO F(s) dS) L'(0,1) + 0p(1), (48)
0 —©

1
an Fr(raWa(r)) dr = 0p(1), (49)
0

from which we may easily deduce the stated resuygbn noticing that

e} 1 ~
f_wF(s) ds= % and L'(1,0)=L(L53),
together with(40) and(42).
To show(48), we first introduce
kn—1

Fs.(x) = > e knPOKs, = x < (k+1)5,}
k=0

and notice that

1

1
" f Fo (s W (1) dr — v f F, (v W) dr

Vn

SKn&%(}( 5 Nr;(O’Kan)>
nOn

= Op(Knar%) = Op(l), (50)

under condition$43) and(46). Note that
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0 N3O,k 8) = L'(0,1) + 0(D),

Kn6n

under condition(46) by Lemma 25(b).
Second

1 kn—1
an Fﬁn(VnWr;(r)) dr =, E eikanD(g)Nr;(kam(k +1)8,)
0 k=0

kp—1
= Vn< > ekﬁ”D(S)> Ny(0,8n) + Ry, (51)

k=0
where
kn—1

Ry = vn 2, € nPE(Ni(kdp, (k +1)8,) — Ni(0,8,)),
k=0

and thereforg

kp—1 kn—1
E(R?) = V§< > e_M”D(S)> > E(Ni(kdy, (k +1)8,) = N#(0,8,))°
k=0 k=0

o 82k logn
= <f F2(s) ds> <cl V"nK" + ¢, nn g > -0,
—o0 Vn

by conditions(44) and(45), wherec, andc, are some constants
Third,

kn—1 o0
Vn< > ek‘S”D(g)> Na(0,0,) = (f Fs,(s) dS) <ﬂ1 Né(0,5n)>
k=0 o 6n

= ( f : F(s) ds> L'(1,0) + 0p(1). (52)

Notice that

foo Fs,(s) ds= foo F.(s)ds+ O(k,82),

foo Fa(s)ds = foo F(s) ds+ O(e *non),

Also, by Lemma 25(b)

? N(0,8,) = L'(1,0) + 0,(1),

under conditior(46). Then(48) follows from (50), (51), and(52).
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Finally, for &, defined in(36)

1
ano Fr;(VnWr:(r)) dr
1
= an F(Vn(Wl(r) - 8n))l{Vn(Wl(r) + 8n) > Kn‘sn} dr
0
- f T E(n(s— en) 1{rn(s + £0) > kndn}L' (L) ds

o s
= J_OO F(s)1{s> k0, — vpentL’ <:L ﬁ + Sn) ds- 0,
becaus&nd, — vhe, —, 00 under conditior{47), which proveg49). The proof is
therefore complete u

Proof of Lemma &. By Theorem Al page 269 of Hall and Heyd@ 980,
there exist a probability spa¢e, P, F) supporting{U, },U, = 3}_1 Uy, a Brown-
ian motionU with variances 2, and a time changgr;} such that

(a) 7¢is F-measurable

(b) E((A7)"|F-1) = E(Ju|*'[ /1) as. forr =1, and

(©) E(Am| A1) =1,

whereX; is theo-field generated byU,)k—,; andU(r) forO=r = r,.
Let 1=r =min(2,9/2). Then we have

E(|A7 — 1|"[F-1) = cSUPE(Ju |9 F-1) <o as.
t=1

for some constart. Thereforeg

DUPE(An 1| F) <o as.

t=1

becaused > 1, and we have from Theorem1B of Hall and Heyd€1980 that

Tt_t
t5

as.
— 0,

ast — oo for 8§ > max(3, 2/q). Thereforefor anys > 0 given there exists’ such
that|r; — t|/t? < e for all t > n’. Choosen = n’ such than > (max /|7 —
t|/e)¥%. It is easy to check

sup ’<s as.

1=t=n

n5

as was to be shown u
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Proof of Theorem 8. To prove paria), construct the process
. t -
wan - (()(5) ()
& n n n
4 k Tk—1
+ Vnf| VAW, " u(r)—-u ) (53)

forr_/n<r=mn/n k=1...,n Note thatV, is a continuous martingale such
that

12 d <7'n>
— >, f(x)u =My — ),
T2 0w -

in view of the construction in LemmaZ The quadratic variation procefis, ]
of M, is given by

S Tt Ti—1 Tk—1
a5 o (o))

_ f £2(yIW(9)) ds + op(1),
0

because

Tt Tt—1 1
sup(| ——— ) —=|=0() as,
1=t=n n n n

as a result of Lemma.B. Therefore

M,], > (fw T(s) ds) L(r,0), (54)

as shown in the proof of Theoreml5Moreover if we denote by M,,, W] the
covariation process d¥l,, andW, then

[MmW]r =0, (55)
for all r € [0,1], because of the independencelbdndW. The asymptotic dis-
tribution of the continuous martingald, in (53) is completely determined by

(54) and(55), as shown in Revuz and Y¢t994 Theorem 23, p. 496).
Now define the sequence of time changes

pn(r) = inf{s|[M,]s>r}
and subsequently set
Va(r) = Mp(pn(r)).

The proces¥/, is the DDS(or Dambis Dubins—SchwargzBrownian motion of
the continuous martingal®l, (see e.g., Revuz and Yar1994 Theorem 16,
p. 173. It follows that(V,,,W) converges jointly in distribution to two indepen-
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dent standard linear Brownian motiofg W), say Therefore

M(%) = Mn(1) + 0y(1)

LN v(f T(s)ds L(LO)),
which gives the result stated {a). The proofs for(b) and(c) are similar and are
therefore omitted n

Proof of Proposition 8. The casec = 0 is straightforward because

N S = 23

ni=1| VN

K f |[W(r)|«dr, (56)

by Theorem 2, becausd (x) = | x| is regularIn the case where 1 < k <0
Theorem 3 is applicable an(b6) again yields the stated resuHor the case =
—1 we use a different argumerBound>_,|x;|“ below as

. . | X — Xol 1
ZX“EEIXIKl{—S—
t=1 ' =1 ' vn

VN

|/\

|X; — Xo 1
= (14 [xo])" 21{ 7 ﬁ}

d <7 _ 1
=n(1+ |Xol) JO 1{|Wn(r) = m} dr.

Then from Lemma 25(b)

1 1 1 1
mf {|w<r)| = F} dr = mf {|w<r> = ﬁ} dr + 0p(1)

and thus for any > 0

n

n-l2+s 2 |Xt|x 1> o0,
t=1

thereby establishing the stated result u
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